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RINGS GENERATED BY CONVERGENCE SETS OF
MULTIDIMENSIONAL COMPLETE FIELD

A. 1. Madunts* UDC 512.625

The convergence sets of a multidimensional complete field are those having the property that all
power series over it converge when substituting an element of the maximal ideal for a variable. It
is proved that a convergence set lies in the ring of integers if and only if it is contained in some
convergence ring. Bibliography: 10 titles.

1. BASIC CONCEPTS

Multidimensional local fields (see [6,7]) form a natural generalization of classical local fields.

We call a finite field O-dimensional local. A complete discrete valuation field K = K, is
n-dimensional local (n > 1) if its residue field K,,_; is an (n — 1)-dimensional local field. Since
many properties are preserved if 0-dimensional field is replaced by arbitrary perfect field, we
will also consider this case and call K a multidimensional complete field.

Let us recall the basic concepts related with multidimensional local and complete fields
(see [2]).

Let t,, be an uniformizing element of the field K,, with respect to a valuation v,,, and let ¢,,_1
be a unit in K, the residue class t,,_1 of which is a uniformizing element of K,,_1, and so on

up to a unit t; in K,,, K,_1, ..., Ko, the residue class of which in K7 becomes a uniformizing
element. The set t = (t1,...,t,) is called the system of local parameters of K and defines the
valuation 7 = (v, ..., v(") given by the formulas

v®(a) = vg, <at;v(n) @ t]:i(lk+l)(a)> ,

where a # 0 and v(0) = +oo.
In what follows, we put

Fk:(rk—i-la”'arn) (nggn—l), To =T, sz:t’,;’jjll...tgn.
Moreover, we use a lexicographic ordering on Z™, namely, ) < 72 if 77,9) = F,(f) and 7‘,9) < r,(f)

for some 1 <k <n.

The set O = {a € K : v(a) > 0} forms a valuation ring independent of the choice of local
parameters, the unique maximal ideal of which is p = {a € O : v(a) > 0}. The group of
units of a ring is denoted by U

The most important tool for studying multidimensional local and complete fields is the
following structure theorem (see [1,6]).

Theorem 1.1. Let K = K™ be an n-dimensional complete field.
1. If char K = char Ky, then K ~ Ky((t1))...((tn)).
2. For char K = 0 and char Koy = p > 0, let Fy = Frac(W(Ky)) be the field of quotients of the
ring of Witt vectors over the last field of residues.

If char K®) = 0 and char K&~ = p > 0, 2 < s < n, then K is a finite completely ramified
extension of the field

it} s () - - ((80)),
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where F' is a finite completely ramified extension of Fy. Moreover, K has a finite extension of
the form

LT - AT B (Tor1) - - (Th)),

obtained by adding an element algebraic over Fy, where L is a finite extension of Fy.
3. If char KM = 0 and char K©) = p, then K ~ k((t2))...((tn)), where k = KU is a finite
completely ramified extension of Fy.

Here, for a field F' complete with respect to a discrete valuation w, we mean that

F{t}} = { Z cit' 1 ¢ € F, w(c;) > e> —o0, lim w(e) = +oo}
Pt i——00

S .
with valuation v< > cit2> = min; w(¢;). It is easily seen that it is a complete discrete
1=—00

valuation field with residue field F(()).

2. CONVERGENCE SETS

Definition 2.1. A number s = s(K) such that
char K®) =0, char K™Y =p >0,
is called the inertial number of the field K. We put s(K) =1 if
char KM = 0, char KO = P,
and s(K) = 0 if char K = char K.

Thus, the inertial number s(K) is the last number in numbering the residue fields from n
to zero, for which the characteristic of the original field K = K, is preserved.
Let us introduce the following notion (see [4]).

Definition 2.2. A set of multi-indices 2 C Z" is called an admissible set if for any iy €
Z"*(1 < k < n) there exists I(iy) = I € Z such that 7 = 4 implies 7, > I for all ¥ € Q.
The quantities

wi(ir) = sup I (ix)

are called the characteristic indices of the admissible set.

In fact, wg (7)) is the smallest value of ry, for which Q contains a multi-index ending in 7
(otherwise, wy(7g) = +00).

We choose a complete system B of representatives of nonzero elements Ky in K, and a
system ¢ of local parameters. Then (see [2,5]) any nonzero element of K can be represented
as the series

a= Z a:t’, ay € B,
reqQe
where Q% is an admissible set and B can be chosen so that this representation is unique.
Moreover,
a = Z a,:,jzk, 0<k<n-—-1,
FREQS

where Qf C 7"~k is an admissible set.
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Denoting by w(ry) the characteristic indices of a, we have
ac€0<wi(0p) >0, k=mn;l,
acpe w0y >0, k=n2 w0 >1,
aclU<wp(0p) =0, k=mn;l

It is easily seen that a,,, (7, ), 7 0 and the index 7 = wf (7)) is the smallest of those having
this property, and wf(7;) = +oo if and only if the coefficient of ¢,* is zero.
Let Q% and Q° be admissible sets of the elements a,b € K. Then (see [5])

Wit () 2 inf (wt (i), wi (i),
EXTE

W) > inf () + whGh)  (k=ni1)
itk <Tk
(if £ = n, then the corresponding argument and condition on indices are absent).

Moreover, if at least one of az,,br, is nonzero, then w{™*(7) > inf(wf(7x), w?d (7)), and if

wi(ri) # wZ(Fk), then wZer(Fk) = inf(w,ﬁ(?k),w,ﬁ(?k)).
In the case of standard field, these formulas can be refined.
Let s = s(K) be the inertial number. Then for k < s, we have

Wz+b(7’k+17 sy Ty eeesTh)
> Zn<1£ (W (Tt 1y e vy lgy - e ,Tn),w,li(rkﬂ, ceylsy ey Th)),
wit(my) > inf (wi(ix) + wh(i))s
itgi=rg,l#s
is+js§7"5

and if k > s, then
Wit (7)) > inf(wf (7), W} (7)),

Wi’ (k) = inf (R (k) + Wi ()
U+ Ie=Tk

For multidimensional fields, the topology of discrete valuation (in which the defining ele-
ments of a multidimensional field can diverge) is less convenient than the so-called Parshin
topology (see [8]), in which all these series converge. It is defined recursively using topologies
of residue fields (see [2,3]).

For finite extensions of multidimensional complete fields, the Parshin topology of subfield
coincides with the topology induced by a superfield, and the topology of the subfield extends
uniquely to the superfield. By the structure theorem, this reduces questions of convergence to
the standard fields F{{t1}}... {ts—1}((ts+1)) .. ((tn)) (we also include here the degenerate
cases s(K) =1 and s(K) = 0).

Some of the results related with various variants of the Hilbert symbol can be generalized to
multidimensional fields (see [9,10]) . In this case, power series arise with coefficients from the
ring of integers, the value of which is calculated by substituting an element of the maximal ideal
instead of the variable. In the Parshin topology, these series can diverge. Since the recursive
definition of the topology is inconvenient for practical use, convergence criteria based on the
explicit properties of the elements are needed.

In [5], a criterion for an infinitesimal and a sufficient condition for the convergence of a
series are proved.

Theorem 2.1. A sequence {a(™ tm>1 18 infinitesimal if and only if
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1. for k=n;2 and all 7,
_ . alm)
Ry(r) = inf(wy (7)) > —o0,
2. for all ry,

_ . (m) ,_
Rl (7’1) = m1—1>I—Ii-100 w‘f (7’1) = +00.

Theorem 2.2. Let ¢(X) = 3 ™ X™ ¢ K[[X]],z € K. The following set of conditions is
m>0

sufficient for the convergence of ¢(X) to c(x) under substituting x instead of X :

1. for k=n;2 and all 7y,

Ry(7,) = inf inf (wi™ (k) + wf D) + -+ WP E™)) > —oo,
M i D ™M <
2. for all ry,
Ry(7)= lim inf (@™ (@) + @t @D) + - 4 Wi () = +o0.

Mmoo i ™ <y
In [4], a convenient notion of a convergence set is introduced and a criterion for such a set
is proved.

Definition 2.3. A set A C K is called a convergence set if any power series c¢(X) =

ST M X™ ¢ A[[X]] converges when substituting for X an arbitrary element of the max-
m>1
imal ideal p.

Theorem 2.3. A C K a convergence set if and only if for k =n;1 and all 7,
A/— . ar—
= inf —0Q.
Wil () = inf () > —o0

The quantities wi (7;) are called the characteristic indices of the convergence set A.

3. RINGS GENERATED BY CONVERGENCE SET

In [10], subrings of the ring of integers of a multidimensional complete field are constructed
that are convergence rings, and formal Lubin—Tate groups are constructed over these rings.
However, if the convergence set is not a ring, the formal groups over it are inconvenient.

Let us ask the following question. Let K be a standard field and A a convergence set.
Whether finite sums and products of A belong to some (not necessarily the same) convergence
set?

For arbitrary ai,...,a, € A, we have a relation for the characteristic indices of their sum:
for k > s,
a1+ taqg — . Qo (= A/—
w i) > inf (wi* (7)) > wi (7
K (k)_lgagq(k(k))— i (T)

and if £ < s, then
ar+-+aq

Wi (Tk—i-lv RN TR ,Tn) > wg“(?si)rgisgrs(w;j(rk—i_l’ s 7i87 s ,Tn)).

Note that the values limiting the indices from below do not depend on the terms themselves
or on their number, that is, all finite sums of elements of the convergence set A belong to a
certain convergence set which is a group with respect to addition. As such set, we can take
all possible series A of the form

Z (IFPT, arF € BU {0},
FeQ
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where B is a complete system of representatives of nonzero elements Ky in K, and the admis-
sible collection €2 consists of all multiindices satisfying the conditions
re 2wt () = b (W (s s 7))
Wy (TS)SZS_TS
if k < s, and r > w;?(?k) = wi(ry) if k> s.
Thus, finite sums of elements of an arbitrary convergence set lie in some (in general, different)
convergence set.

Clearly, this is not the case for the product: if A ¢ O and hence there is a € A such that
wi(0) < 0 for some k, its degrees do not lie in any convergence set.

As shown in [9], any convergence set is represented as A = TRG, where GG is a convergence
set lying in the ring of integers (that is, w,?(Ok) >0, k=n;1).

In what follows, G is a convergence set of this type. Then, obviously, G C G C O.

The relation between the characteristic indices of the product of the elements aq,...,a, € G
has the form

a1..-0q (7 \ inf ay /=(1) o aq /=(q)
Wi (k) = k+in§l§n (Wit (i) + -+ w " (47))
z'l(l)—l----—l—il(q):rl,l;és
i il <

(if k£ > s, then the inequality igl) 4+ 4 igq) < rg does not affect the result).
By the condition, z'l(a) > w(i®). Obviously, wp' " > 0. Put &5 = 0.
Denote by ¢,, the number of nonzero indices ¢,, over which the enumeration is carried out

(1)

and number them first. Since 4, +-- -+ ig) <r, and w,(f > 0, we have 0 < ¢, < r,, and also

the indices satisfy the conditions 1 < 2.7(105) <rpand i ; > inf wy_1(in) = Op_1(ry) for

1<in<rn
1< a<gn I a> g, then i) = 0,i"; > w,1(0) > 0.
Consequently,
Wi (r) > inf (W (D) 4wl (1D))

= Z',(.Ll)+"'+7:£zq)§7"”
> Qn(:)('f'n) >y inf(O,&?n_1(7“n))-
Thus if & (1) =1, inf(0, &1 (rn)), then wy 3 (r,) > &5 ().
Next,
) (1) . n (g ]

wgl_gaq (Tn—ly Tn) > inf (ng_2(Z£L_)17 27(11)) Tt WZ 21 (Zquzl’ 2?(?(1)))

it <rp
i i <y

We know that @,Cf_l(rn) < igll + -+ z'flqll < r,_1. Then

nf(0, @ 1(rn)) <ily <oy =65, (r), 1<a<q
(@)

n—1

(a)

Moreover if g,—1 is the number of nonzero (i.e., positive) indices ¢ corresponding to iy,

equal to zero, then
dn—1 <rp-1— &}g—l(rn)'

Thus the number of nonzero pairs of indices over which the estimate is taken does not exceed
some number depending on r,_1,7, only, and does not depend on aq,...,a,. Moreover the
variants of nonzero pairs also do not depend on the choice of factors. Since w;,—2(0,0) > 0, we
get

ng_.éaq(rn—lyrn) > QE_Q(Tn—lyrn) > —00.
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Continuing the argument, we see that each time there is a finite number of nonzero multi-
indices, independent of ¢ and a,...,aq, which makes it possible to take the previous index
negative. This means that then a finite set of nonzero indices independent of ¢ and ay, ..., q,
is added, that is, w,' (7)) > OF (7)) for all 7.

Thus given any convergence set G C O, we have constructed a convergence ring G such
that G ¢ G C O.

Definition 3.1. Let A be a convergence set. The smallest with respect to inclusion conver-

~

gence ring containing A is called the convergence ring generated by A. It is denoted by A.
We have proved the following criterion.

Theorem 3.1. Let A be a convergence set. It generates a convergence ring A if and only if
A CO. In this case, A C O.

Translated by I. Ponomarenko.
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