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We present a study of two-photon electron capture by H-like uranium ions. The energy of the
incident electron was chosen to be in the region with the most significant contribution of the dielec-
tric recombination. We studied the photon emission spectrum, including the main resonance groups
corresponding to the cascade transition, and the low-energy photon region, where the infrared diver-
gence required special processing. The calculations were performed within the framework of QED
theory. The importance of generalized Breit interaction was discussed. We investigated the roles
of the dielectric recombination and the radiative recombination. We introduced and investigated
the resonance approximation and the single-photon approximation, which are commonly used to
describe radiation spectra.

I. INTRODUCTION

The radiative electron transitions in ions and atoms
are the fundamental processes in atomic physics. The
one- and two-photon transitions determine the majority
of possible radiative transitions. The simplest system
for observing such transitions is H-like ions or a hydro-
gen atom. The one-photon transitions are direct transi-
tions which occur without formation of any intermediate
state, while the two- and more photon transitions can
proceed both through the formation (cascade transitions)
and without the formation (noncascade transitions) of in-
termediate states.
The radiative transitions include processes in which

an incident electron emits one or more photons passing
into a bound state (radiative electron capture) [1] or into
a continuum state with lower energy (bremsstrahlung)
[2, 3]. The first theoretical description of the two-photon
mechanism was presented in [4, 5]. Consideration of sys-
tems with two or more electrons leads to the appearance
of such types of transitions in which the interelectron in-
teraction can play a significant role. The radiative tran-
sitions in such systems can also be distinguished by the
number of emitted photons and by the formation of inter-
mediate states. The role of the interelectron interaction
can be very different. In this work we focus on radiative
transitions in which the interelectron interaction plays a
crucial role.
We consider the two-photon electron capture by H-

like ions. It is customary to distinguish two channels in
this process: radiative recombination (RR) and dielectric
recombination (DR). The RR is a nonresonant channel of
the electron capture in which electron is directly captured
into a bound state of the ion

e−(ε) + U91+(1s) → U(90+)(1s, nl) + γ , (1)

where e− denotes the incident electron with the energy
ε, γ is the emitted photon and n, l correspond to the
principal quantum number and the orbital momentum

of the one-electron state, respectively. In contrast, the
DR is a resonant channel in which the electron capture
proceeds through the formation of a doubly excited state

e−(ε) + U90+(1s) → U90+(nl, n′l′)

↓
U90+(1s, nl) + γ , (2)

where n, n′ ≥ 2. The DR can make a significant contribu-
tion to the cross section if the energy of the initial state is
close to the energy of some of the doubly excited states.
We note that the division of the process into these two
channels is quite conditional. The interference between
these channels can also be of importance.
The radiative electron capture in which only the RR

channel makes significant contribution has been exten-
sively investigated for many atomic systems [1, 6, 7]. In
systems with two or more electrons, the DR channel ac-
quires special importance and attracts considerable at-
tention from experimenters [8–13]. It also plays a sig-
nificant role for the description of the laboratory plasma
and that which is observed in astrophysics [14]. The first
measurements of the DR cross section were reported in
[8, 9]. In these works, the theoretical predictions about
the large contribution of the Breit interaction and the in-
terference between the resonances were convincingly con-
firmed experimentally. Recently, the energy spectra of
the emitted photon in DR have become the object of ex-
perimental research. In the work [13], it was reported
about the measurement of photon emission spectra for
the DR with Be-like lead ions.
The DR was also extensively studied theoretically. In

particular, the calculation of DR cross sections for the
highly charged ions were presented in [9, 15–20]. In the
majority of these works, the process of electron capture
was considered within the single-photon approximation,
i.e., only the one-photon transitions to the singly excited
states were taken into account, while the further decay
of these states was ignored (2). Hence, only the emis-
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sion of the resonant photon was investigated. Going be-
yond this approximation was discussed in [19], where the
process was analyzed within the framework of the reso-
nance approximation (with disregard for the noncascade
transitions and their interference with the main channel).
In the most accurate experiments on the DR [8, 9], the
cross section was measured by recording the change in ion
charge after the electron capture, while the photon emis-
sion spectrum was not recorded. The single-photon ap-
proximation quite precisely describes these experimental
data. However, it is not appropriate for the investigation
of the photon emission spectrum. In this paper, we study
for the first time the photon emission spectrum of the
electron capture by H-like ions, without using such com-
mon approximations as the single-photon approximation
and the resonance approximation. We investigate these
approximations, comparing their results with the results
of the full calculation, and discuss the conditions of their
applicability.
The two-photon transitions have many additional

properties compared to the one-photon transitions, which
leads to their much wider participation in the atomic pro-
cesses. Various properties of two-photon transitions are
an actual subject of the experimental and theoretical re-
search for both light and heavy ions and atoms [4, 14, 21–
31]. In this paper, we present an ab initio QED study
of the two-photon electron capture in the presence of the
DR channel using the example of uranium ions. In partic-
ular, we show that the DR channel leads to quantitative
and serious qualitative changes in the total and differen-
tial cross section.
The paper is organized as following. In the next sec-

tion we present the QED approach which was used for the
calculation. The third section is divided into subsections,
where we present and discuss our results. First, we show
the total cross section of the two-photon electron cap-
ture as a function of the energy of the incident electron
and discuss the electron energy selected for further study.
The resonance structure of the differential cross section
as a function of the emitted photon energy is investi-
gated. Then we discuss the two-photon emission cross
section for the low-energy photons, since the infrared di-
vergence that occurs in this energy region requires a spe-
cial approach. Further we discuss the contribution of
the DR channel to the differential cross section compar-
ing it with the RR channel. Next, we investigate the
role of the Breit interaction for the emission spectrum.
In the last two subsections, we introduce and study the
resonance and single-photon approximation, commonly
used to describe the radiation spectrum and total cross
section, respectively. In conclusion, we provide a brief
summary.

II. THEORY

We present an ab initio QED study of the two-photon
electron capture. We performed the calculation of the

differential cross section depending on the energy of the
emitted photon. The considered process is schematically
described as

e−(ε) + U91+(1s) → · · · → U90+(1s)2 + γ + γ′ , (3)

where the initial state is the incident electron with the
energy (ε) and the bound 1s-electron. The final state is
the two-electron ion in the ground (1s)2 state. A spe-
cial attention is paid to the energy region of the emitted
photon where the electron capture proceeds through the
formation of one of the singly excited states. In this case,
the process can be described as

e−(ε) + U91+(1s) → U90+(1s, nl) + γ

↓
U90+(1s)2 + γ + γ′ . (4)

In the DR channel, this process proceeds through the
additional formation of a doubly excited state

e−(ε) + U91+(1s) → U90+(nl, n′l′) →
→ U90+(1s, n′l′) + γ → U90+(1s)2 + γ + γ′ , (5)

where n, n′ ≥ 2. The process of the two-photon electron
capture (3) including its subprocesses given by (4) and
(5) is treated uniformly as a composite process.
The relativistic units are used throughout the paper

unless otherwise stated.
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FIG. 1. The Feynman graphs corresponding to the one-
photon (a) and two-photon (b) emission. The double line
represents the electron in the field of the atomic nucleus.
The wavy lines with arrows correspond to the emitted pho-
tons with the momentum 4-vector (k) and polarization (λ).
The letter n indicates the summation over the complete Dirac
spectrum (the electron propagator).

The cross section of the two-photon electron capture
was calculated with the use of the line-profile approach
(LPA). A detailed description of LPA is presented in
[28]. In this work, we generalize this method for the two-
photon electron capture and present the main points of
this approach. The one- and two-photon emissions in H-
like ions are given by the Feynman graphs depicted in
Fig. 1. The Feynman graphs describing the two-photon
emission with one-photon exchange correction are pre-
sented in Figs. 2 and 3.
The Furry picture [32] was used in which the inter-

action of electrons with the electric field of the atomic
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FIG. 2. The Feynman graphs corresponding to the one-
photon emission in He-like ions. The wavy line between the
vertexes gives the photon propagator. The other notations
are the same as in Fig. 1.
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FIG. 3. The Feynman graphs describing the two-photon emis-
sion with the photon exchange. The notations are the same
as in Fig. 2.

nucleus was fully taken into account. The two-electron
wave functions of the final (1s)2 state and all the inter-
mediate states in the zero-order perturbation theory are
expressed in the j–j coupling scheme

Ψ
(0)
JMn1j1l1n2j2l2

(r1, r2) = N
∑

m1m2

CJM
j1m1j2m2

× det{ψn1j1l1m1(r1), ψn2j2l2m2(r2)} , (6)

where the one-electron wave functions ψnjlm are the solu-
tions of the Dirac equation, n, j, m denote the principal
quantum number (or the energy, in the case of continuum
electrons), the total angular momentum and its projec-
tion, respectively. Further, J and M are the total an-

gular momentum of the two-electron configuration and
its projection, N is the normalizing constant, which is
equal to 1/

√
2 for non equivalent electrons and to 1/2 for

equivalent electrons. The symbols CJM
j1m1j2m2

denote the
Clebsch-Gordan coefficients [33].
The initial state of the electron system (1s and e−(ε))

includes the incident electron with the certain momen-
tum p and polarization µ (in the asymptotic r → ∞).
Its wave function can be written as

Ψ
(0)
njlm,pµ(r1, r2) =

1√
2
det{ψnjlm(r1), ψpµ(r2)} , (7)

where ψnjlm is the wave function of the bound electron,
ψpµ is the wave function of the continuum electron. It is
convenient to represent this wave function as an expan-
sion over the wave functions in the j–j coupling scheme

Ψ
(0)
njlm,pµ(r1, r2) =

∫

dǫ
∑

JMj′l′m′

CJM
jmj′m′

× apµ,ǫj′l′m′Ψ
(0)
JMnjlǫj′l′(r1, r2) , (8)

where the coefficients apµ,ǫj′l′m′ read as

apµ,ǫj′l′m′ =
(2π)3/2√

pε
il

′

eiφj′l′

(

Ω+
j′l′m′(p)υµ(p)

)

× δ(ǫ− ε) , (9)

Ω+
j′l′m′(p) is the spherical spinor, υµ(p) is the spinor with

projection (µ) on the direction of the electron momentum
p, the phases φj′l′ are the Coulomb phases, and ε is the
energy of the incident electron [34].
The interelectron interaction plays an essential role for

the formation of doubly excited (autoionizing) states.
Therefore, it should be taken into account accurately.
The doubly excited states are usually quasidegenerate.
Accordingly, the quasidegenerate QED perturbation the-
ory should be used for the description of the DR pro-
cess. Applying the quasidegenerate perturbation theory
within the LPA, we introduce a set of two-electron con-
figurations (the set g) which includes the reference state
(the initial state, final state and some of the intermediate
states corresponding to the considered resonances) and
all the two-electron configurations with the energies close
to the reference states. For taking into account the inter-
action of the reference states with the quantized fields,
the matrix V is introduced which is determined by the
one and two-photon exchange, electron self-energy and
vacuum polarization matrix elements and other QED cor-
rections. The matrix V is derived order by order within
the framework of the QED perturbation theory [28]. It
is convenient to present the matrix V as a block matrix

V =

(

V11 V12
V21 V22

)

=

(

V
(0)
11 +∆V11 ∆V12
∆V21 V

(0)
22 +∆V22

)

, (10)
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where matrix V11 is defined on the set g. The matrix V11
is a finite matrix and can be diagonalized numerically

V diag
11 = BTV11B, B

TB = I. (11)

Then, the standard perturbation theory can be applied
for the diagonalization of the infinite matrix V . The ref-
erence states are described by the corresponding eigen-
vectors of this matrix [20]

Φng
=
∑

kg∈g

Bkgng
Ψ

(0)
kg

+
∑

k/∈g,lg∈g

[∆V ]klg
Blgng

Eng
− E

(0)
k

Ψ
(0)
k + · · · , (12)

where ng ≡ (JMj1j2l1l2n1n2) is a complex index repre-
senting the complete set of quantum numbers describing
the reference state ng, the indices k, lg describe the two-
electron configurations: the index lg runs over all configu-
ration of the set g; the index k runs over all configuration
not included in the set g (this implies the integration over

the positive- and negative energy continuum). Here, E
(0)
k

is the energy of the two-electron configuration in the ze-
roth order: sum of the one-electron Dirac energies. The
eigenvectors Φng

corresponding to the reference states
are used for calculation of the amplitude of the process
under consideration. The eigenvalues Eng

= Eng
− i

2Γng

are complex, where Eng
is interpreted as the energy of

the corresponding energy level (whith the interelectron
interaction and QED corrections are taken into account)
and Γng

is the width of the energy level. The calculations
of the energy levels for the He-like ions were presented in
works [20, 35–38].
Within the LPA the amplitude of the two-photon elec-

tron capture is expressed as [28]

UFI =
∑

N

(

A(k1,λ1)∗
)

FN

(

A(k2,λ2)∗
)

NI

EF + ω1 − EN + i
2ΓN

+
∑

N

(

A(k2,λ2)∗
)

FN

(

A(k1,λ1)∗
)

NI

EF + ω2 − EN + i
2ΓN

, (13)

where EF is the energy of the final state of the electron
system and the two-electron matrix element of the pho-
ton emission

(

A(k,λ)∗
)

UD
reads as

(

A(k,λ)∗
)

UD
= e

∫

d3r1d
3
r2 ΦU (r1, r2)

×
(

γ(1)νA(k,λ)∗
ν (r1) + γ(2)νA(k,λ)∗

ν (r2)
)

×ΦD(r1, r2) . (14)

In Eq. (14) γ(i)ν are the Dirac γ-matrices acting on the
one-electron wave function of the argument ri. The pho-

ton wave function A(k,λ)ν = (A
(k,λ)
0 ,A(k,λ)) in the trans-

verse gauge reads as

A
(k,λ)
0 (r) = 0 , A(k,λ)(r) =

√

2π

ω
eikre(λ) , (15)

where k is the photon wave vector, ω = |k| is the photon
energy (frequency), e(λ) is the polarization vector.
The summations in Eq. (13) run over the complete

basis set constructed from the two-electron functions Eq.
(12). However, in this work it is sufficient to take into
account only the two-electron (n1l1, n2l2) states where
the principal quantum number n1 of the first electron
is equal 1 and 2. The quantum numbers of the second
electron run over the complete Dirac spectrum.
The fully differential cross section is connected with

the amplitude as

d4σ

dω1dΩ1dω2dΩ2
= δ(ω1 + ω2 − EI + EF )

× |UFI |2
ε

p

ω2
1ω

2
2

(2π)5
, (16)

where EI , EF are the energies of the initial and final
state of the electron system, respectively, Ω1,2 are the
solid angles of the emitted photons.
Accordingly, the differential cross section of the two-

photon electron capture is given by

dσ

dω1
=

1

4

∑

µ,mb

∑

λ1,λ1

∫

dω2dΩ1dΩ2

× d4σ

dω1dΩ1dω2dΩ2
. (17)

The energies of the emitted photons are limited by the
interval determined by the energy conservation law

ω1 + ω2 = EI − EF . (18)

The photon energy spectrum is continuous and limited
by the energy range [0, ωmax], where ωmax = EI − EF .
We note that if one of the photon is registered, then the
energy of the second one is determined by Eq. (18). Since
the two-photon states (k1, λ1;k2, λ2) and (k2, λ2;k1, λ1)
are identical, the differential cross section Eq. (17) is sym-
metric with respect to the center of the energy interval
[0, ωmax].
The summation over the complete Dirac spectrum was

performed using a finite basis set for the Dirac equation
constructed from B-splines [39, 40]. The implementation
of this method for the two-electron system is described
in our previous work [41]. The real part of the electron
self-energy correction were taken into account with the
use of [42].

III. RESULTS AND DISCUSSION

We theoretically study the two-photon electron cap-
ture by H-like highly charged ions using the uranium ions
as an example. We have calculated the differential cross
section with respect to the energies of the emitted pho-
tons. Particular attention was paid to the collision ener-
gies at which the DR makes a significant contribution to
the cross section.
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A. Dielectronic recombination

The DR is a resonant channel of the electron capture
which proceeds through the formation of a doubly ex-
cited state. The corresponding total cross section shows
resonances at the incident electron energies, at which the
energy of the initial state approaches the energy of one
of the doubly excited states. In Fig. 4 we present the
total cross section (the solid (black) curve) of electron
capture for the DR energy region for the uranium ions.
The resonances of the cross section demonstrate the con-
tributions of the particular doubly excited states which
are indicated by the vertical dotted (black) lines. For a
detailed study of the photon emission spectrum and the
effect of the DR, the collision energy was selected in such
a way that it corresponded to the strongest resonance of
the cross section. This energy is indicated by the vertical
dashed (blue) line in Fig. 4 and is equal to 63.924 keV.
The dashed (red) curve represents the results obtained
within the framework of the single-photon approxima-
tion, which is discussed in the subsection III F.
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0,7

to
ta
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(s

, k
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rn
)

electron kinetic energy ( ek, keV)

 full calculation
 single-photon approx

(2s)2
0(2p1/2)2

0(2s, 2p1/2)0 (2s, 2p1/2)1

FIG. 4. Total cross section (in kbarn) of the electron capture
as a function of the kinetic energy of the incident electron
for uranium ion. The solid (black) curve corresponds to the
total cross section of the two-photon electron capture to the
ground state. The dashed (red) curve represents the total
cross section calculated within the single-photon approxima-
tion (only the capture to the single excited state with total
angular momentum J 6= 0 are taken into account, see Section
III F). The dotted (black) vertical lines show the positions of
the DR resonances corresponding to the doubly excited states.
The dashed (blue) vertical line indicates the kinetic energy of
the incident electron, chosen for the study of the differential
cross section of two-photon electron capture.

In Fig. 5, we present the two-photon emission differen-
tial cross section with respect to the energy of the emitted
photon (the energy of the paired photon is determined
by Eq. (18)). Accordingly, the emitted photon energy is
limited by the interval [0, ωmax] and the differential cross
section is symmetric with respect to the center of this

interval. The noticeable resonant structure indicates the
various cascade transitions, i.e., the transition from the
initial state to one of the singly excited (1s nlj)J states:

U91+(1s) + e−(ε) → U90+(1s, nlj)J + γ

↓
U90+(1s)2 + γ + γ′ , (19)

where 2 ≤ n ≤ 5, 0 ≤ l ≤ 4 and J ≥ 1. The intermediate
states with J = 0 do not contribute to the considered
two-photon recombination (with the final (1s)2 state),
since such states decay to the ground state with emission
of two or more photons. The cut-out energy regions on
the upper panel of Fig. 5 contain infinite number of res-
onances corresponding to the states with n > 5. When
n→ ∞, the positions of the resonances (ωn) correspond-
ing to the (1s, nlj)J states approach the kinetic energy
of the incident electron (ωn → εk), in the left half of the
energy interval, and tend to ωmax − εk in the right half.
At the left and right edges of the energy interval, we can
see a smooth behavior of the differential cross section.
These parts represent a radiative transitions to the lower
energy continuum states (the bremsstrahlung) and the
following radiative recombination to the ground state

U91+(1s) + e−(ε) → U91+(1s) + e−(ε′) + γ

↓
U90+(1s)2 + γ + γ′ , (20)

where ε′ < ε. On the lower panel Fig. 5 we present in de-
tail four energy intervals with cascade resonances corre-
sponding to the singly excited states with n = 2−5. The
contribution of cascade transitions as well as the back-
ground value between the neighboring groups of peaks
decrease with increase of the principal quantum number
n. The latter is mainly due to the interference between
the groups of peaks. This is discussed in subsection III C.

B. Treatment of the infrared divergence

Special attention should be paid to the emission of low-
energy photons (soft photons), since the infrared diver-
gence is manifested there [43, 44]. The reason for the
infrared divergence lies in the use of the standard QED
perturbation theory, which is based on the assumption
that with an increase in the number of interactions be-
tween the quantized fields, the contributions of the cor-
responding terms decrease. This condition is not fulfilled
when we consider the emission of soft photons [44]. Ac-
cordingly, the consideration of the energy region of the
soft photon requires a reformulation of the QED pertur-
bation theory. The corresponding procedure is discussed
in [43–45]. In Fig. 6 we explore the soft photon region for
uranium ion in detail. The dashed (red) curve, marked as
‘full’, shows the cross section calculated within the frame-
work of the standard QED perturbation theory. We can
see that the cross section tends to infinity as the photon
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FIG. 5. Differential cross section (in barn/keV) of the two-photon electron capture as a function of the emitted photon energy
for uranium ion. The electron kinetic energy is εk = 63.924 keV, which is close to the DR resonances corresponding to the
(2p1/2)

2, (2s2p1/2)0, and (2s2p1/2)1 states.

energy goes to zero. It can be deduced that the diver-
gence part of the cross section has the following behavior

dσ

dω
∝ 1

ω
, ω → 0 , (21)

which leads to logarithmic divergence of the total cross
section. In one-electron case, the reformulation of the
perturbation theory can be reduced to the subtraction
of the regularisation term, in which the wave function of
a continuum electron (moving in the field of an atomic
nucleus) is replaced by the wave function of free electron
[46]. In the two-electron case, a similar procedure can
be applied. In the region of soft photon energies, the
role of interelectron interaction for the initial and final
states is relatively small (because cascade resonances are
located far from this region). If the interelectron interac-
tion is negligible, then the cross section in two-electron
case can be quite accurately reduced to a cross section
for one-electron case with an additional factor 1/2, which
arises due to the different statistics for the initial and final

states in these cases. Accordingly, following this proce-
dure the regularization term reads as

dσIR

dω1
=

α

2πpω1

(

ε ln
ε+ p

ε− p
− 2p

)

σ1γ , (22)

where σ1γ denotes the total cross section of the one-
photon radiative recombination to the ground state for
one-electron case. The cross section calculated with the
replacement of the wave function of the continuum elec-
tron by the wave function of the corresponding free elec-
tron is represented in Fig. 6 by a dotted (red) line,
marked as ‘IR’. The solid (black) curve, marked as ‘full
w/o IR’, gives the result of subtracting the regularization
term from the cross section calculated within the frame-
work of the standard QED perturbation theory. The sub-
tracted regularization term (after integration over the
low-energy photons) can be canceled with the infrared
divergent term arising from the radiation corrections to
one-photon recombination of emitting electrons [45].
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FIG. 6. The differential cross sections (in barn/keV) of the
two-photon electron capture by H-like uranium ion with and
without elimination of the infrared divergence. The dashed
(red) curve corresponds to the differential cross section calcu-
lated with the amplitude in Eq. (13). The dotted (red) curve
represents the divergence part of the dashed curve calculated
by Eq. (22). The solid (black) curve corresponds to the differ-
ential cross section after eliminating the infrared divergence
(the difference between the dashed and dotted curves).

C. Contribution of the DR channel to the

differential cross section

In this study, the initial energy of the system (the in-
cident electron and the bound 1s-electron) is chosen so
that it is close to the energies of doubly excited (2l, 2l′)
states. This condition can be written as

EI ≈ E(2l, 2l′) . (23)

Therefore, the electron recombination occurs mainly
through the DR channel, i.e., through the formation of
the doubly excited states. The fulfillment of the DR res-
onance condition Eq. (23) is manifested in an increase in
the total cross section (see Fig. 4). In Fig. 7 we present
separately the contributions of the DR and RR channels
to the differential cross section. The RR channel is de-
termined by disregard of the contributions of the doubly
excited states in the full calculation. The amplitude of
the DR channel is defined as the difference between the
full amplitude and the amplitude of the RR channel. For
the chosen energy of the incident electron, the interfer-
ence between the DR and RR channels is generally very
small, even in the photon energy regions where the DR
and RR have similar values.
The most significant contribution to the DR channel

is made by the singly excited (1s, 2l) states. This can
be seen from the following: i) the DR channel proceeds
through the formation of the (2l, 2l′) states; ii) the most
significant transitions are the E1 transitions in which
only one of the electrons changes its quantum numbers.
Accordingly, the main contribution to the DR channel is

given by the following transitions

U91+(1s) + e−(ε) → U90+(2l, 2l′)

↓
U90+(1s, 2l) + γ(E1)

↓
U90+(1s)2 + γ(E1) + γ′ . (24)

In the RR channel, the initial state can effectively decay
through any singly excited state. Thus, the DR channel
is significantly suppressed in the photon energy region
corresponding to the (1s, 3l), (1s, 4l) and (1s, 5l) cascade
resonances. We note that the contribution of the DR
channel to the total cross section is dominant (see Fig.
4) due to the particularly large contribution of the reso-
nance group (1s, 2l). Fig. 7 demonstrates that the Fano
structure is more prominent in the DR channel than in
the RR channel. We can expect that the Fano structure
is more noticeable for lighter ions, where the DR channel
is stronger relative to the RR channel.
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FIG. 7. Differential cross section (in barn/keV) as a function
of the photon energy. The solid (black) curve corresponds to
the full calculation (same data as in Fig. 5). The dashed
(red) curve represents the separated contribution of the DR
channel. The dotted (blue) curve shows the separated contri-
bution of the RR channel.

It is worth considering in more detail the region of pho-
ton energy where the DR channel is not suppressed by the
RR. In order to differentiate the contributions of the RR
and DR channels, we present the calculation results for
several characteristic energies of the incident electron. In
particular, in Fig. 8 the differential cross sections for the
three selected energies are presented: i) the solid (blue)
curve corresponds to the energy of the main resonance;
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ii) the dotted (green) curve corresponds to the energy of
the smaller resonance corresponding to the (2s)2 state;
iii) the dotted (red) curve shows the differential cross sec-
tion for energy far from resonances. In the inset in the
upper-left corner, we show the total cross section (see
Fig. 4) with vertical lines indicating the selected ener-
gies of the incident electron. We can see that, in general,
the difference in the energies of the incident electrons is
manifested in an overall increase or decrease in the cross
section. The DR contribution increases the cross section
by about 10 times.
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FIG. 8. Differential cross section as a function of the pho-
ton energy. The solid (blue), dotted (green) and dotted (red)
curves correspond to the kinetic energy of the incident elec-
tron εk = 63.924 keV, 64.1 keV and 63.795 keV, respec-
tively. The small inset in the upper-left corner shows the total
cross section as a function of the incident-electron energy (see
Fig. 4), where the chosen electron energies are indicated by
vertical lines of the corresponding color.

D. Importance of the Breit interaction

The interelectron interaction plays a crucial role for
the DR channel. In particular, the contribution of the
Breit interaction to the (differential) cross section is sig-
nificant. In Fig. 9 we show our results that demonstrate
the role of the Breit interaction in the two-photon elec-
tron capture. We present a differential cross section cal-
culated taking into account both the Coulomb and Breit
(including the retardation [35]; the so-called generalized
Breit interaction) parts of the interelectron interaction,
and also separately present the results of the calculation
performed without the Breit interaction.
We can conclude that the Breit interaction affects the

differential cross section in three different ways. First,
it contributes to the energies of the singly and doubly
excited states. This leads to the noticeable shift of both
the positions of the cascade resonances in the differential
cross section and the positions of the DR resonances in
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FIG. 9. Differential cross section (in barn/keV) as a function
of the emitted photon energy. The solid (black) curve corre-
sponds to the full calculation (the same data as in Fig. 5).
The dashed (red) curve represents the result of the calcula-
tion without Breit interelectron interaction.

the total cross section. Secondly, the Breit interaction
determines the so-called Breit width of the energy levels,
which is of great importance for some singly and doubly
excited states [47]. We see that disregard of the Breit
interaction brings a significant change in the widths of
some resonances, which can also cause some resonances
becoming unnoticeable (e.g., the sharp resonance located
near the energy of 93 keV in Fig. 9). Thirdly, it is the di-
rect contribution of the Breit interaction to the rate of the
formation of doubly excited states, since the formation
occurs due to the interelectron interaction. Disregard of
the Breit interaction usually leads to a decrease in this
rate, which reduces the DR resonances of the total cross
section. We see that the role of the Breit interaction is
most significant for the cascade resonances corresponding
to (1s, 2l) states, and decreases for other (1s, nl) states
as the principal quantum number n increases. This is ex-
plained by the fact that the average orbital radius of the
one-electron states increases with the n (as n2) and, con-
sequently, the average interaction with the electric field
of the atomic nucleus decreases. This makes electrons
less relativistic and less sensitive to the QED effects, in
particular, to the Breit interaction.

E. Resonance approximation

The line profile corresponding to a single resonance
can be effectively interpolated by the Lorentz profile.
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Using this approach for a group of resonances leads to
neglect of their interference [48, 49]. Here we introduce
an appropriate approximation, which we call the reso-
nance approximation. We can see in Fig. 5 that the main
contribution to the differential cross section is made by
states corresponding to the cascade transitions. In gen-
eral, these are the singly excited (1s, nl) and the doubly
excited (nl, n′l′) states with the energies in the region
[EF , EI ]. The resonant approximation includes: i) re-
taining only the cascade states in the summation over
intermediate states in Eq. (13); ii) neglecting the inter-
ference between the contributions of the retained states.
The implementation of the resonance approximation for
the differential cross section yields

d3σ(R)

dω1dΩ1dΩ2
=

ε

p

ω2
1ω

2
2

(2π)5

×
∑

N
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, (25)

where the summation over the intermediate states in the
amplitude Eq. (13) is replaced by the summation over the
individual contributions of these states to the differential
cross section. The prime at the summation means that it
runs only over the singly and doubly excited states with
the energies within the region [EF , EI ]. In Fig. 10, we
compare the results obtained within the resonance ap-
proximation with the results of the full calculation. The
contribution of the noncascade terms are represented by
a dashed dotted (blue) line. Its relative contribution is
quite small. We can see that the resonance approxima-
tion is very accurate in the vicinity of every individual
resonance. It also gives quite reasonable results in the
energy region of the same resonance group. However,
this approximation becomes inapplicable when moving
away from resonances, especially for the region between
the groups of resonances. Since the Fano structure is de-
termined by the interference between the resonances, it
can arise only beyond the resonance approximation. In
the energy region of the same resonant group, the reso-
nant approximation can both increase and decrease the
differential cross section, revealing the destructive and
constructive role of interference. In the energy region
between resonance groups, the resonant approximation
significantly increases the cross section, revealing the de-
structive role of the interference between the resonances.

F. Single-photon approximation

In the experiment on the DR with H-like uranium ion
[9], the electron capture was registered by charge change

70 80 90

10-2

100

102

104

106

93 94 95 96
10-2

100

102

104

106

 full calculation;    resonance approx.;    noncascade

(1s,2l)

(1s,5l) (1s,4l) (1s,3l)

di
ff.

 c
ro

ss
 s

ec
tio

n 
(d
s/

dw
, b

ar
n/

ke
V)

photon energy (w, keV)

(1s,2s)1

(1s,2p1/2)1

(1s,2p3/2)1

(1s,2p3/2)2

FIG. 10. Differential cross section (in barn/keV) as a function
of the emitted photon energy. The solid (black) curve corre-
sponds to the full calculation (the same data as in Fig. 5).
The dashed (red) curve represents the result of calculation
obtained within the resonance approximation. The dotted
(blue) curve corresponds to the calculation where only the
noncascade terms are taken into account.

of the ions

U91+(1s) + e(ε) → U90+(2l, 2l′)

↓
U90+(1s)2 + γ + γ′ + · · · (26)

So, the emitted photons were not detected in this ex-
periment. Only the number of ions with changed charge
was measured. The main contribution to this process was
made by the electron capture to the singly excited states.
The major theoretical studies considered only a part of
this process

U91+(1s) + e(ε) → U90+(2l, 2l′)

↓
U90+(1s, 2l) + γ , (27)

where the emission of the second and other photons
was neglected. The calculated cross section for the one-
photon transitions was used for description of the ex-
perimental data. The obtained theoretical and experi-
mental results are in good agreement [9]. The absence
of further transitions from the singly excited states to
the ground state determines the single-photon approxi-
mation. This approximation was first considered in [19],
and calculations of some properties of this process beyond
the single-photon approximation were presented within
the quasirelativistic approach.
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In this subsection, we investigate the single-photon ap-
proximation. In order to apply it for the two-photon
electron capture, we do the following: i) use the reso-
nance approximation introduced in Subsection III E; ii)
perform integration over the energy of one of the emitted
photons in the expression for the differential cross sec-
tion Eq. (25). Within the single-photon approximation
the differential cross section for the two-photon electron
capture reads as

dσI→F

dΩ2
=
∑

N

dσ
(1γ approx)
I→N

dΩ2

Γ
(1γ,N→F )
N

ΓN
. (28)

The detailed derivation is presented in Appendix A. The

differential cross section
dσ

(1γ approx)
I→N

dΩ2
is defined by Eq.

(A7). Its physical meaning is the cross section of the
electron recombination into the state N with the one-
photon emission. The width ΓN is the total width of the

state N , Γ
(1γ,N→F )
N denotes the partial one-photon width

corresponding to the transition of the singly excited state
N to the final state F .

The total width of the singly excited states (ΓN ) is
determined by the radiation width. In the case of the
singly excited states with the total angular momentum
not equal to zero (J 6= 0), the total widths are de-

termined by the one-photon widths ΓN ≈ Γ
(1γ)
N . For

the (1s, 2l) states, the one-photon widths are determined

by one-photon transitions to the ground state Γ
(1γ)
N ≈

Γ
(1γ,N→F )
N . Therefore, we can substitute unit for the

fraction
Γ
(1γ,N→F)
N

ΓN
. For the (1s, nl) states with n ≥ 3,

we also substitute unit for this fraction within the one-
photon approximation. However, for the (1s, nl) states
with n ≥ 3, this may lead to a loss of accuracy. Since
we are considering the two-photon electron capture, the
intermediate singly excited states (N) with zero total an-
gular momentum do not contribute, because they cannot
decay to the ground state by emitting a single photon.
Accordingly, the cross section of the two-photon electron
capture within the single-photon approximation can be
written as

dσI→F

dΩ2
≈

∑

N(J 6=0)

dσ
(1γ approx)
I→N

dΩ2
, (29)

where the summation runs over the singly excited states
with nonzero total angular momentum.

It is useful to consider the capture of an electron with
the emission of two and more photons. In this case, by
integrating the energies of all the emitted photons, inte-
grating over the angular variable and summing the po-
larizations of all the emitted photons, with the exception
of the angular variables and polarization of the resonant
photon, which corresponds to the transition from I → N ,

we come to the expression

dσI→F

dΩ2
=
∑

N

dσ
(1γ approx)
I→N

dΩ2

Γ
(N→F )
N

ΓN

≈
∑

N

dσ
(1γ approx)
I→N

dΩ2
. (30)

In this case, since many photon transitions have been

taken into account, Γ
(N→F )
N ≈ ΓN becomes a good ap-

proximation for all the singly excited states.
So far, we have not considered the electron capture to

the ground state with emission of a single photon. How-
ever, this makes a noticeable contribution to the total
electron capture cross section. In this process, we can
also distinguish two channels: the RR and DR. The RR
channel is nonresonant and gives a correction to the cross
section, which varies slightly depending on the incident
energy [50]. The DR channel is resonant, but it proceeds
through the TEOP transition, which is usually negligi-
ble. Accordingly, the one-photon electron capture can be
easily taken into account with high accuracy.
To obtain the total cross of the electron capture with

the emission of two or more photons in the single-photon
approximation, we perform integration over the angles
of the emitted photon (Ω2) in Eq.(30), summation and
averaging over the polarizations of the electrons and pho-
ton. This cross section together with the contribution of
the one-photon electron capture, gives the cross section
measured in the experiment [9], where only the charge
change of the ions was recorded.
In Fig. 4, the dashed (red) curve represents the total

cross section of the electron capture calculated within
the single-photon approximation. We note that, since we
are studying the two-photon electron capture, only the
singly excited states with nonzero total angular momenta
(J 6= 0) are taken into account as final states in calcula-
tions within this approximation. The cross section, which
takes into account all the final states, is presented in [51].
This cross section can be compared with the results of
the full calculation given by the solid (black) curve. The
single-photon approximation enlarges the cross section
by about 5% in the nonresonance region and by about
1% in the resonance region.
The single-photon approximation can be applied to

two- and more electron systems for description of exper-
iments on the radiative electron capture in which the
emitted photons are not recorded [8, 9, 52].

IV. SUMMARY

We have studied the two-photon capture of an electron
with the energy corresponding to the strongest DR reso-
nances. For the first time, we conducted a detailed study
within the QED theory of the photon emission spectrum
taking into account four main groups of the cascade res-
onances ((1s, nl), where n = 2 − 5). Special attention
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was paid to the region of low energy photons, where the
infrared divergence requires a special approach. The in-
fluence of the DR resonances on the emission spectrum
was shown. We demonstrated that the contribution of
the Breit interaction is very important. The Breit in-
teraction makes a significant contribution to the posi-
tions and widths of many resonances and can qualita-
tively change the emission spectrum. We analyzed the
widely used resonant approximation, studying its accu-
racy. We have shown that this approximation gives suit-
able results for the photon energies near the cascade res-
onances. However, it may not work in the regions be-
tween close resonances if there is strong interference be-
tween them. Moreover, it failed in the region between
the resonance groups. Finally, we demonstrated how the
two-photon electron capture is related to an experimental
setup where the DR was investigated by measuring the
number of ions that captured an electron (without reg-
istering the emitted photons). The investigation of the
photon emission spectrum in the process of two-photon
electron capture provides an opportunity to test the QED
theory by studying the atomic structure and dynamics in
strong fields.
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Appendix A: Single-photon approximation

We present the application of the single-photon ap-
proximation to the cross section of the two-photon elec-
tron capture. First, we consider the cross section within
the resonance approximation Eq.(25). Secondly, we per-
form integration over the energy of the photon ω1

d2σI→F

dΩ1dΩ2
≈
∫ ωmax/2

0

dω1
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p
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2
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×
∑

N







∣

∣

∣

(

A∗
k1,λ1

)

FN

∣

∣

∣

2 ∣
∣

∣

(

A∗
k2,λ2

)

NI

∣

∣

∣

2

(EF + ω1 − EN )2 + 1
4Γ

2
N

+

∣

∣

∣

(

A∗
k2,λ2

)

FN

∣

∣

∣

2 ∣
∣

∣

(

A∗
k1,λ1

)

NI

∣

∣

∣

2

(EI − ω1 − EN )2 + 1
4Γ

2
N






. (A1)

Only one of the terms in large brackets is resonant within
the given integration region. In our case, the first term is
resonant, while the second term is not resonant and can
be omitted.

d2σI→F
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≈
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The main contribution to the integral is given by the res-
onant region around ω1 ≈ EN−EF . Within the resonant

region the matrix elements
(

A∗
k1,λ1

)

FN
and

(

A∗
k2,λ2

)

NI

as well as the factors ω2
1 and ω2

2 are slowly changing func-
tion of ω1 and can be substituted by their values in the
resonance
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where kres1 = (EN − EF ,k1), k
res
2 = (EI − EN ,k2). We

can utilize the approximation

∫ ωmax/2
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2π

ΓN
. (A4)

Using Eq. (A4) for Eq. (A3), performing the integration
over Ω1, the summation over the photon polarization
(λ1), and the summation over the projection of the fi-
nal state MF , we obtain the following expression
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The term in the square brackets does not depend on MN

and is equal to the one-photon partial width of the state
N
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The term in curly brackets together with the summation
over the projectionMN gives the differential cross section
within the one-photon approximation

dσ
(1γ approx)
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Accordingly, we can write

dσI→F

dΩ2
≈
∑

N

dσ
(1γ approx)
I→N

dΩ2

Γ
(1γ,N→F )
N

ΓN
. (A8)

In general, the full width of any state can be repre-
sented as sum of the radiative and Auger widths: ΓN =

Γ
(rad)
N +Γ

(Auger)
N . If we assume that the main contribution

is given by the singly excited states (1s, 2l) with the to-
tal angular momentum not equal to zero (J 6= 0), we get

Γ
(1γ,N→F )
N ≈ ΓN . Finally, we get the following relation

between the differential cross section of the two-photon
electron capture and the differential cross section within

the single-photon approximation

dσI→F

dΩ2
≈
∑

N

dσ
(1γ approx)
I→N

dΩ2
. (A9)

By integrating over the angular variable Ω2 and summing
and averaging over the polarizations of the electrons and
photons, we obtain the total cross section as

σI→F ≈
∑

µ,mb,MIλ2

∑

N

∫

dΩ2
dσ

(1γ approx)
I→N

dΩ2

× 1

2(2jb + 1)
, (A10)

where jb is the total angular momentum of the bound
electron in the initial state.
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