
ISSN 1062-8738, Bulletin of the Russian Academy of Sciences: Physics, 2023, Vol. 87, No. 8, pp. 1169–1173. © Allerton Press, Inc., 2023.
Russian Text © The Author(s), 2023, published in Izvestiya Rossiiskoi Akademii Nauk, Seriya Fizicheskaya, 2023, Vol. 87, No. 8, pp. 1155–1159.
Soliton Solutions to Hydrodynamic Equations
When Describing Collisions and Oscillations of Atomic Nuclei

A. T. D’yachenkoa, b, * and I. A. Mitropolskyb

a St. Petersburg State Transport University, St. Petersburg, 190031 Russia
b Konstantinov Nuclear Physics Institute, National Research Centre “Kurchatov Institute,”

Gatchina, Leningrad oblast, 188300 Russia
*e-mail: dyachenko_a@mail.ru

Received February 28, 2023; revised March 24, 2023; accepted April 28, 2023

Abstract—A hydrodynamic approach is used to find an analytical solution to hydrodynamic equations in a
soliton approximation for one- and two-dimensional layer collisions. The stages of compression, decompres-
sion, and expansion are investigated using a single formula for layers with energies of around 10 MeV per
nucleon. Two-dimensional generalization produces a region of a rarefied bubble at the stage of expansion.
The approach is of intrinsic interest and can be used in other fields of physics to calculate the nonlinear
dynamics of oscillations of complex systems.
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INTRODUCTION
The hydrodynamics of interaction between com-

plex systems is considered in this work using the exam-
ple of an atomic nucleus consisting of nucleons. The
properties of the nucleus can be described using the
liquid droplet model proposed by Bohr and Wheeler
for the fission process [1]. Stöcker and Greiner applied
hydrodynamics to heavy ion collisions in [2].

The choice of the equation of state (EOS) is
important when studying heavy ion collisions and dif-
ferent impacts. In the hydrodynamic approach, a local
equilibrium equation of state corresponding to the
onset of local thermodynamic equilibrium can be cho-
sen as the EOS [2]. We proposed a nonequilibrium
EOS in [3–10].

Solutions to these hydrodynamic equations in a
one-dimensional case was found analytically using
single-soliton solutions to the Korteweg–de Vries
equation [11, 12] for both the weak nonlinearity in [13]
and high-amplitude nonlinear perturbations of shock
waves. The stages of compression, decompression,
and expansion of a substance were described using a
single formula. This is of independent interest, since
solitons play an important role in elementary particle
physics, nuclear physics, and general physics. It was
important for us to ensure that the dispersion terms
that appear in the hydrodynamic and Korteweg–de
Vries equation do not violate the concept of the forma-
tion of a hot spot. Generalizing this idea to a two-
dimensional case yields similar dynamics of the oscil-
lations of a complex system and a region of rarefaction:
a bubble at the center of an expanded system. This can

be extended to a wide range of engineering applica-
tions.

The formation and existence of bubble nuclei is a
nuclear oddity. The search for and study of vesicular
nuclei has a long history. It was studied by, e.g., Sie-
mens and Bethe in [14] and Wong in [15]. The possi-
bility of a stable bubble forming was substantiated in
[16] only for superheavy nuclei with charge number Z
> 120, using a droplet model with shell corrections.
However, rarefaction at the center was predicted for
the proton density of doubly magic nucleus 34Si using
the Hartree–Fock–Bogoliubov formula and con-
firmed experimentally in [17]. The relativistic Har-
tree–Fock–Bogoliubov model was used in [18] to
prove the existence of a bubble in the 48Si nucleus for
the densities of both neutrons and protons at the cen-
ter of the latter. The above are static solutions for bub-
bles. In our calculations, a dynamic bubble always
appears in the region of rarefaction at a hydrodynamic
system’s stage of expansion.

HYDRODYNAMICS EQUATIONS
We used the kinetic equation in [4–8] to find

nucleon distribution function  (where
 is a spatial coordinate,  is a

pulse, and  is time). This can be extended to arbitrary
dynamical systems. The solution to the kinetic equa-
tion for distribution function  is sought in the
form
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where  and  are the functions of the
local equilibrium distribution and the nonequilibrium
distribution, respectively.

With nonequilibrium at , we obtain equations
of long-range hydrodynamics [3] for a one-dimen-
sional case:

(2)

(3)

(4)

This system of nonlinear partial differential equa-
tions is normally calculated numerically. In this work,
we develop an approach for finding approximate ana-
lytical solutions to these equations in cases of weak
nonlinearity (by reducing them to the Korteweg–
de Vries equations) and high-amplitude perturbations
(using soliton-like solutions). This approach is gener-
alized to a two-dimensional case at density 
which depends only on coordinate  and time  This
had never been considered before and can be extended
to both atomic nuclei and arbitrary complex systems.

ANALYTICAL SOLUTION 
TO HYDRODYNAMIC EQUATIONS 

USING SOLITONS
In a one-dimensional case, hydrodynamic equa-

tions with relaxation factor  (a nonequilibrium
case) are reduced to system of Eqs. (2)–(4) for finding
the nucleon density  velocity  and heat
energy density

It follows from Eqs. (2) and (4) that the heat term

is  where  is a coefficient independent of

. We seek a joint solution of Eqs. (2) and (3) in the
form  and obtain two Korteweg–de Vries
equations [13].

In other words, hydrodynamic equations can be
reduced to two Korteweg–de Vries equations. This
allows us to describe a collision between complex sys-
tems (nuclei) as a collision of solitons, if the simple
wave of the Korteweg–de Vries equation is integrated
over  We therefore find

(5)

where  is the thickness of a layer,  is a simple Korte-
weg–de Vries wave emitted by the layer, and

 is the one-soliton solution to the Korte-
weg–de Vries equation. This applies to each nuclear
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layer as a source  simple waves. By allowing for mul-
tiple reflections of the Korteweg–de Vries waves from
the system’s interfaces, we can consider the entire
dynamics of the collision of nuclear slabs [13].

Let us now consider the propagation of perturba-
tions of arbitrary amplitude. For the energy density,
we can use the simple expression

(6)

where  = 0.15 fm−3 is the equilibrium density and
is the pressure modulus. The pressure is then

(7)

Here we add a dispersion term with coefficient ,

where  = (fm)2 and the speed of sound is

 ≈ 108 m/s. In the event of a collision
between two nuclei, shock waves form that propagate
at velocity , which can be found using Eqs. (2) and

(3), assuming that  Integrating these equa-

tions over the jump in density, we obtain

(8)

where  is the initial velocity of colliding nuclei.
Assuming velocity  to be equal to speed of sound

 and in light of pressure (7), we obtain the

equation for density 

(9)

where  is the maximum density of compression on a
shock wave,

(10)

Equation (9) can be integrated implicitly in ele-
mentary functions, but the answer is rather cumber-
some. Separating the main terms of the solution, we
arrive at

(11)

where the plus sign corresponds to the solution near
 and the minus sign corresponds to the one near 

The solutions must be sewn together at an intermedi-
ate value at the inflection point, in order to obtain the
solution to a kink for a propagating wave. The reason-
ing for negative values of  is similar, but since we are
not interested now in details of the wave front struc-
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Fig. 1. Instantaneous profiles of collisions beteen nuclear
slab layers at energy  MeV per nucleon at times t =
2, 4, 6, and 8 in units of 10−23 s.
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Fig. 2. Instantaneous profiles of collisions of identical
nuclei (solid lines) at energy  MeV per nucleon at
times t = 2, 4, 6, and 8 in units of 10−23 s for a two-dimen-
sional case. As in Fig. 1, dashed lines show the density pro-
files of one-dimensional layers.
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ture, we can approximate solution (11) with the soliton
solution

(12)

where  Equation (12) describes the main fea-

tures of solution (11).
As we did earlier with the Korteweg–de Vries soli-

tons, we can integrate Eq. (12) over the length of the
layer and consider the propagation of a shock wave
front and its reflection off interfaces. Integration yields

(13)

where  is formula (12),  and  are the boundaries of
the nucleus, and  is its size. Since we have
velocity υ = 0 at the maximum of the shock wave,
Eqs. (2) and (3) yield a wave equation for the maxi-
mum that allows a d’Alembert solution, which is what
we used. Velocity υ can also be found from Eq. (2) by
using Eq. (13) for density, allowing for possible reflec-
tions of shock waves from the boundaries of a system
and the motion of the boundaries.

We can therefore study the full dynamics of nuclear
collisions in a one-dimensional case using soliton
solutions (12) and (13).

Figure 1 shows the density profiles for collisions
between identical nuclei with size  fm and energy
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 MeV per nucleon at times t = 2, 4, 6, and 8 in
units of 10−23 s. We can see the initial compression,
formation of a hot spot, and subsequent expansion of
nuclei with the rise of rarefaction in the central region.

We also found a simplified solution to the problem
in a two-dimensional case. The equations were
obtained from hydrodynamic equations by integrating
the latter over the transverse coordinate by assuming
that density  was independent of coordinate .
The solution was obtained by using formula (12),
replacing  and then dividing any per-
turbation by , where  = 
and  coincides with the speed of sound.

Figure 2 shows density profiles for a collision
between identical nuclei with longitudinal size 
fm and energy  MeV per nucleon at times t = 2,
4, 6, and 8 in units of 10−23 s. These results are shown
by solid lines. Dashed lines correspond to a one-
dimensional case. We can see the oscillations of com-
pression and rarefaction are stronger in a two-dimen-
sional case.

Figure 3 shows the dependence of transverse size
 on coordinate  at times t = 2, 4, 6,

and 8 in units of 10−23 s. These results were obtained
for a density independent of coordinate . Figure 2
shows that a rarefied region forms in the center of the
nucleus at the end of the collision, and normal density
is observed at the ends. We would therefore expect the
formation of a bubble at the center of the nucleus.
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Fig. 3. Profiles of the maximum transverse size of nuclei at
energy  MeV per nucleon at times t = 2, 4, 6, and 8
in units of 10−23 s.
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Fig. 4. Dependence of density  on transverse coordi-
nate  for  at energy  MeV per nucleon at
times t = 6, 7 in units of 10−23 s.
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The situation is similar for a transverse coordinate.
Figure 4 shows the change in density

 at  and different

moments in time. This dependence is obtained by
solving the Euler hydrodynamic equation for velocity

 with regard to the correction for the den-

sity change with coordinate . Our estimate for a two-
dimensional case confirms the formation of a bubble
at the center of the nucleus, where we observe the for-

mation of a rarefied region with density  At low
energies of colliding systems, the oscillations in den-
sity for alternating rarefactions and compressions can
produce a stable bubble at the center of the nucleus.

CONCLUSIONS

A nonequilibrium hydrodynamic approach to
describing complex systems was developed using the
example of a collision between atomic nuclei. The
nonequilibrium approach to hydrodynamic equations
allowed us to describe experimental data better than
the equation of state corresponding to conventional
hydrodynamics, which assumes the establishment of
the local thermodynamic equilibrium. In this descrip-
tion, was essential to identify a hot spot. It was shown
that introducing dispersion terms does not violate this
representation. At the stage of expansion, a rarefied
region (a dynamic bubble) formed at the center of the
system. Our investigation was performed for both one-
and two-dimensional cases.
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Our hydrodynamic equations and the Korteweg–
de Vries equation were of the same nature, and the
resulting soliton-like solutions could be applied to any
complex system. Reducing the equations of hydrody-
namics to the solution to two Korteweg–de Vries
equations in the form of solitons, we can find an ana-
lytical solution to the problem. Generalizing the
results from our soliton approach to high-amplitude
perturbations and extra dimensions is of independent
fundamental interest to general physics and can be
used in different fields of engineering.

CONFLICT OF INTEREST

The authors declare that they have no conflicts of interest.

REFERENCES
1. Bohr, N. and Wheeler, J.A., Phys. Rev., 1939, vol. 56,

p. 426.
2. Stocker, H. and Greiner, W., Phys. Rep., 1986, vol. 137,

nos. 5–6, p. 277.
3. D’yachenko, A.T., Gridnev, K.A., and Greiner, W.,

J. Phys. G, 2013, vol. 40, no. 3, p. 085101.
4. D’yachenko, A.T. and Mitropolsky, I.A., Phys. At. Nucl.,

2020, vol. 83, p. 558.
5. D’yachenko, A.T. and Mitropolsky, I.A., Bull. Russ.

Acad. Sci.: Phys., 2020, vol. 84, no. 5, p. 391.
6. D’yachenko, A.T. and Mitropolsky, I.A., Bull. Russ.

Acad. Sci.: Phys., 2021, vol. 85, no. 5, p. 554.
7. D’yachenko, A.T. and Mitropolsky, I.A., Bull. Russ.

Acad. Sci.: Phys., 2019, vol. 79, no. 7, p. 2021.
8. D’yachenko, A.T. and Mitropolsky, I.A., Bull. Russ.

Acad. Sci.: Phys., 2021, vol. 81, no. 12, p. 1521.
MY OF SCIENCES: PHYSICS  Vol. 87  No. 8  2023



SOLITON SOLUTIONS TO HYDRODYNAMIC EQUATIONS 1173
9. D’yachenko, A.T. and Mitropolsky, I.A., EPJ Web
Conf., 2019, vol. 204, p. 03018.

10. D’yachenko, A.T. and Mitropolsky, I.A., Phys. At. Nucl.,
2019, vol. 82, p. 1641.

11. Korteweg, D.J. and Vries, G., Philos. Mag., 1895,
vol. 39, p. 422.

12. D’yachenko, A.T., Proc. Int. Conf. Nucl. Phys. “Nuclear
Shells–50 Years,” Dubna, 1999, p. 492.

13. D’yachenko, A.T. and Mitropolsky, I.A., Bull. Russ.
Acad. Sci.: Phys., 2022, vol. 86, no. 8, p. 962.

14. Bethe, H.A., Phys. Rev. Lett., 1967, vol. 18, p. 704.
15. Wong, C.Y., Ann. Phys. (New York), 1973, vol. 77,

p. 279.
16. Decharge, J., Beger, J.-F., Dietrich, K., and Weiss, M.S.,

Phys. Lett. B, 1999, vol. 451, p. 275.
17. Mutschler, A., Lemasson, A., Sorlin, O., et al., Nat.

Phys., 2017, vol. 13, p. 152.
18. Fam, X.H., Yong, D.C., and Zuo, W., Phys. Rev. C,

2019, vol. 99, no. 4, p. 041601.

Translated by E. Bondareva
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES: PHYSICS  Vol. 87  No. 8  2023


	INTRODUCTION
	HYDRODYNAMICS EQUATIONS
	ANALYTICAL SOLUTION TO HYDRODYNAMIC EQUATIONS USING SOLITONS
	CONCLUSIONS
	REFERENCES

