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Abstract—A closed self-consistent model of a nonequilibrium flow of a mixture of carbon dioxide and
argon behind the front of a plane shock wave is developed. The generalized Chapman–Enskog
method in the three-temperature approach, which takes into account different channels of vibrational
relaxation in a carbon-dioxide molecule, is used. An extended system of Navier–Stokes–Fourier
equations consisting of mass-, momentum-, and energy-conservation equations supplemented by dif-
fusion equations for the mixture components and relaxation equations for vibrational modes of the
CO2 molecule are written. Constitutive relations for the stress tensor, diffusion velocity, heat f lux, and
vibrational energy f luxes are obtained. An algorithm for calculating the coefficients of shear and bulk
viscosity, the thermal conductivity of different degrees of freedom, diffusion and thermal diffusion are
developed and implemented. The model is validated by comparing calculated transport coefficients
with experimental data for the viscosity and thermal conductivity of carbon dioxide and argon and for
the binary diffusion coefficient. Good agreement with the experiment is obtained. The dependence of
transport coefficients on the gas temperature, vibrational-mode temperatures, and mixture composi-
tion is analyzed. The developed model is ready for use in the numerical simulation of shock waves in
a CO2–Ar mixture.
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1. INTRODUCTION
The numerical modeling of highly nonequilibrium processes in mixtures of reacting gases is important

for simulating the reentry of descent vehicles into the atmosphere of planets, high-speed flights, and envi-
ronmental problems. In recent years, much attention has been paid to the study of nonequilibrium flows
of carbon dioxide, the main component of the atmosphere of Mars, as well as an undesirable product of
human-made activity [1].

Depending on the degree of deviation from equilibrium, detailed state-to-state and reduced multitem-
perature models can be used to describe the f low [2]. The multitemperature model of nonequilibrium
flows is of great practical interest because it is more computationally efficient. Recent works [3–5] pre-
sented the results and methods for modeling the nonequilibrium flow of a viscous single-component car-
bon dioxide. For example, in [3], a multitemperature model of the relaxation processes in CO2 behind the
shock wave was developed and implemented in a 1D formulation taking into account shear and bulk vis-
cosity, thermal conductivity of translational, rotational, and vibrational degrees of freedom as well as var-
ious channels of vibrational energy relaxation of carbon-dioxide molecules, including intramode and
intermode exchanges. A limitation of this model is that it is constructed for a pure gas and does not
describe diffusion processes.

Modeling of gas f lows behind a shock wave is one of benchmark problems that makes it possible to
assess various theoretical approaches and determine their limits of applicability: classical and extended
Navier–Stokes–Fourier equations, momentum methods, and direct statistical modeling [3, 6–9]. For
model validation, experimental data are commonly used. Whereas a sufficient number of reliable experi-
mental results are available for monoatomic gases and air components [10–12], there are almost no exper-
imental data for CO2. An exception is [13], in which the f low of a CO2–Ar mixture behind a shock wave
was investigated.
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In the present work, we generalize the theoretical model proposed in [3] by adding one more compo-
nent, argon, in order to subsequently compare with the experimental results of [13] and validate models
of kinetics and transport processes in carbon dioxide. In order to solve this problem, we use a multitem-
perature model for a mixture of gases taking into account the internal vibrational degrees of freedom of
CO2 molecules and without taking into account electronic excitation. In the model, the equations of con-
servation of mass, momentum, and energy are supplemented by relaxation equations for the vibrational
energy of the combined (symmetric–deformation) and asymmetric modes of a CO2 molecule as well as
diffusion equations for the mixture components. An important part of the model is the algorithms for cal-
culating the transport coefficients, i.e., viscosity, thermal conductivity, and diffusion, constructed by rig-
orous methods of the kinetic theory of gases [2].

2. THREE-TEMPERATURE MODEL
In order to describe transport and relaxation processes in nonequilibrium rarefied gases, there are two

principal approaches: state-to-state and multitemperature [2]. We will focus on the second approach,
because it is simpler to implement (in this approach, nonequilibrium kinetics is described using a smaller
number of equations) and, therefore, is of greater practical interest. A necessary step in modeling is the
construction of a closed system of equations for f luid-dynamic parameters.

2.1. Equations for Fluid-Dynamic Parameters

Let us write down a system of equations for the dynamics of a multicomponent mixture in the 1D for-
mulation (we consider the quasi one dimensional problem of shock-wave propagation) in the absence of
chemical reactions. It consists of the continuity equation, equations for the concentrations of chemical
components, equations of the conservation of momentum and total energy, and additional relaxation
equations.

(1)

(2)

(3)

(4)

(5)

(6)

Here, ρc and nc are the mass and number densities of particles of the gas of the corresponding chemical
species c; ρ is the mixture density;  is the f low velocity; p is the gas pressure; E, E12, and E3 are the total
energy and energy of vibrational modes in a unit mass of gas; Vc are the species diffusion velocities; Pxx is
the stress-tensor component included in the equations in the 1D formulation; q, q12, and q3 are the com-
ponents of the vectors of the heat f lux and vibrational energy f luxes in various modes; R12 and R3 are the
vibrational relaxation rates; k is the Boltzmann constant; and T is the temperature of the translational
motion of particles. The densities and concentrations are related by the following relations:

(7)

Here, mc is the mass of a particle of the chemical species c. The energies, as well as the f low and relaxation
terms, are described in the following sections.

It is important to note that when considering (1) symmetric, (2) bending, and (3) asymmetric vibra-
tional modes of the CO2 molecule, we introduce the unique temperature T12 and energy E12 for modes 1
and 2 due to the fact that in real f lows they are rapidly equilibrated. The asymmetric mode is described by
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the intrinsic temperature T3 and vibrational energy E3. The equilibrium is achieved by intramode and
intermode exchanges of the vibrational energy [5].

In contrast to [3], in this study, diffusion processes are taken into account; therefore, the diffusion
velocity Vc of the corresponding species appears in the equations for the macroparameters. In addition,
the specific energies and transport coefficients not only depend on T, T12, and T3, but are also functions
of the molar fractions of the mixture components.

2.2. Equations of State
In order to close the system of gas-dynamic equations, it is necessary to write the thermal and caloric

equations of state. We consider the model of a thermally perfect gas, p = nkT, and a calorically imperfect
gas. Expressions for the specific internal energy are derived in the frame of the multitemperature
approach:

(8)

(9)

(10)

(11)

Here, Erot is the specific rotational energy,  = i2 + 1 and  = 1 are the statistical weights of the com-
bined and asymmetric modes, and Z12(T12) and Z3(T3) are the corresponding vibrational partition func-
tions. Based on the results of the study [3], we can write the following:

(12)

where the vibrational energies in the combined and asymmetric modes are as follows

(13)

i1, i2, and i3 are the quantum numbers of vibrational modes of the CO2 molecule, and ε010 and ε001 are the
vibrational energies of corresponding states.

2.3. Transport and Relaxation Terms
In order to completely close the system, it is necessary to write the transport and relaxation terms in

Eqs. (1)–(6). In the first-order approximation of the generalized Chapman–Enskog method [2], the heat
flux q is given by the following expression

(14)

Here, the translational and rotational energy f luxes, the energies of the combined and asymmetric vibra-
tional modes, and the heat f lux due to diffusion were obtained as follows:
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where λ12, λ3, and λ′ are the thermal conductivity coefficients (for vibrational and translational–rotational
modes), and  are the thermal diffusion coefficients for each chemical species. The specific enthalpy of
the components is given by the following expressions

(19)

Expressions for the diffusion velocity and diffusive driving force are

(20)

(21)

here Dcd are diffusion coefficients.
The component of the stress tensor [3] can be written as follows:

(22)

Here, η and ζ are shear and bulk viscosity coefficients, respectively. Note that the introduction of bulk
viscosity into the Navier–Stokes–Fourier equations noticeably affects the macroparameter profiles in the
shock-wave front [3, 6]; the density profiles for diatomic gases appear to be noticeably closer to those mea-
sured experimentally. It also should be noted that bulk viscosity has not previously been considered in the
equations for a mixture f low behind the shock-wave front; in this study it is the first time this has been
done.

Relaxation in the combined and asymmetric modes [2] includes the contribution of the intramode
exchange of the translational and vibrational energy VT2 as well as the intermode energy exchanges VV2–3
and VV1–2–3 between the asymmetric and other vibrational modes:

(23)

(24)

The vibrational relaxation rate in each mode R12 and R3 can be calculated using the modified Landau–
Teller equation or the advanced multitemperature models proposed in [14].

2.4. Transport Coefficients

The application of the generalized Chapman–Enskog method makes it possible to express transport
coefficients in terms of expansion coefficients of the first-order distribution function in series of orthog-
onal Sonine and Waldmann–Trübenbacher polynomials [2]. For the coefficients of shear and bulk viscos-
ity, multicomponent diffusion, and thermal diffusion, we obtain
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(26)

Here, xc = nc/n, the expansion coefficients bc, 0, , , and  are determined from the solution of the
corresponding systems of linear equations [5]. We write out here only the simplest system for the shear vis-
cosity coefficient η. Transport:
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Table 1. Equilibrium coefficients of shear viscosity (η × 106 Pa s) and thermal conductivity (λ × 103 W/m K) for pure
CO2 and Ar

T, K

CO2 Ar

η λ η λ

 [15]  [17] calc  [15] calc  [15]  [17] calc  [15] calc

300 15.3 15.0 15.2 16.6 18.2 22.7 22.7 22.4 17.7 17.5
400 19.8 19.5 19.7 24.3 26.1 28.9 28.5 28.3 22.2 22.1
500 23.7 23.6 23.8 32.5 33.8 34.2 33.6 33.5 26.6 26.1
600 27.3 33.9 27.7 40.7 41.5 38.9 38.3 38.3 30.7 29.9
700 30.7 – 31.2 48.1 48.9 43.3 – 42.8 34.1 33.4
800 33.8 39.5 34.6 55.4 56.1 47.4 46.4 47.1 37.4 36.7
900 36.8 – 37.8 62.0 63.0 51.4 – 51.1 40.6 39.9

1000 39.5 – 40.8 68.3 69.7 55.1 53.5 54.9 43.6 42.9
The systems for the remaining coefficients have a similar form [5]. Let us now define the coefficients of
the system matrix (integral brackets):

(28)

(29)

Here,  and  are standard Ω-integrals [2]. Integral brackets for other systems are defined in the
same way.

Next, let us write down expressions for the thermal conductivity coefficients:

(30)

(31)

Here, crot =  is the specific heat of the rotational degrees of freedom, and c12 =  and c3 =
 are the specific heats of vibrational degrees of freedom. The expression for the binary diffusion

coefficient is as follows

(32)

mcd =  is the reduced mass of particles of species c and d.
Therefore, at this stage, a closed theoretical multitemperature model describing the 1D nonequilib-

rium flow of the CO2–Ar mixture is constructed. For the first time, the model simultaneously takes into
account different channels of vibrational relaxation, diffusion and thermal diffusion processes, and the
bulk viscosity of the mixture. The numerical solution of Eqs. (1)–(6) will be carried out in further studies.

3. CALCULATION OF THE TRANSPORT COEFFICIENTS
An algorithm for calculating all the transport coefficients of the mixture (shear and bulk viscosity, dif-

fusion, thermal diffusion, and thermal conductivity) was implemented in this work. When calculating the
transport coefficients, the Lennard–Jones interaction potential was used to find the Ω-integrals.
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Fig. 1. Transport coefficients as functions of temperature: (a) η(T), ζ(T); (b) λtr(T), λrot(T), λ12(T), λ3(T); (c) Dcd(T);
(d) . 
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In order to validate the model, the thermal conductivity and shear viscosity coefficients for pure carbon
dioxide and argon, and the binary diffusion coefficient for the mixture were calculated. In Table 1, the
coefficients of thermal conductivity and shear viscosity measured experimentally [15, 16] and obtained
numerically are presented in the case of equilibrium (T = T12 = T3) at a pressure of p = 1 bar = 105 Pa. Also
in Table 1, data for the viscosity coefficients from [17] are given. In this case, the total thermal conductivity
coefficient of CO2 is obtained by summing the coefficients λ(T) = λ′(T) + λ12(T) + λ3(T). The comparison
shows that for argon, the deviation of the shear viscosity coefficient from the experimental data is (1, 2%),
where the first value is the mean deviation and the second is the maximum deviation. For the thermal con-
ductivity coefficient, the mean and maximum deviations are (2, 3%). Therefore, the calculated coeffi-
cients for argon agree well with experiment. For carbon dioxide, in the considered range of conditions, the
deviations for the shear viscosity coefficient are (2, 3%) and for the thermal conductivity coefficient,
(4, 10%); the deviation decreases with increasing temperature.

Table 2 shows the values of the binary diffusion coefficient for different gas temperatures obtained
numerically and based on empirical formula [17]; the mixture pressure is equal to the atmospheric one,
which is p = 101300 Pa. It should be noted that with increasing temperature the deviation of the calculated
value of the binary diffusion coefficient from the experimental one slightly increases and reaches ≈10% at
T = 1000 K. In this article, the Lennard–Jones potential is used; for temperatures above 1000 K, the
Born–Mayer potential is planned to be used in the future to improve the accuracy. Nevertheless, the dif-
VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS  Vol. 56  No. 2  2023

Table 2. Binary diffusion coefficient (  cm2/s) for the CO2–Ar mixture

T, K 300 400 500 600 700 800 900 1000

Calc 0.14 0.24 0.37 0.51 0.66 0.84 1.02 1.23
[17], 3–10% 0.15 0.27 0.4 0.56 0.73 0.93 1.14 1.37

Δ, % 6.2 7.8 8.7 9.3 9.8 10.1 10.4 10.6

−$
2CO Ar
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Fig. 2. Thermal conductivity coefficients: (a) λ12(T, T12) and (b) λ3(T, T3). 
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ference from the results of [17] does not exceed the approximation error; therefore, the obtained results
can be considered satisfactory and recommended for use in further calculations.

Figures 1 and 2 show the viscosity, thermal conductivity, diffusion, and thermal diffusion coefficients
for  = xAr = 0.5 and p = 101300 Pa. The vibrational thermal conductivity coefficients are calculated
for T12 = T3 = 1000 K.

It is important to note that the bulk viscosity coefficient ζ does not differ significantly in magnitude
from the shear viscosity coefficient η over the entire temperature range, i.e., its contribution is significant.
The rotational thermal conductivity coefficient λrot makes a small contribution to energy transfer, unlike
the translational thermal conductivity coefficient λtr, and is close to the asymmetric mode thermal con-
ductivity coefficient λ3 both in trend and magnitude. It should be noted that a significant contribution to
thermal conductivity is made by the coefficient λ12, and it behaves nonmonotonically with increasing
vibrational temperature T12, in contrast to the coefficient λ3. This nonmonotonicity is caused by the
behavior of the vibrational specific heat  at high temperatures, which is confirmed by Fig. 3, which
shows the dependence of vibrational specific heats on the corresponding vibrational temperatures.

Figure 4 shows the transport coefficients for different fractions of argon in the mixture; it is assumed
that T = T12 = T3 = 5000 K and p = 101300 Pa. Note that the bulk viscosity coefficient ζ decreases with
an increase in the molar fraction of argon; this is natural because the energy stored in the internal degrees
of freedom decreases; the contribution of the translational thermal conductivity increases, and the con-
tribution of the others decreases. Self-diffusion coefficients depend significantly on the component con-
centrations decreasing as the molar fraction of the corresponding component increases. The thermal
diffusion coefficients increase with increasing molar fraction of argon.

2COx

12Tc
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Fig. 4. Dependence of the transport coefficients on the molar fraction of argon: (a) η(xAr), ζ(xAr); (b) λtr(xAr), λrot(xAr);
(c) Dcd(xAr); (d) . 
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4. CONCLUSIONS
In this work, we developed a theoretical three-temperature model of the nonequilibrium flow of a

CO2–Ar mixture and implemented an algorithm for calculating transport coefficients, namely, the coef-
ficients of thermal conductivity, shear and bulk viscosity, diffusion, and thermal diffusion. The model was
validated using the shear viscosity and thermal conductivity coefficients for pure argon and carbon dioxide
separately and the binary diffusion coefficient as examples. For Ar, the mean error is less than 2% for both
coefficients; for carbon dioxide, the model gives good agreement for the shear viscosity coefficient (aver-
age deviation of about 3%), but for the thermal conductivity coefficient, on average, there is a somewhat
stronger discrepancy, about 4–5%. In general, the agreement with the experiment is satisfactory, and the
model can be recommended for use. The developed algorithm will be used in future studies for numerical
simulations of the f low of the CO2–Ar mixture in a shock wave and for comparison of the results with the
experiment.
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