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Abstract

The turbulent transonic two-dimensional airflow in 9°-bent channels is studied numerically on the basis of the Reynolds-
averaged Navier—Stokes equations. The flow is supersonic at the entrance of channels and subsonic at the exit. Numerical
solutions reveal non-uniqueness of flow regimes in certain ranges of boundary conditions. The location of a formed shock
wave exhibits hysteresis with changes in the inflow Mach number M o, or the angle of attack, or pressure given at the exit
DPexit- The existence of hysteresis is caused by an interaction of the shock wave with an expansion flow region over the convex
wall of channel. Shock wave behavior under forced oscillations of the Mach number M, or pressure pexit is discussed.
Dependencies of hysteresis and non-unique regimes on the amplitude and period of the oscillations of M o, pexit are studied.

It is shown that hysteresis in a long channel is essentially wider than that in a short one.
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1 Introduction

Studies of transonic flow in bent channels are of practical
interest, e.g., for advanced design of mixed-compression
and S-shaped intakes of air-breathing engines [1-3]. Also,
transonic flow in curved channels is realized in so-called ram-
pressors, which are compressors operating at high peripheral
speeds [4, 5]. Meanwhile, the phenomenon of hysteresis in
such flows remains insufficiently investigated.

Guo et al. [6] studied numerically 2D transonic flow in a
curved channel of almost constant cross section and showed
the existence of flow hysteresis with changes in the back-
pressure given at the exit. Feng et al. [7, 8] investigated
both experimentally and numerically the airflow in a curved
channel that modeled a combustion chamber; they obtained
hysteresis of static pressure on a wall of the channel with
changes in the exit area.

Krushnarao Kotteda and Mittal [9] explored a slightly
divergent Y-shaped intake at various backpressures and
obtained different flow regimes as a result of these varia-
tions. Jin et al. [10] performed numerical and experimental
study of flow hysteresis in a mixed-compression intake with
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variable throat geometry. It was suggested that the key factor
affecting the hysteresis is the separation ahead of the inlet.

For an intake studied by Das and Prasad [2] and its modifi-
cation, flow hysteresis with changes in the free-stream Mach
number was demonstrated in Ref. [11, Fig. 7]. In a paper
[12], Kuzmin examined transonic flow in a 9°-bent chan-
nel of constant cross-section areas before and after the bend.
The study was focused on the interaction of an arising shock
wave with an expansion flow region over the convex wall of
channel. Numerical simulations showed that instability of the
interaction causes hysteresis of shock locations with changes
in the free-stream Mach number M . In addition, computa-
tions revealed a double hysteresis (with three branches of the
hysteresis curve) in narrow ranges of M, at several angles
of attack, free-stream pressures p,, and backpressures pexit.
The airflow in a similar channel whose convex wall is slightly
shifted downstream was studied in Ref. [13]. In this case, the
double hysteresis changes for conventional one; at the same
time, computations showed a double hysteresis with varia-
tion of pexit for a modified channel whose convex corner is
smoothed with a circular arc of radius R = 101.6 mmor R =
190.6 mm.

In the present paper, we first consider the same channel
with R = 190.6 mm as the one explored in Ref. [13] and
demonstrate a double hysteresis with variation of free-stream
Mach number M , or angle of attack « instead of peyi¢. Then,
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Fig. 1 Channel A: Mach number contours at M o, = 1.59, pexit = 1.82 x 10° Pa in different regimes, in which the shock wave is located a at the

entrance, b near the bend of channel

we impose an oscillating Mach number M . (#) or backpres-
sure pexit(?) and study flow regimes at several amplitudes and
periods of oscillations. Finally, transonic flow hysteresis in a
longer channel is examined. We mention that fluctuations in
free-stream Mach number occur in practice during a vehicle
flight in turbulent atmosphere, whereas unsteady backpres-
sures may arise in air intake due to instability of fuel burning
in the engine.

2 Formulation of the problem and numerical
method

Figure 1 shows afragment of the airflow and walls of Channel
A. Here and further in the paper, the Cartesian coordinates
(x, y) and sizes of the channels are dimensional and given
in millimeters. Inner surfaces of the upper and lower walls
are 9°-bent. The heights of the vertical sections before and
after the bend are h; = 30 and hy = 28.8, respectively. The
lower wall corner is smoothed with a circular arc of radius
R = 190.6. Leading edges of the upper and lower walls are
located at x = — 28 and x =— 68, respectively, where initial
thickness of walls is 0.05. The exit section of Channel A is
set at x = 50. Further details of the channel geometry and
outer boundaries of the computational domain are available
in Ref. [13]. In Sect. 3.3, we will study flow regimes in a
longer Channel B obtained by a straight prolongation of the
upper and lower walls of Channel A from x = 50 to x = 130.
On the inflow boundary I';, of computational domain (see
Fig. 2), we set the static pressure poo = 8 x 10* N/m?, angle of
attack o, the x- and y-components U oo = M 50060COSQ, Voo =
M sasosina of flow velocity, the turbulence level of 1%, and
static temperature 7o, = 200 K which determines the sound
speed ao, = 283.58 m/s. We set o =— 5° throughout the
paper, except for Fig. 5 which shows a shock wave coordinate
as a function of a.. The Reynolds number based on the height
hy of channel and Mo = 1.6 is 5.75 x 10°.
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Fig.2 Schematic of the computational domain and mesh

At the exit of channel, we impose the static pressure pexit
and condition of subsonic flow. On the outflow boundary
I"out of the computational domain outside of channel, we
prescribe the condition of supersonic flow. The adiabatic and
no-slip conditions are imposed on the walls. Initial data are
determined by the free stream or a flow field obtained for
other values of M, pexit, &.

The air is assumed to be a perfect gas whose molar mass is
28.96 kg/kmol, the ratio of specific heats is 1.4, and specific
heat at constant pressure is 1004.4 J/(kg K). For the molecular
dynamic viscosity we use the Sutherland formula.

Numerical simulations were based on the system of
unsteady Reynolds-averaged Navier—Stokes equations [14]
with respect to static pressure p(x, y, t), temperature 7'(x, y,
1), and velocity components U(x, y, 1), V(x, y, t). Solutions
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of the equations were obtained with an ANSYS-18.2 CFX
finite-volume solver [15] using a high-resolution scheme
for convective terms and a shear stress transport k- turbu-
lence model [16]. An implicit backward Euler scheme was
employed for advancing in time ¢.

Flow simulations were performed on a hybrid unstruc-
tured grid constituted by quadrangles in 40 layers on the
walls and by triangles in the remaining region. The non-
dimensional thickness y* of the first mesh layer on the walls
was less than 1.2. The total number of grid cells was 641,879.
The global timestep of 107 s ensured the root-mean-square
Courant-Friedrichs—Lewy number smaller than 2. Test com-
putations on a refined grid of approximately 1.3 x 10° cells
only showed insignificant changes (less than 1.3%) in shock
wave coordinates. In addition, our simulation of a benchmark
problem for a supersonic intake demonstrated good agree-
ment with numerical and experimental data available in the
literature [11, Fig. 3].

3 Results and discussion

3.1 Flow hysteresis in Channel A at steady boundary
conditions

At steady boundary conditions, numerical solutions of the
initial-boundary value problem demonstrated a convergence
of the mean parameters p, p, U, V, T of turbulent flow to
steady states. The solutions reveal flow hysteresis and non-
uniqueness in narrow bands of the boundary parameters; the
realization of a certain steady regime depends on initial con-
ditions. For example, Fig. 1a and b depicts two different
flows obtained at M, = 1.59 using initial data which had
been computed in advance at M, = 1.58 and M, = 1.60,
respectively. As seen, the arisen shock wave is located at the
entrance in Fig. 1a and near the bend of channel in Fig. 1b.

In what follows, we will trace the longitudinal location of
the shock wave using its x-coordinate xg, at the height y =
15, see Fig. 1a. The obtained values of xg, with step-by-step
variation of M , at three backpressures are depicted in Fig. 3.
In each case, computations started at maximum Mach num-
bers, which correspond to the right endpoints of the shown
curves. For example, to obtain the upper branch of curve 1
(located at the height x4”°7), the flow field was computed
step-by-step at decreasing M , from 1.595 to 1.585, and val-
ues of xg, were documented at each step. In this regime, the
main shock wave is located near the bend of channel (swal-
lowed shock) and the flow is supersonic in a major part of
channel, see Fig. 4a.

Further decrease of M, to 1.584 results in a drop of the
shock coordinate xg, from 7.1 to 2.3 and an abrupt shrink-
ing of the supersonic region, see Fig. 4b. This is associated
with an upstream shift of the region where boundary layer
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Fig.3 Channel A: coordinate xg, of shock wave as a function of the
Mach number M, at three backpressures: 1—pexir = 1.82 X 10° Pa,
2—Ppexit = 1.87 x 10° Pa, 3—pexit = 1.92 x 10° Pa. The upper (lower)
branches of the curves correspond to flow regimes with a swallowed
(expelled) shock wave

is separated from the lower wall. After that, a step-by-step
increase in M , to 1.590 produces a gradual expansion of the
supersonic region downstream of the bend, and a rise of xg
as illustrated by the second upper branch of curve 1 (which
is located at heights between xgy = 2.3 and xg, = 7.4).

If Mo, decreases to smaller values than 1.584, then the
shock jumps further upstream, and flow relaxation yields a
regime with the shock located near the entrance of channel
(expelled shock). The coordinate xg, drops to values about —
30, and after that further variations of M, in both directions
produce the lower branch of curve 1.

Thus, the principal hysteresis is created by transitions
between the upper and lower branches of the curves as indi-
cated by arrows in Fig. 3. These transitions are caused by
the shock wave interaction with an expansion flow region
over the bend of lower wall. The interaction produces a rup-
ture/coalescence of supersonic regions at the bend of channel
and jumps of the shock. The width of principal hysteresis
depends on the size of supersonic region developed down-
stream of the bend [12, Figs. 5, 6]. This kind of hysteresis
occurs in both turbulent and inviscid flows.

Two upper branches of curves in Fig. 3 create a minor hys-
teresis in the regime with a swallowed shock. This is caused
by different locations of the boundary layer separation with
increasing and decreasing M »,. We notice that flow hystere-
sis associated with boundary layer separation was observed
in straight channels as well [17, 18].

Figure 5 exhibits a double hysteresis obtained with step-
by-step variation of the angle of attack «.

Computations showed that the smoothing of the upper
wall corner with an arc of sufficiently small radius R only
insignificantly changes the flow behavior. Meanwhile if the
radius R is large enough, e.g., the same as the one smoothing
the lower corner, then computations demonstrate a conven-
tional hysteresis in the dependence xgh(M o) instead of the
double one.

@ Springer
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Fig.4 Mach number contours in Channel A at a Mo, = 1.585 and b M+, = 1.584 in the regimes indicated in Fig. 3 by the symbols A and 'V,

respectively
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Fig.5 Channel A: coordinate xg, of shock wave as a function of the
angle of attack o at pexir = 1.82 x 10° Pa and three Mach numbers:
1—M s = 1.60, 2—M o = 1.59, 3—M , = 1.58

3.2 Oscillatory regimes in Channel A

For a study of the oscillatory regimes, we first set the back-
pressure pexit to 1.82 x 103 Pa and impose oscillations of the
free-stream Mach number as follows:

Moo (t) = 1.59 + Asin(z /2 + 21t /7),

initial state : steady flow with a swallowed shock at M, = 1.59 + A,
()

Moo (t) = 1.59 + Asin(—n /2 + 27t /7),

initial state : steady flow with an expelled shock at M, = 1.59 — A.

2

The phases of sine are chosen so as to provide the con-
sistency of boundary and initial conditions. The mid-value
1.59 of Mo (¢) lies in the hysteresis band where steady
flow regimes are non-unique, see curve 1 in Fig. 3. That is
why solutions of problems (1) and (2) demonstrate different
regimes if A and t are small enough. Also at A = 0.02,
= 0.02 s, solutions of problems (1) and (2) are different (see
curves 2 in Figs. 6 and 7 at t < 0.063 s), though the maximum
and minimum of M . (¢) lie outside of the hysteresis range of
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Fig.6 Channel A: 1—oscillations of M , in time #; 2—shock coordinate
Xgn obtained by solving problem (1) at t = 0.02 s and A = 0.02 for ¢ <
0.063 s, A =0.03 for r > 0.063 s
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Fig.7 Channel A: 1—oscillations of M , in time ¢; 2—shock coordinate
Xsh obtained by solving problem (2) at t = 0.02 s and A = 0.02 for t <
0.063 s, A = 0.03 for r > 0.063 s

steady flow. An increase in the amplitude A from 0.02 to 0.03
produces larger amplitudes of shock oscillations, as curves 2
in Figs. 6 and 7 show at ¢ >0.063 s, while different oscillatory
regimes persist.

The realization of different regimes is explained by the
fact that period T = 0.02 s is insufficiently large for ensuring
transitions between upper and lower branches of curve 1 in
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Fig.8 Channel A: 1—oscillations of M o, in time ¢, 2—shock coordinate
Xgsh obtained by solving problem (1) at t = 0.03 s, A = 0.03
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Fig. 9 Channel A: l—oscillations of M o, in time ¢, 2—shock coordinate
Xgh obtained by solving problem (2) at t = 0.03 s, A = 0.03

Fig. 3. For example, in the case of problem (1), the time
interval of t/2,in which M . (¢) decreases from 1.61to 1.57, is
insufficient for a transition from the regime with a swallowed
shock to the regime with an expelled shock. Similarly, in the
case of problem (2), the time interval of t/2, in which M (%)
rises from 1.57 to 1.61, is insufficient for a transition from the
regime with an expelled shock to the regime with a swallowed
shock.

At the larger period of Mach number oscillations 7 =
0.03 s and same amplitude A = 0.03, computations showed an
expansion of shock oscillations in such a way that the shock
location alternates between the entrance and bend sections
of channel. This is true for solutions of both problems (1)
and (2), which eventually demonstrate oscillations of xgp(#)
between — 24.0 and 8.2, see Figs. 8 and 9; the only distinction
between the obtained solutions is a shift in time. Further
increase in T or A results in rising the amplitude of shock
oscillations.

Now we fix M = 1.59 and impose oscillations of the
backpressure pexic as follows:

Pexit(t) = 1.82 x 10°[Pa] + Asin(rr /2 + 271 /1), 3)

initial state : steady flow with an expelled shock at

Pexit = 1.82 x 10°[Pa] + A,

Pexit(t) = 1.82 x 10°[Pa] + Asin(—n /2 + 271/7), 4)
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Fig. 10 Channel B: coordinate xg, of shock wave as a function of the
steady Mach number M o,: 1—pexit = 1.82 x 10° Pa, 2—Pexit = 2.4 %
10° Pa

initial state : steady flow with a swallowed shock at

Pexit = 1.82 x 10°[Pa] — A.

The chosen mid-value 1.82 x 10° Pa of PDexit lies in a
hysteresis band obtained with step-by-step changes in pexit
[13, Fig. 11].

Table 1 shows margins of the fully developed oscillations
of the shock coordinate xg, at several values of A and t. As
seen, in cases 1 and 2, the shock oscillations obtained by
solving problems (3) and (4) occur in different parts of the
channel. Meanwhile, an increase in the amplitude A up to
1.2 x 10* Pa (case 3) triggers a transition of the solution
of problem (4) to the regime with shock locations near the
entrance, and eventually to the coincidence of solutions of
both problems. After that, a rise in T or A only produces
expansions of the ranges of oscillations (cases 4, 5).

3.3 Steady and oscillatory flows in Channel B

For Channel B at pexir = 1.82 x 10° Pa and step-by-
step variation of steady M, the numerical simulation
showed hysteresis with only two branches in the dependence
Xxsh(M ), see curve 1 in Fig. 10. The width of hysteresis is
six times larger than that obtained for Channel A, as shows
a comparison of curves 1 Figs. 3 and 10. Figure 10 demon-
strates also a double hysteresis (with three branches of the
hysteresis curve 2) at a higher backpressure.

For unsteady free-stream Mach numbers, in order to
explore an effect of the amplitude of oscillations, we set the
backpressure to 2.4 x 10° Pa and consider the problems:

Moo () = Mpig + Asin(r /2 + 27t /7), (5)
initial state : steady flow with a swallowed shock at Mo, = Mpiq + A,
Moo(t) = Mg + Asin(—m /2 + 27t /1), 6)

initial state : steady flow with an expelled shock at Mo, = Mpiq — A.

@ Springer
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Table 1 Ranges of oscillations of

the shock coordinate xg;, in Amplitude A, Pa of Period 7, s of pexit(?) Range obtained by Range obtained by
Channel A ) Pexit(?) oscillations oscillations solving problem (3) solving problem (4)
Casel 0.8 x 10* 0.02 —304 <xph(t) < — 2.6 <xp(t) <74
20.4
Case2 1.0 x 10* 0.02 —31.0 <xq() < — =235 <xqp(r) <
19.0 7.4
Case3 12 x10* 0.02 =314 <xqpw(@®)<— =314 <xq(t)<-—
17.6 17.7
Case4 1.5 x 10* 0.02 — 321 <xgh() < — =321 <xq(t) < —
16.3 16.3
Case5 1.5 x 10* 0.03 —322<xp(t) < — —322<xu4(t) <—
9.0 9.0

Fig. 11 Channel B: contours of non-dimensional total pressure Piotal When a xgn(f) = — 34.3, b xgu(f) = 11.6. The flow fields are obtained by
solving problems (6) and (5), respectively, at Mg = 1.72, A = 0.03, 7 = 0.03 s

When A = 0.03, 7 = 0.03 s, and M,jq = 1.72, shock wave
oscillations obtained by solving problems (5) and (6) occur
in different parts of channel, at — 11.35 < xg, () < 11.6 and —
34.3 < xqn(t) < 8.3, respectively. Figure 11 displays contours
of non-dimensional total pressure Piotal = Protal/ Protal ,00,mid
= Piora/4.07 x 10° [Pa] in different regimes at instants that
correspond to xg, =— 34.3 (expelled shock) and xg, = 11.6
(swallowed shock). As seen, losses in the total pressure differ
significantly in these cases, though the amplitude, period and
mid-value of M (t) are the same.

An increase in the amplitude A from 0.03 to 0.05 results
in rising the amplitude of shock wave oscillations and con-
vergence of solutions of problems (5), (6) to each other at
sufficiently large ¢; both solutions show oscillations of xg
between — 35.4 and 12.0.

To demonstrate flow hysteresis with variation of the mid-
value Mpiqg of M o(t), we have chosen the smaller values
of the backpressure, amplitude, and period: pexit = 1.82 X
10° Pa, A = 0.02, 7 = 0.02 s. Figure 12 shows the obtained
hysteresis in the range 1.592 < Miq < 1.615 whichs shorter
than the one determined by curve 1 in Fig. 10; this range
further shortens when the amplitude A increases from 0.02
to 0.03.
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Fig. 12 Channel B: margins of the oscillating shock coordinate xsh min
< Xsh(#) < Xsh,max versus mid-value M ;g of Mach number M () at A
=0.02, 7 = 0.02 s, pexit = 1.82 x 10° Pa

4 Conclusion

The numerical simulations revealed non-uniqueness of tran-
sonic flow in the short and long 9°-bent channels at small
values of the amplitude and period of Mach number M »(¢) or
backpressure pexii(t) oscillations. Non-unique regimes imply
different locations of shock waves in the channels; realiza-
tion of a certain regime depends on initial conditions. At large
amplitudes, the oscillatory flow is unique, and shock location
alternates in time between vicinities of the entrance and bent
section.
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For the long Channel B, the width of flow hysteresis
obtained with step-by-step variation of M, is essentially
larger than that for Channel A. Gradual variation of the mid-
value M g of the oscillating Mach number M ,(¢) confirms
the existence of hysteresis.

Total pressure losses in non-unique regimes are noticeably
different. In practice, different total pressures at the exit of
an intake may influence the fuel burning in the combustion
chamber and eventually the thrust of engine. Further stud-
ies will address non-unique regimes of oscillatory transonic
flow in three-dimensional channels and mixed-compression
intakes.
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