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Abstract—An analysis is made of the possibility of generalizing Majorana’s theory based on the assumption
of the reality of this spinor field using the general principles of relativistic physics. An action functional is con-
structed for it that contains two parameters: one has the dimension of mass and the other is dimensionless.
Complete solutions of the Euler—Lagrange equations are found. An explicit form of the eigenspinors of the
helicity operator is obtained, which can be used as basic elements in describing the states of the system. In it,
in accordance with the results obtained by Majorana, the ordinary electric current is zero. The axial current
is nontrivial. Its main features are studied and, within the framework of the modification of Majorana’s the-
ory, the possibility of participation of a real spinor fermionic field in electromagnetic interactions is discussed.
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INTRODUCTION
The relativistic quantum field model of an elemen-
tary particle with spin % suggested by Majorana [1]

immediately attracted the attention of many research-
ers in the field of theoretical and experimental physics,
and that has not faded throughout the time that has
passed since its inception [2, 3]. Although there is still
no direct experimental confirmation of the existence
of Maiorano’s fermions, interest in his theory has
noticeably increased recently. The possibilities of the
manifestation of the effects of these particles in various
effects that are difficult to explain in any other way are
being discussed in the field of elementary particle
physics, nuclear physics, solid state physics, and cos-
mology [3—6]. In this paper, we consider the theory of
a real spinor field without any comparison with
Dirac’s theory and using the consequences and analo-
gies that follow from this and are presented in the arti-
cle [1] and the works of many authors [2, 3]. Using
only the reality of the fermion field and the main pro-
visions of the relativistic theory as basic assumptions,
we will carry out, to the extent possible, the most com-
plete analysis of the physical properties of this field
and consider the possibility of generalizing the results
already known about Majorana fermions.

In the proposed [1] representation of gamma
matrices
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where 0 isa 2 X 2 matrix with zero elements and G,, G,,
0, are Pauli matrices,
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all matrices (1) and ys = iyoylyz 73 are purely imagi-
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nary. We will be more comfortable with real ¥ = iy",

w=0,1,2,3,and ¥’ = iy’. We assume that the model
action in the coordinate representation should contain
only real spinor fields, a differentiation operation no
higher than the first order, and real parameters. It
must be invariant under Lorentz transformations and

have the form WM, 0,y + yM . Here M| are matri-

ces for which yM!"y is transformed as a vector under
the Lorentz transformation of the spinor fields v,
which ensures the invariance of the action under the
corresponding transformations of all the quantities
included in it. Due to the fermionicity of the spinor y,
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a nonzero contribution is made only by the part of the
matrix that is symmetric with respect to the spinor

indices of M.

Therefore, as four matrices M", we will use only
symmetrical M* = M" " Directly, the set of matrices

7" by way of M! is unsuitable due to antisymmetry ¥,

and 7¥,. However, matrices 707“ satisfy all the neces-

sary requirements: they are real and symmetric and

yMy = WTOT(L[\U is transformed as a vector under
Lorentz transformations of spinors y. All matrices

70757“ are antisymmetric, and this set of matrices is

not suitable for constructing the kinetic contribution
to the action.

Thus, the part of the Majorano fermion action
containing derivatives has the form

W7 7'9,w ~ 9w 7'W)/2 = yT'7'9,y. To con-
struct the contribution to the action without derivatives,
we need antisymmetric real matrices M, for which
Y My isinvariant under Lorentz transformations of the
field . In the most general case, M. can be presented in
the form M, =mF cos(Q)+ 7 ¥ sin(Q)) =
M, (m,C). Thus, the action for the Majorana field
under our assumptions can be written as

SOp) = WT7, + M, (m )y
= W7 (7"9, + m(1cos() + 7’ sin(©))y.
Here, 1 is a single 4 X 4-matrix m-mass dimension

parameter and 0 < { < 2m. The stationarity equation
for action S(y) (2) has the form

Y70, + m(lcos@Q) + ¥ sinQ)w =0. (3

This is a linear homogeneous equation for the field
. The condition for its solvability is the equality to zero
of the determinant of the matrix differential operator L =

Y (79, + m(1cos(Q) +’sin(0)): det(L)=(0">+m’)’ =
0, where 9° = d; — 0, — 0, — 3. This means that each
spinor component y satisfies the equation

@ +m)y = 0. (4)

The rank of the system of equations (3) is equal to
two. Therefore, by solving two of them, we get the gen-
eral solution. From the first two equations of (3), there
are two linearly independent solutions in the form

v, = {9, — msin(§))@;,(mcos(C) — 9;)¢;,
(dy +9,)9;,0},
W, = {(9; + mcos(8))@,, (9, + msin(C))g,,
0,~(dg + 0,)@,}
Here, in curly brackets, there are four spinor compo-
nents y, and y,, expressed in terms of independent
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real fermionic functions @,(x),®,(x), satisfying the
equations (4) L@,(x) = 0, Lo,(x) = 0. When substi-
tuting y,y, V (4), we get {0,0,L¢,,0} =0 and
{0,0,0, Lg,} = 0.

To describe the state of the field y, you can use the
helicity operator

Y = Y91 — Yi¥a9> + Y205
A ’
A =0y -0,-0,

as well as projectors A, =1/2+ X into a subspace
with positive and negative helicity. Linear combina-

tions Yy, = a,y, + b\, of spinors y,, s, at
a, = 9,9, — 9,msin(C) — VA@©; + mcos()),
b, = 9,05 + d,mcos(C) + VA©, — msin(0)),
a_ = 9,9, — 9,msin(C) + VA@©; + mcos()),

b = 9,95 + 9,mcos(C) + VA(msin(C) — 9,)
of the

are proper helicity operator:

Ly, = i%\l’i-

Notice that A is a positive definite differential
operator and the spinors y,, y,, y,,y_ in the coordi-
nate representation, as well as the helicity operator X,
are real. As part of our analysis, the presence in action
S(y), except for mass m additional dimensionless
parameter 0 < { < 2x, did not lead to a contradiction
with our basic assumptions.

It is well known that the electric current vector

spinors

wyoy” y is equal to zero due to the symmetry of all

matrices Y7 = (y*v")", 1 = 0,1,2,3 in the Majorana
representation (1) and fermionic field statistics .
Using (1), it is also easy to verify that the matrices

MY = y"v’y* are antisymmetric: M = —M"; axial

current J!(x) = y(x)M!y(x) is a pseudovector in
terms of Lorentz transformations and does not trivially
vanish.

Due to the fermionic statistics of the field v,
0/, Mx) = 2y(x)MY d,¥(x). Therefore, the functional

jw(x)M;‘aN(x)d = %jauJ;*(x)dx of fields  is zero

if we neglect the contribution of the boundaries of the
integration region. Usually such functionals are not
used as actions in models of physical systems. We also
will not consider this possibility of modifying the
kinetic part of the action of the Majorana field. Thus,
it follows from our assumptions that the free theory of
a real spinor fermion is determined by an action of the
form (2).

Now we will consider the possibilities of construct-
ing a functional that describes the interactions of the
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field y. If we impose the requirement of locality and
renormalizability of the model in the spacetime
dimension d = 3 + 1, then the interaction action can-
not be a polynomial containing y to the extent n > 2.
Then, if the interaction does not violate the Lorentz
invariance, it can include the fields used in the relativ-
istic theory of elementary particles. If we assume that
the interaction action must be Hermitian, then the
direct interaction of the Majorana fermion with other
spinor fields of the Standard Model turns out to be
inadmissible.

As a result, only Higgs scalar fields and gauge vec-
tor bosons remain as possible partners. All of them
have the same dimension as the mass and derivative,
and according to this criterion they can be participants
in the interaction. Difficulties in realizing this possi-
bility arise because of the gauge principle of interac-
tions fundamental to the Standard Model. It would be
preferable not to break it by introducing a spinor fer-
mionic field y without adding some additional prop-
erties to it, such as color and aroma, as a result of
which y would lose its sterility.

We will discuss the technical difficulties associated
with this using the examples of problems that need to
be solved when constructing the interaction of electro-
magnetic and Majorana fields. They are related to the
reality and the gauge invariance of the field y. It can-
not compensate for the gauge transformation of the
vector potential A4, of the electromagnetic field by
analogy with charged Dirac fields in quantum electro-
dynamics. It is necessary to find a mechanism to
replace these fields for the reduction of the nontrivial
additive contribution of the gauge transformation,
which enters linearly into the action of the field inter-

action A“.

The only possible local Lorentz invariant func-
tional of fields 4, and y that can be considered as a
model of their interaction is written as

Si(A, ) = kA“J;L (¢), where A is a dimensionless
parameter. If for the field y the continuity equation

BHJ !(y) = 0 of the axial current holds, then, with the

gauge transformation A, — A“ =4, + aup, interac-
tion action does not change, since

Sinr(A‘a \U) = Sint(A’W) - p}\'ap‘]s = Sint(A’W)'

You can try to build an example of a field that satisfies
this requirement y using the plane wave solution for the

classical equation (3). Substitute in (5), (6) ¢,(x,p) =
cos(px + a)u, 0,(x, p) = cos(px + b)v, where px =
pux“ , D, Dy, Dy are the components of the wave

impulse, p, = \/132 +m’ is its energy, u and v are the
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independent of coordinates x fermions, and a, b are
two arbitrary parameters.

As a result, we obtain the general solution
v = vy, +y, of Eq. (3) defined by the wave vector p
and energy p,. For it, the electric current
V' =y 7'y is zero due to Y7 = (7°¥")” and satis-
fies the continuity equation E)MV“ = (0 in a trivial way.
Thus, due to V. =0, the usual mechanism of interac-
tion between the fermionic field and the electromag-

netic field turns out to be unrealizable. However,

9/, " =0 for axial current J!' = —WVSVOV“W is possi-

ble only with m = 0.
If the massive field of Majorana y is not a solution

to the stationarity equation (3), but auJ Ry) = 0, then
such fields y can interact with the electromagnetic
field A, as virtual quantum ones without violating
gauge invariance. If there are two Majorana fields,
massless y directly interacting with the massive y' and
the photon field A4,, which interacts invariantly only
with y, then in such a system the massive field y' can
affect electromagnetic processes.

Just like the Dirac field, the Majorana field can
interact with the material environment. Using meth-
ods similar to those used in [7], we can construct the
corresponding interaction functionals.
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