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Abstract—The paper is devoted to studying the sufficient conditions for the asymptotical separability
of distinct terms in the linear combination of harmonics by singular spectrum analysis (SSA). Namely,
the series xy, ..., xy_; withx,, = Z::l fin>where f;, = b; cos(o;n + ;) and both amplitudes b and fre-
quencies ; € (0, 1/2) are pairwise different, are considered. Then, as is proved in this study, under some
relationship between amplitudes || and the choice of standard SSA parameters, the so-called recon-
structed values f,-,,, prove to be very close to f; , for large N. Moreover, max,, ( f",-m = fin ) =O(N _') for
any i, if N — oo,
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1. INTRODUCTION. STATEMENT OF THE PROBLEM

One of the most impressive experimental results in the application of singular spectrum analysis (SSA)
is the extraction of harmonics from their sum. Namely, let us consider the series x, ..., xy_; with

X, =Y fim Where f, =bcos(@n+y,) (1)
i=l1

with different amplitudes |b] and frequencies w; € (0, 1/2); then, at large series sizes N and the choice of
standard parameters of the SSA method for this problem (the window length is taken to be L = N/2; for
reconstruction of the ith term in the sum (1), two corresponding sequential principal components are used

(see [1], Section 1)), the reconstructed values fln obtained prove to be close to f; ,.

For example, if we take in (1) r =3, v, =0, by, =1, b, = 0.8, b; = 0.6, and o, = \/5/4 = (.35356,
w, = \/5/4 = 0.43301, @, = \/3/5 =~ (0.44721, then, using the denotation r(N) = J;i,N — f,.n and determin-
ing the maximum errors of reconstruction as max ;. |1;(N )| and the root-mean-square errors of recon-
struction by the formula \/ 20<'<N 1;2 (N)/N , we will obtain the data of Tables 1 and 2, which confirms the
presented reasoning. -

As already noted, all such results are experimental, i.e., formally, they are not proved. In this study, the
sufficient conditions for the asymptotic separability of harmonics at N — oo are presented (see the exact
problem formulation and the result obtained in Section 4).

It is simpler to explain these conditions at » = 2 with |b,| > |b,|. In this case, the results of computer
experiments show that for a successful reconstruction of both terms in (1), it is sufficient (except for the
condition ®, # m,) for the harmonics to have different (and arbitrarily close) amplitudes |b,], |5,.

In the statement proved in this study (see Theorem 3 and Conclusions) it is assumed that there is some
“gap” between |b | and |b,|; i.e., the ratio of |b,| to |b,| is assumed to be sufficiently small (more precisely, it
is required that |b,/b,| < 0.5). At » > 2, on the whole, the reasoning is similar.
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Table 1. Maximum errors of reconstruction for L = N/2

527

N Ist term 2nd term 3rd term

500 0.051 0.094 0.092
1000 0.031 0.077 0.071
2000 0.026 0.064 0.055
5000 0.004 0.007 0.009

Table 2. Root-mean-square errors of reconstruction for L = N/2

N Ist term 2nd term 3rd term

500 0.0434 0.0209 0.0196
1000 0.0025 0.0124 0.0125
2000 0.0010 0.0069 0.0070
5000 0.0001 0.0006 0.0006

Certainly, such constraints are quite burdensome; however, it is possible to prove that all the errors of
reconstruction have the order O(N7").

Let us now proceed to the content of this work. The key statement for proving Theorem 3 is the
following.

Let us use the following denotationsat n >0, r22, 1 <k <r,and ;€ (0, 1/2) with , #* ®, at i # :

k r
f,=f9 = ZBi cos@uoyn+7y,) and e, =e = Z B; cosrw,n + ;), 2)
i=l i=k+1

where 1=, > By >...>[Bi| > [Bewr| > .- > B, > 0.
Let us denote the series with elements f, and e, by F and E, respectively; at 0 <n < N — 1, their segments
Jos - fyviande, ..., ey_;, by Fyand E,, respectively.

Let us consider the series Xy = Fy + 8E, with elements x, = f, + de,, 0 < n < N — 1, where J is the
perturbation parameter.

The general problem consists in separation of the signal Fy from the sum X, at large N by using the
SSA method. According to [1] (see also [4]), the procedure is as follows.

After choosing the window length L < N, the series Xy is transformed to the Hankel (trajectory) matrix
H() of the size L x K with elements H(3)[ij] = x;,; ,, 1 Si< L, 1<j<K:=N—-L+1.

Then, we perform singular expansion of the matrix H(8). In [1], this operation is called embedding.

Let us note that rank H(8) = 2r at min(L; K) > 2r. Since it is assumed further that N — co and L/N —
o e (0, 1), then we can assume that the singular expansion of the matrix H(d) consists of the sum of 2r
elementary (i.e., with a rank 1) matrices.

Next, let us denote by H() the sum of 2k principal (i.e., with the maximum Frobenius norms) elemen-
tary matrices and find the Henkel matrix closest (also in the Frobenius norm) to H(3). Applying to this

matrix the operation inverse to embedding, we obtain the series F(8) = (f,(0), ..., fy_(8)), which is con-
sidered to be the approximation to the signal F.

According to [1], the series F () is called the result of reconstruction of the series Fy from the first 2k

principal components of the series X, and the series with elements 7,(3) = r,-(k)(ﬁ) =fi—f(d)at0<i<N-—1
is called the series of errors of this reconstruction.
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528 NEKRUTKIN
Then, the following statement holds.

Theorem 1. [f N — oo and L/N — o€ (0, 1), then, max, ‘};(k)(ﬁ)‘ =O(N"")at

9] < 8% = 0.5min M i )

|Bk| ’ Zr: BZ

J=k+1

The proof of this fact is based on the theory developed in [2], which, in turn, is based on the funda-
mental results obtained by T. Kato (see [3]). For the sake of conciseness, the necessary statement, in fact,
contained in [2], is formulated in Theorem 2 in Section 3; all that remains in this section is the application
of Theorem 2 to the concrete conditions of the considered problem.

For this application, it would seem to be necessary to prove the numerous auxiliary statements in Sec-
tion 2. Thus, several elementary identities concerning summation of products of sines and cosines are pre-
sented in Subsection 2.1; Subsection 2.2 is devoted to proving Statement 1, necessary for finding the
required asymptotics of positive eigenvalues; and Subsection 2.3 contains the facts related to the asymp-
totic behavior of uniform norms of some matrices of growing order.

With all these statements together, we obtain the proof of Theorem 1. Section 4 is devoted to proving
Theorem 3, which is the aim of this study (as was already mentioned above), giving us the sufficient con-
ditions of separation of harmonics in terms of their amplitudes (see Eq. (17)).

2. AUXILLIARY FACTS
2.1. Elementary ldentities

The following identities necessary for the further reasoning can be easily proved by representation of
sines and cosines via the imaginary exponents.

Lemma 1. Let o, o, € (0, 1/2). Let us use the denotations cos;(y) = cosnw,j+Y7),
o8 »(Y) = cos(2nm,j + ), sin ;;(Y) = sin(2nw,j + ), and sin ;,(y) = sin(2nw,j + v). Then,

n—1

ZCosﬂ(yl)cosjz(yQ) = Sir}(n((‘)l +m,)n)
=0 2sin(m(o, + m,))

' ) 3
+1 Ssllnn((nT:(CZl)l —032))”))005(“(601 —)n-D+y-7,) at o # o, v

ncos(y, = v,) ar o = o,

cos(m(®; + wy)(n—1)+ v, +7,)

n—1

ZSinjl(’Yl)Sinjz(’Yg) — Sil’l(ﬂ((l)l + O)Z)n)
Jj=0

2sin(m(o; + ,))

Si.n(n(ml — Q)Z)n)COS(TE((Dl —0)n=D+v,-7,) at © #F0, @
+ —< sin(m(w, — ®,))

cos(m(oy + wy)(n—1)+7v, +7,)

ncos(y; —v,) ar oy = @y,
and
n—1 . +
3 cos,, (1) sin (1) = SO O Gy 4 ) (1= 1)+, +72)
= 2sin(m(e; + 0,))
sin(m(o, — w,)n) (5

; sin(m(@, —wy))(n—=D+7v,—7,) at o #,
— =4 sin(T(®, — ®,))

nsin(y, = v,) ar o = w,
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2.2. Asymptotics of Eigenvalues of Matrices HH" and EET

Let us denote by H and E the Hankel matrices with a size L X K constructed from the series Fy and E
in the same way as the matrix H(J) is constructed from the series X. If L and K are quite large, then
rank H = 2k and rank E = 2(r — k).

Further, we will need the results on the behavior of the positive eigenvalues of the matrices HHT and
EET at large values of the series size N. These results are obtained with the use of Lemma 2.1 of [5]. Let us
first formulate this lemma.

Let us consider the matrix G : R — R’ and use the denotation d = rank G. Let us assume that
d .
G= zk:I PkaT, where P, € R* and 0, [RK, while the vectors Py, ..., P, (and the vectors Oy, ..., Q,) are

linearly independent. Let us use the denotation X; = P/|P||, Y, = 0/||0
X=[X:...:X,;,], Y=[Y:...:Y,],
U=[P :...: Pjl,and V=[Q, : ... : Q,]. In addition, let us set
2] 0 ... 0 o] 0 ... o
=] O 0| el |
0 0 ...|2]| 0 0 ..|o

and Iy = I1,I1,. Finally, let us use the denotation C = X" XIT,,Y ' YT .

Lemma 2. Let A be the positive eigenvalue of the matrix GG corresponding to the eigenvector Z. Then \ is
the eigenvalue of the matrix C corresponding to the non-zero eigenvector X' Z.

As was already said, the proof of this lemma can be found in ([5], Lemma 2.1). Let us apply its result
to our purposes.

Let us consider the series y, = z::l Ay cos(2moyn + 7y,) with o, € (0, 1/2), o, # ®; at £ # j, and
A =]Ao] = ... = |A] > 0. Using the denotations cos,,(9,) = cos(2mkw, + ¢,) and sin;(¢;) =
sin(2wkw, + @), we set

Ce = (COSo(We)se-s €08, e (W) s Sy = (singe(Wp),-..8in 1 (W)
where y, = v,/2. In addition, let us introduce the following denotations:
X, = {SignA,gCM/"CM” at 1<4€<p,
—signA, (S, /|Swe-,| at p<€<2p,

Y, = {CK€/||CK(|| at 1<€<p,
' SK€_F/||SK€—p|| at p<{€<2p,

X=X}, .y Xpl, Y=Y}, ..., V5,], €,y = X'X and C4y = Y'Y. Next, let us introduce 2r x 2r diagonal
matrices I, ;, 1, ¢, and D with elements
AdllCu at 1<€<p,

[HP,L]€,€ = {_Ap—(’ ”SLp—{’" at p < £ < 2p,

. lCke]  at 1<€<p,
ek =lis ] av p<esap
3 A{/ at 1 < € < D,
D[€, 6] - {_Ap_e at p< €< 2pa

and set I, =TI, ;I1,, . Finally, let G be a trajectory matrix of the series y, with asize L X K; A, 22, > ...
> sz are positive eigenvalues of the matrix GGT.
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530 NEKRUTKIN

Statement 1. /f min(L, K) — oo at N — oo, then \;/LK — Aﬁ-m/4.
Proof. Since
p P
Yuim = D A¢ COS2MA®, + ;) coSmmay, + o) — Y Ay sin(Quawy, + ) sin(2rmay, + ),
¢=1 £=1

G can be represented in the form

2 p
G = ;Agcljclzg - ;AfSMS[Ig = XHPQYT

According to Lemma 2, the set of positive eigenvalues of the matrix GGT coincides with the spectrum of
the matrix C = C yI1,,Cy 1.

Since the elements of the matrix Cy , have the form

CxCrn/ |CxelllChnl at €.m < p,
CE/K,Y) _ S;(fSKm/”SKf””SKm” at €,m > p,
m
C;€Sl(m/||cl(€”"SKm” at €< pandm> p,

oo

CrnSxe/ |[ChullISkell at € > pand m < p,

then, according to Lemma 1, the matrices Y'Y = Cy. ,converge elementwise at K — oo to the unit matrix
I, with a size 2p X 2p. Similarly, the matrices X'X = C, yconverge to I, at L — oo.

Next, /211 P.L /JZ — D as L — oo and, accordingly, x/iHQ, % /\/? — I, as K — oo. This mean that
4C/KL - D’as L, K—> oo,

Since D? is a diagonal matrix with diagonal elements

2 2 2 2
AL ALAL.. A

Do

and Alz >...2 Ai > 0, then Statement 1 is proved.
O

Corollary 1. Let us consider the trajectory matrices H and E with a size L X K constructed from the series
Fy and Ey, respectively. Let L ~ oN with o.€ (0, 1) at N — oo,

Let us denote by L, ..., Wy, and Ly, ..., Wy, the positive eigenvalues of the matrices HH' and EET, respec-
tively. Then, according to Statement 1, at 1 <i<2r,
Wi/N” = ol = o), /4.
In particular, if we denote by ., and W, the maximum and minimum eigenvalues of the matrix HH',
respectively, then it will appear that
M ~ Na(l—0)/4  and D, ~ BN ol — a)/4.

Meanwhile, all W; at 1 < i < 2r have the order of growth N*, while |H|| and |E|| grow linearly with respect to N
at N — oo,

2.3. On the Asymptotics of the Uniform Norm of Some Matrices
In this study, we use two matrix norms. The spectral norm ||K|| of the matrix K is its maximum singular
number; in other words, ||K|]? is the maximum eigenvalue of the matrix KKT.

The uniform norm |K|,,. is the maximum of the moduli of the elements L X K of the matrix K. These
norms are linked by the following inequalities (see [7], Subsection 2.3.2).

"K"max = "K" SVLK "K"max : (6)
In addition, if K, and K, are the matrices with sizes L < Kand K X M, respectively, then
||K1K2||max < K”Kl”max ”Kz”max : (7)
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In this subsection, the estimates of the rate of convergence of the uniform norms of some trajectory
matrices for large series are presented.

Since H = Z; B,H;, where H; is the Hankel matrix generated by the series f;, = cos(2nw;n + 7;) with

. k c . r
i <k, then |[H]|,,,, < Zle |B,| Similarly, ||[E|,.x < zi:kﬂ |Bl|
Lemma 3. Let us consider the singular expansion of the matrix H:

2k
H=> Juuy',
i=1

while we assume that L/N — o.€ (0, 1). Let us denote by P, = U,U ,T the orthogonal projector onto the one-
dimensional space generated by the eigenvector U; of the matrix HH" with the eigenvalue |;, i < 2k.

Then, =07, [BH], =0a), and [B,HE"| =o00).

PI»liE”

max max

Proof. Let us start from ||PuiE||max' Let us use at 1 <j < k the following denotations:
Py = (1,cos(2n0)),...,cos2nw;(L - 1)),
P, = (0,5in2nw;),...,sinno,(L - 1))",
0, = (1,cos2n®,),...,cos(2nw;(K —1))',
0;, = (0,5in2nw,),...,sinrw (K —1))".

Then U= 375 anPu/ 2] + 3, B/ | ol white,

k k
1= ||Ui||2 = Za;l + Zagz'z + 22 @01 (P> Po)/ ||Pm1||||P€l||
Jj=1 J=1 m#{

+ 22 aimzaiez(szsPez)/”sz””Pez” +2 z aimlai€2(PmlaP€2)/”Pml "”P€2”

m#{ 1<m <k

Since, according to Lemma 1, all the absolute values of the scalar products in (8) are bounded and the

®)

norms ||P,,|| grow as VN , then the coefficients a;, and a;;, are also bounded.
Next,

k k
P, =UU/ = Z 16, Pa Py /[Pl | Pl + z 21 P P/ | P | Pl

Jsm=1 J,m=1

k
22 apn (PaPo + PPy )/ [PlBocl
Jj,m=1
It should be noted that E = Z;kﬂ B,E;. Since according to inequality (7), ”P P E, P'E,

JeEmg™i

<l

J€||max

max max

and HP,,,TqEH = O(1) by virtue of Lemma 1, then, the first statement is proved.

, where, as in the first case, |b,j,| + |bl-j2| =0()at N— oo

Next, ;=3 5,0,/ + Y 5200/ 02

for any i, j. Since

k T
BH = LUV =, [z ¥ ay-ijm/||me||J [z 5y b,-eerp/nQ@n}

Jj=1 m=1,2 £=1 p=1,2

k
=V D @b, P/ [Pl

J.t=1m,p=1,2

and |P,,05| = 00) and i,/ [[2,,[ [0, = O(1) at N — oo, then [B, H] = O(1).
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532 NEKRUTKIN

Similarly, since
r k
BHE" =i, D0 B, >0 2 by PuCiEy /[Pl 0]
q=k+1  j€=1m,p=12
[0XE"| = 0a) (see Lemma 1) and, according to inequality (7),
|2 05E OLE!

then all the statements of Lemma 3 are proved.

< [[£]

=0(),

max max

max

|

Let us introduce the following denotations. UOl is the linear space of the columns of the matrix H; POL
is the orthogonal projector onto this subspace; and P, = I,;, — POl is the orthogonal projector onto the
orthogonal complement U, to Ué.

Lemma 4. Let L/N — o€ (0, 1) at N— oo. Then,

L [HE o = [[EH 0 = O(1).

2. There are the constants Crand C, such that

k

HHHT <0.5KY B} +C, = O(N) )
max =1 ;
and
k

[EET| <05k B} +C.=0W). (10)

max Skl

3.|B®)| .. =ONN).

4.|B@P,H| = ON).
5. ”P;Eumax =O(N7).

6. [P,B@)P H| = ON).
7.|B@)P,E| =OWN).

8. |P,B@)PE| =O(N).

Proof. 1. This statement follows from the relationship HET = Z’;Z
HE]| =o0).

max

e PP JH,E]; according to
=

equality (3) for the case m; # ®,,

JUTE

2. This statement follows from the equality HH' = z; Zl;:l B8 HH' and from

1
sin(nw,)’

s

<0.5K+0.5

ma

and at i =,

HH' <0.5 !
” 7 llmax [sin(n|0)i — @;]) + sin (n|o, + wj|)j

(see Eq. (3) of Lemma 1 at ®, = ®, and ®, # ®,). For the case EET the reasoning is similar.

3. This statement follows from the definition of B(8) and the already proved relationships.
4. Using inequality (7) and Lemma 3, we obtain

[B&PH|  <[8|HE"®,H| +[§[EH"R,H
< 2[3|L|HE" + 8L |E|

+& [EE'R, H

max

= O(N).

max

Pl»lf H”

PE[ . [H]
max max max 1™ K™ llmax max
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5. Since POL = 22: P, , then the required relationship follows from Lemma 3.

6. Note that |P,B(8)P, H

<[B@®PR,H], . +|PBEP,H| . Next,

max

[PiB@ER,H| <|3|[HE"P,H|
+[8|pyEHP, H| +8[PyEE"R,H|
Since
[HE™P,H| < L|HE"| [P,H]| =0,
[P EHH >0 [PoE E| e, = o),
[PeEE™R H] < |pE| |BE| (M, =00),
then [P,B@)H| = O(N) and, thus, the statement is proved.
7. This statement follows from the inequality ||B(5)PH‘_E||max <L ||B(8)||max P“[E"max and Lemma 3.
8. Since P, = P0 , then
[PBOR,E, < [BORE],, + [P

The first term is already studied (see item 4 of this lemma). As for the second term, we get

[PiB@®P,E| <[3|PHE'R,E| +[§[PEH'R,E|
+ & [PyEE'RE| =[§7, +[3]/, + 8.
Next,
Jy = HHETP E| <i|HE"| |P,E]|  =oW),
< Cpie| | [BEl, [, = o0

and, similarly, J; = O(1), which implies the required.

3. THE MAIN THEOREM AND ITS APPLICATION
Following [2], let us use the denotations A"’ = HET + EHT, A® = EET, B(3) = 6A" + §’A®. Let W,
be the minimum positive eigenvalue of the matrix HHT, and B(d) := |8| “A(I)H +8 HAQ)”.
The following statement is the principal to obtain the final result, i.e., Theorem 3. Let us use the deno-

tation A(z) = POA(Z)PO and let S, be the Moor—Penrose pseudoinverse matrix to the matrix HHT with

[ISoll = 1/Kmin- As in Lemma 3, let P, be the orthogonal projector onto the one-dimensional space gener-
ated by the eigenvector U, of the matnx HHT with the eigenvalue W;, while W, = L. and Wox = Wppin-

Theorem 2. Let us assume that there is 8, > 0 such that B(3;) < Win/4. Then, at |d| < 8, the inequality
HsAE)Z)/Mmin

We denote as r(d) = r(d, N), 0 < i< N — 1 the errors of reconstruction of the series Fy from the first 2k
principal components by the SSA method.

In addition, let us set L(8) = L,(8) + L; (8) with

< 1isvalid, and the matrix I — SABZ) /Woin IS invertible.

2k
L,(d) = ZM(I - SAE)”/u,.)'l. (11)

i=1 i

VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS Vol. 56 No.4 2023



534 NEKRUTKIN

Then, at || < J,,

[SBOYS.BOR
1= 4[B@)] /My (12)
+ [§[LE,,,, +[8][PoE

maxhn®l<C

+ |[L)H]

B

max max

max

where C > 0 is some absolute constant.

Proof. The proof of this fact follows directly from ([2], Theorem 2.5 and Subsection 5.3) and from
the left-hand inequality among inequalities (6). Note that inequality (12) was in fact used in ([2],
Subsection 5.3.1) and in Section 3 of [6].

O

Lemma 5. Let N — oo and L ~ oN with o. € (0, 1). Then there are 8, > 0 and N, such that at N > N, and

18] < 8y, the inequality B(3) < Wy,/4 is fulfilled. Meanwhile, 1 — 4 |B(3)| /Ui > 0 at[8] < &, and a sufficiently
large N.

Proof. The first statement follows from the fact the W,,;, and B(8) have the same order of growth
at N — oo,

= (0(1), there-

max

Indeed, W, ~ Bioc(l - )N : /4 at N — oo, Statement 1 of Lemma 4 implies that HA(I)
fore, “A(I)H = O(N) (see inequality (6)).

Since HAQ)H = Upsn ~ Prool —o)N?>/4, then B(S)/\,,,, — OBi.i/Br at any 8, which implies the
required with &, = 0.5|B,//IBx + 1l-
The second statement follows from the fact that |B(d)|| < B(9).
O

Next, it is necessary to obtain the upper estimates for all the terms in the right-hand part of (12). For
that, we will need to prove some lemmas; in all of them, we will assume that N— ccand L/N— o€ (0, 1).

Lemma 6. [f N — o and L/N — o€ (0, 1), then |[S,B@)| = O(N ).
Proof. Since ||Sy| = 1/1,,;, = N> and, as was already noted, HA(I)H = O(N), we need to determine the

norm of HSOA(Z)H.

Since HHT = Zi‘l WP, , then S, = ZZ P, /u, and

2k 2k
|s.EE"| < ;HPH,EETH/M,- < ;IIPuiE||||E|| /M

2%
<> LE|p, b 6] -o0v™)
i=1 i
which completes the proof.
O
Corollary 2. If || < 8, = 0.5[B,|/|Bss.|> then under the conditions of Lemma 6
[SBOISBOR o,
1-4 ”B(S)” /“’min
Proof. According to Lemma 6,
ISB(S)|[SsB@Py|| < [SeB®)|* = O(N 7).
Since [H| = O(N) and 1 — 4|B(8)| /Wmin > 0 at [§] < §, the statement is proved.
O
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Lemma 7. Let us use the denotation Z,= SAS’ /u, = SP,EE"P)/u, ati =1, ..., 2k. Then

2.2

n=1

=O(N") (13)

max

at sufficiently small d.

Proof. Let us prove first that |Z,|  <|§|¢/N at some ¢ > 0.

max

Note that P,EE'P, = EE' — P, EE' — EE'P; + P, EE'P; . Next, according to item 2 of Lemma 4,

<0.5K > B;+C..

J=k+1

HEET

max

In addition, from item 5 of Lemma 4 and inequality (7) we get

]

max

= 0(1)

max

[P EET

<L|PE

max

2

and P EE Py =ON7Y).

< LHP;E

max max

Then, since (see Corollary 1) I,L,-/N2 — ol = oc)Bﬁm/4, then

0.5K > B © Y P
<y —LH—+ oW [ < |§ LA —
Wi OUPri/27

|

max

© ) B/B
< |6| J=k+1 %

< |8| ¢/N is proved at

=Y BB

at some & > 2. Therefore, the inequality |Z,]|

max

¢ = ik
o
Next, if we take
[ R A —— Y7 (14)
2> Bi/B:

J=k+1

we obtain the inequality [8|c < 1. Under this condition, it is easy to show that ‘

z

<|9"¢"/N atanyn>1.
max

Indeed, since |2/| < L|z"| |2, and L|Z]<[s

induction. This immediately gives us the desired inequality

>z

[

¢, this can be proved with the help of a simple

max

< Ple 1 (1s)
w 1=[8cN

m

and the statement is proved.

Now, let us consider matrices L(d)H.
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Lemma 8. |[L()H]|,., = O(N™") at N — oo and quite small 3.
Proof. Since PjH = 0, then ZH = 0 and L,(8)H = 0. Therefore,

_ PBE)P,
M; ’

2k
LEOH = Li(®H = Y Ly(®H with L) =(1-2,) while
i=1

L} (8)H = w + (Z Z?jw.

W; W;
Next, according to Statements 4 and 6 of Lemma 4, = O(N) and ||P0B(8)Pu,~H||max = O(N).
Therefore, according to Lemma 7,

€1

B(3)P, H

max

[z z! jB(S)PMH <L|>z]| [BOPH| =o0MN),
€21 max [} max
and the statement is proved.
O
Lemma 9. At a sufficiently small  and N — oo, [L(OE|__ = O(N™).

Proof. By definition, L(8)E = L,(8)E + L] (§)E with

2k
P, BOP, (1-2,)"E.

2k
L,E =Y L,®E =)’
i=1

i=l1 i

Let us start from ||L,(3)E||__ . Since
P“I_B(S)PO (1- Z,-)_l E- Pu,.B(B)Po £ P“iB(S)PO (z ijE

W W, H;

1

_R,BOE_PR,BOPE PuiB(S)(z Zf]E, i

W; W; W;
+ (3B, EHT
Ex]

L,(OE =

€1

1
||P“:B(6) max
<|[gj|p, HE

<|[g|p, HE"
+ |6| L ||PUIE

max + 62 ”PH"EET
L &Ll E], [E)

max max

=0(),

max max

max max

o = OWN), and
vt -o.

max

||PH1B(6)E||max ”E”

[P, BOPE

<L "PP-:‘B(S)”maX
_<L|P,B®)

ma: max

then

L )E],,, <[, BOE

/u, +[RBOPE| A,

max max

57

1 P,B(3)P, E _ P,B(O)P, E N (2 ij B(3)P, E
W, Wi Wi

Since (see Statements 7 and 8 of Lemma 4) ||B(6)PHI_E = O(N) and ||P0B(8)Pu.~E||max = O(N), and

HZM Zf” = O(N_l) (see Lemma 7), then

+ L[, B@,,, [l /110 = ON .

max

max

Let us consider HLT (O)E

max

L;(OE = (I-Z,)

€1

max

=O(N™.

max

“LT(S)E

< HLTI(S)E

+|LLGE

max max

The statement is proved.
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With all the results of Corollary 2, Lemmas 8 and 9, as well as Statement 5 of Lemma 4, we get from
inequality (12) of Theorem 2 the final result of this study, i.e., Theorem 1, presented in Introduction.

4. EXTRACTION OF HARMONIC TERMS FROM THEIR SUM

Let us proceed to the extraction of the harmonic terms from their sum. Let us consider the series
Xgs -ees Xy_y With

X, =Y fim Where f,=b cos(®n+Y,) (16)
i=1
with pairwise different frequencies o, € (0, 1/2) and amplitudes |b] that satisfy the inequality 1 = b, >
|by| > ... >|b) > 0.

Let N — oo. For asymptotic separation of each term f;, in sum (16), we apply the SSA method with
the following parameters: the window width L/N — o € (0, 1); for reconstruction of the ith terms in sum
(16), two principal components with numbers 2/ — 1 and 2/ are used (see [1], Section 1).

Let us denote the reconstructed values by f and set r; ,(N) = f — fin-
Theorem 3. Let us use the denotation 8, = by, /b, at 1 <k <r. Ifatall k

1

|6k| <0.5 5> 17)
r Jj-1
3 (1] a,}
Jj=k+2\i=k+1
then maXoc,cy |1, (N)| = O(N"") at1<i<r.
Proof. Let us denote for conciseness cos; = cos(2nm;n + ;) and rewrite (16) in terms of §..

r Jj-1
X, = cos, + 0, cos, + 8,0,c08; +...+0,...0,_, COS, = cos, + Z(Hﬁ,}cosr (18)

=2 \_i=1

Fixing 1 £k < r, we write (18) in the form

r i—1
X, = COS, +Z[H6jcos + 96, [HS coS;,; + Z EﬁSj/Bk cosjj (19)

i=l1

and, with denotations 3, = HJT 8, atj< k and
i=

k-1 Jj-1

i1 i—1
= (i‘[a,.]/sk “TIs 175 =6 [T5
i=1

i=1 i=k+1 i=k+1

atj > k, we rewrite (19) in the standard form

X, = COs, +ZB cos; + 9, z B;cos;

J=k+1

thereby coming to the results of Theorem 1: 1f

2
|3,| < 0.5min %B—k : (20)
k 2
B

. . . I .
then the maximum errors of reconstruction of the signal f, = cos; + Z 2[3 ;cos; from the noise
=

8.y B, cos; will have the form O(N-).
J
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Now, note that |B,.,,| = |B,| and atj > k

k-1 j-1 =

B, = (Hai]/sk “TI5 115 =811 %

i= i=k+l1 i=k+l1
we obtain that the condition (20) has the form (17).
Now, let (17) be satisfied at any k. Taking k= 1 and k = r— 1, we obtain that max .,y |1; ,(N )| =O0(N™"
at i = 1 and i = r; from the fact that (17) is fulfilled at k = i — 1 and k = i, it follows that
MaXoe,y [, (N) = ON)at1<i<r.

O

5. CONCLUSIONS
Of course, the result of Theorem 3 gives only the sufficient conditions for separability of harmonics.

Thus, at =2 (and k = 1), condition (17) transforms to |3,| = |, < 0.5, while the numerical experiments
show that, in fact, the condition must be |b,| < 1.

For r = 3, conditions (17) have the form |b,| < 0.5/(1 + &), [8,| = |b3/b,| < 0.5, which is not fulfilled in
the example presented in the Introduction, where b5/b, = 0.75 and b, = 0.8 > 0.5. This is related to appli-

cation of the general technique of perturbations of self-conjugated operators developed in [3]. It is possible
that adaptation of this technique to solving the concrete problems of the SSA method would make it pos-
sible to weaken these sufficient conditions.

It should also be noted that the rate of convergence max; |r;(N )| = O(N ") for the errors of reconstruc-
tion is apparently standard for solving the problems of separation of a signal from a sum with oscillating
noise. At least, such a result is obtained in ([6], Section 2) for a growing exponential signal and a sinusoidal
noise in the presence of signal discretization (as is shown in ([6], Section 1)); without discretization,

mayx, |r;( V)| does not converge to zero at N — oo.

Similar estimates max; |r;.(N )| = O(N ") can be found in [8], where a linear signal is considered, as well
as in [9], where the problems of the so-called recurrent forecast in the SSA are discussed.
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