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Abstract—We study perturbations of dynamical systems in Banach spaces for which time varies
on simple time scales consisting of families of isolated segments of the real axis. On a segment of
the time scale, the system is governed by an ordinary differential equation; the transfer of a trajectory
from a segment to the next one is determined by a map of the Banach space. The main problem which
we study is the following one: given a trajectory of the original system, can we find a close trajectory
of a perturbed system? We study perturbations applying the so-called multiscale approach: it is
assumed that there exists a countable family of projections of the phase space and the smallness
conditions are imposed on the projections of perturbations. To find a solution close to a specified
solution of the unperturbed system, we introduce a generalization of the Perron method.
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1. INTRODUCTION

Dynamical systems on time scales are now a widely studied branch of the modern theory of dynamical
systems. Such systems have been introduced by Aulbach and Hilger[1]. Surveys of the results obtained
in the area can be found in [2—4], and [5]. Of course, it is as important to study various classes of
perturbations for time scale systems as well as for ordinary differential equations or discrete dynamical
systems.

In this paper, we study perturbations of dynamical systems in Banach spaces on so-called simple
time scales that are families of isolated segments. On any of these segments, the system is governed by
a differential equation, while the transition from a segment to the next one is determined by a map of the
space. Such systems are naturally related to the so-called hybrid systems intensively studied in control
theory (see, for example, the book [6]).

We study perturbations of such systems applying the so-called multiscale approach: it is assumed
that there exists a countable family of projections of the phase space; the smallness conditions are
imposed on the projections of perturbations (the idea develops the approach introduced by the author
in the paper [7]). To find a solution close to a specified solution of the unperturbed system, we apply a
generalization of the Perron method.

2. PERTURBATIONS OF DYNAMICAL SYSTEMS ON SIMPLE TIME SCALES:
MULTISCALE APPROACH

Let us consider a simple variant of a time scale 7 that is a subset of [0, 00) and consists of isolated

segments T,,, wheren =1,2,..., T, = [l,rn],and 0 < [y <1 <lo < ....
The phase space is a Banach space X with norm | - |. We denote by || - || the operator norm of a linear
operator.
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The system on T, is generated by a differential equation
&= A,(t)r + an(t,x), teT,. (1)
We assume that the operators A, (t) are continuous and bounded on T,,. The functions a,(t, z) are
assumed to be continuous and Lipschitz continuous in z on T;, x X (with small Lipschitz constants).
Denote by ¢, (¢, to, z¢) the solution of the Cauchy problem (¢, ) for system (1).

Thus, for any tg € T;, and for any xg € X there exists a solution ¢, (¢,to, xo) defined on the whole
segment T, (in what follows, we work with such solutions).

Let ®,(t) and ¥,,(¢) be the fundamental matrices of the system

T =A,(t)z
such that ®,(l,,) = E and ¥,,(r,) = E, respectively, where E is the identity map of X.
For any index n = 1,2, ... we fix a map of X taking a point z to B,z + b,(x), where B,, is a linear

operator and b, (z) is a continuous function (it is not assumed, in general, that any operator B,, is an
isomorphism of the space X).

The trajectory z(t), t € T, of the appearing system starting at a point zp € X at the time moment [y
(the left-hand end of the segment 77 ) is defined as follows:

o x(t) = ¢1(t,l1,x0), t € 11,

o 2(ly) = Bix(r1) + bi(x(ry1)),

[ :L‘(t) = qbQ(t,lQ,x(lQ)), t e Tg,

e 2(I3) = Bax(ra) + ba(x(ra)), and so on.

We fix countable sets of indices K~ and K+ and assume that there exist families of continuous
projections Pg(t), t € T, of the space X indexed by k € K = K~ |JK™* and having the following
properties (2)—(6).

Let
P (t)= Y P(t) and P ()= > Pt
keK— keK+
We assume that
P~ (t)+ P"(t) = E, teT; (2)
P~ (t)PT(t) =0, teT; (3)

O, () Pr(ln) = Pu(t)®n(t) and @' (6)Pp(t) = Pu(ln)®,'(t), te€Ty; ke K™ (4)
U, (1) Pr(rn) = P()W,(t) and W, (t)Pu(t) = Pp(r,)V, (1), t€Ty; keK—; (5)
Bnpk(rn) = Pk(ln-i-l)Bna n > 17 ke K. (6)

Concerning the projections Py, k € K, we assume, in addition, that the following property I holds:
the restriction of any map B, n > 1, to the subspace Py(r,)X, k € K—, is an isomorphism of the
subspace Py(r,,)X to the space Py (ly+1)X.

For a trajectory z(t), we denote yx(t) = Pp(t)z(t), k € K+, and zx(t) = Pi(t)z(t), k € K.

Analogs of the Perron operator. First of all, we write down formulas for the analog of the “direct”
Perron operator; our goal is to express for a trajectory x(t), the value yx(t) for t € T,, in terms of ®,,,
B, am (s, z(s)) with s € T, and by, (z(ry,)), where m < n (thus, avoiding direct dependence on z(s)).

We assume that ¢ = z(I1) = 0 (this will be enough for our purposes). Then,
t

(1) :/<I>1(t)<1>1_1(s)a1(s,a:(s))ds, teT,
Il
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and
T1

2(ry) = /<I>1(r1)<1>1_1(8)a1(s,a:(s))dS.
I

Hence,

r1

x(la) = Biz(r1) + b1(x(r1)) = By / q)l(rl)q)fl(s)al(s,x(s)) ds + by (z(r1)),
l1

x(t) = Po(t) (Bl / <I>1(r1)<I>1_1(8)a1(3,m(3)) ds + /@gl(s)ag(s,m(s)) ds + by (a:(rl))>
I l2

fort € Ty, and

(rs) :<I>2(7“2)(Bl/<I>1(7“1)<I>1_1(s)a1(8,$(8))ds—|—/<I>2_l(s)a2(s,:r(s))ds+b1(a:(r1))>.
I l2

Continuing this process, we see that

T1 T2

x(t) = P3(t) (Bg@g(rg)Bl /él(rl)éfl(s)al(s,x(s)) ds + BQ/@2(7’2)(1)2_1(8)&2(8,33(8)) ds
1 l2

+ /@51(8)03(87 (s)) ds + Bay®a(r2)br(x(r1)) + bz(w(w)))
I

fort € T3, and so on. Thus, we get the following general formula

T1

z(t) = On(?) (Bn—lq’n—l(rn—l) -+ Ba®y(ra) By /<I>1(7’1)<I>1_1(8)a1(5,m(3))ds

l1
2

+ Bn_lq)n_l(rn_l) cee @3(7‘3)32 / CI)Q(T'Q)CI);l(S)aQ(S, x(s)) ds+---

lo
t

+ /égl(s)an(s, x(8))ds + Bp_1®n_1(rn—1) - - - Bo®a(r2))by(x(r1)) + - + bn_l(az(rn_l))) (7)
In

fort € T,,. Denote the right-hand side of formula (7) by

Pr(t,z,a1,...,an,b1,...,by_1).

We indicate the dependence of this valueon ay, ..., an, b1, ..., b,—1 since in the future we will work with
various ay and by, while & and By, will be fixed).

[t follows from relations (4) and (6) that
yk’(t) = ,P;_(t) xz, Pkalv s 7Pkan7 Pk(ZQ)bly s 7Pk(ln)bn—1) (8)

for t € T, and k € Kt (in this notation, Pa; means Py(s)ai(s,z(s)) for s € Ty, Py(l3)by means
Py(I12)b1(x(r1)), and so on).

Indeed, let us look, for example, at the term in the formula for y;(¢) corresponding to the first
summand in formula (7): the first equality in (4) implies that

yr(t) = Pe(t) @ (t) Bp—1®n—1(rn—1) ... a1(s,xz(s)) + ...
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=®,(t)Pp(ln)Bn-1Pn—1(rn_1) ... a1(s,z(s)) + ...;
formula (6) implies now that
yk(t) = Cbn(t)Bn—IPIf(Tn—l)én—l(Tn—l) ce al(s, ac(s)) + ...,

and so on. Continuing similar reasoning, we prove relation (8).

Now we show how to find the “inverse” Perron operator expressing zj(t) = Pyx(t) for ¢t € 1), and
k € K~ interms of Uy, B, am (s, z(s)) with s € T,,, and b, (z(ry,)), where m > n.

Let us recall that, by assumption, property I holds: the restriction of any map B, n > 1, to the
subspace Py (r,)X, k € K, is an isomorphism of the subspace Py (r, )X to the space Py (l,,4+1)X.

We start with the formula

mw:%mCWM—/my@%@w@mﬁ,ten,

t

and, taking into account property (5), apply to this equality the projection Pg(t) with & € K~ to show
that

2k (t) = Up(t) (zk(rn) — /\Ifgl(s)Pk(s)an(s,a:(s)) ds), teT,. (9)

t
Applying Py (l,,41) to the equality
T(lnt1) = Bna(rn) + bu((rn)),
and taking into account formula (6), we see that
2k (Int1) = Bnzk(rn) + BPr(lng1)bn(2(rn)),
and now property I implies that
2(rn) = By 2 (lns1) — By Pe(lng1)bp((rn)).-

On Tpy1,
k() = Wnya(t) <Zk(rn+1) - 71‘1’5%(8)&(8)&%1(87:L“(S)) dS);
hence, t
2k (Inv1) = Vi1 (lnga) <Zk(7“n+1) - 71\1/;1(3)&(3)%“(3, x(s)) dS)- (10)
lnt1

Combining formulas (9) and (10), we get the following representation of zx(¢) on T;, (with the explicit
dependence on zy(ry,) in formula (9) replaced by the dependence on zj(7y,41)):

lnt1
zik(t) = Un() (B;1<‘1’n+1(ln+1)<Zk(Tn+1)+ / \Ij;—}-l(s)Pk(S)an—i-l(va(S))ds)

Tn+1
t

—Pk(ln+1)bn(a;(rn))) +/\Ilgl(s)Pk(s)an(s,m(s))ds>. (11)

Tn

Now we can apply an analog of formula (9) connecting zi(r,+1) and zx(l,42) and an analog of
formula (10) expressing zx(l,42) in terms of ¥, and zx(r,42) and to get a representation of zj ()
fort € T, similarto (11).
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This representation will include W,,, ¥, 11, ¥yt2, By Brt1, Gy Gnt 1, Gnt2, bny b1 (and zg(rp42)
instead of zx(rp+41)).

Let us write down the corresponding terms (we exclude the term containing zx (r,42) since this term
will disappear in the future induction process while the terms below will be preserved):

e including ay,:
t
(1) / U1 (5) Py (s)an (s, 2(s)) ds;

e including a,+1:

lnt1
V)8, W) [ UGV Pu(s)ania (s, a(s) d
rr1
e including a,42:
lnyo
V() By ' W1 (Int1) By Ynga (lnya) / U, 1o(8) Pi(8)anta(s, x(s)) ds;
P2

e including by,
~ U (t) By Pr(ln41)bn (2 (1m));
e including b, 41:
0 (OB W1 () By by Pl )b (2.
Continuing this (eventually infinite) process, we get a formula
zi(t) = P, (t,x, Pyapn, Prant1, - -, Px(lnt1)bn, Po(ln+2)bpt1,...), t €Ty, (12)
similar to (8).

The right-hand side of formula (12) is an infinite series. This series obviously converges for any
trajectory z(t) of our system (just because Py (t)z(t) is defined for all ¢ € T).

Perturbations. The first natural statement of the perturbation problem is as follows.
We replace systems (1) on the segments T, by systems
&= Cp(t)x + cn(t, )
(assuming that the operators C,,(t) and the functions ¢, (¢, z) have properties similar to those of A,,(¢)
and ay,(t, x)) and the maps B,x + b, (x) by similar maps D,x + d,(x), take a trajectory £(¢) of the new
system and look for a close trajectory z(t) of the original system.
As usual, we are looking for functions v, (¢) on T}, with values in X such that

x(t) =&(t) +o(t), teT,.
From the relations
&= Ap ()2 + an(t,z) = Ay (t) (€ +0) + an(t, € +v) = E4+0 = Cp(t)E + cn(t, &) + 0
we deduce the equations for v,,:
v=A,()v+a,(t,Ev), teT,, (13)
where
an(t,§,v) = A ()€ + an(t, & +v) — Cpn(t)§ — cnl(t, §),
which we represent in the form
ap(t,€,v) = An(t)€ + an(t,§ +v) — an(t,€) — Cn(D)€ + an(t, §) — cnl(t, ),
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and the summands of the right-hand side of the above formula have the following properties: a,(t,£ +
v) — ay(t, &) vanishes for v = 0 and has small Lipschitz constant in v for small |v| (of course, if we
impose a similar condition on ay (¢, z)) and a, (¢, &) — ¢, (¢, §) is small (if the perturbed system is close to
the nonperturbed one).

Now we look at the “transition rule.” From the equalities
T(lnt1) = Bpa(rn) + bn(z(rn)) = Bné(ry) + Bpv(rn) + bn(€(rn) +v(rn))
= &§(ln+1) + v(lnt1) = Dn&(rn) + dn(§(rn)) + v(lnt1)
we deduce the relations
V(lnt1) = Bpv(rn) + 0, (E(rn), v(rn)), n =1, (14)
where
b7 (§(rn), v) = (Bn = Dn)&(rn) + bn(§(rn) + v(rn)) = bn(§(rn)) + bn(§(rn)) — dn(&(rn))-

Thus, for v(t) we get system (13)—(14) similar to the original one (with the same A,,(¢) and B, but, of
course, with different “small” nonlinear terms).

We solve this system in a standard way.

Let V be the space of continuous functions on T with values in X and with the norm

v|| = supmax |v(t)|.
ol = sup max o)

Clearly, V is a complete metric space with the metric p(v, w) = ||v — w||.

Our goal is to indicate conditions under which the “Perron operator” corresponding to system (13)
and (14) has a fixed point in V whose norm we can control.

Main assumption. We make the following main assumption.
There exist sequences of positive numbers a, 1, By, 1 and a number M > 0 such that

T1
Hq)n(t)H (al,k Bn—lq)n—l(rn—l) s BQ@Q(T’Q)Bl /@1(T1)@1_1(8)Pk(8) ds
I
T2
+ Qg L Bn_lfbn_l(rn_l) s (1)3(7“3)32 / @2(7"2)@2_1(8)Pk(8) ds||+---
l2
t
+ o /‘PEI(S)Pk ds|| + Bi k|| Bn—1®n—1(rn-1) - - - Ba®2(r2)) Pp(l2)|| + - - + ﬁn,k||Pk(ln+1)||>
In
<M, teT, n>1 kecKT, (15)
and
t ln+1
[ (1) <an,k /‘I’El(S)Pk ds|| + ant1kl 1By Wag1(lns1) / U, 11 (8)Pa(s) ds||
Tn Tn41
ln+2
+ sk || By Wai1(lnt1) Byt Wnga(lngo) / U, 1o(s)Prls) ds|| + ...
Tn+42

+ /Bn,kHBglpk(ln-i-l)H + ﬁn—l-l,k‘|B;1\I’n+l(ln+l)B;-il-1Pk(ln+2)H + .. ) <M,

teT,, n>1 keK™ . (16)
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Condition on perturbations. We impose the following smallness conditions on the perturbations:
there exists a dy > 0 such thatif d < dp and |v| < 2Md, then

| PL(t)a (£, (1), v)| < anid. (17)
| Pls )5 (Er), )| < B, (18)
Lip, (Py(t)as(1,(0),0)) < T, (19)

and
Lip, (Pi(bns )04 (€(r) ) < 22 (20)

fort € T,,,n > 1,and k € K, where Lip, is a Lipschitz constant in variable v.

Consider the following operator © on the space V: ©® maps a V' € V to a function W € V determined
by its projections

(PW)(t) = P (t,v, Peat, ..., Pu(lo)bt,...), teTn ke K™,
and
(PW)(t) =P, (t,v, Pray,, ..., Pe(lns1)b),,...), t€Th, ke K™,
where the P and P,; are defined in (8) and (12), respectively, a’ = a¥ (¢, &, v(t)), and so on.
Let us estimate, for example, one of the terms in the expression for (P,W)(t). Take
V€ Voyg :={V : ||V]|| < 2Md}.

Since P(t) is a projection, we deduce from (17) that
¢

/ &7 1(s) Pi(s)ay (1, €(1), v) dis

t

/ D571 (5) Pi(3) Pu(s)a (1, £(1), v) ds

In n
t
< apid /@;1(5)Pk(s) ds||.
ln
Now estimates (15)—(18) imply that if V' € V544, then
S rwll|| Y AW <M
keK+ keK—
hence,
HWH:‘ > PRW|| < 2Md,
keK

and © maps Va4 into itself.
It follows from (19) and (20) that if V, V' € Voprg, W = O(V), and W/ = ©(V'), then |[|W — W|| <
|V = V'||,i.e., © is a contraction on Vaprg.

The fixed point V' of © in Vap4 gives us a trajectory x(t) = £(¢) 4+ v(t) of the unperturbed system
such that

lz(t) — &(t)] < 2Md, teT. (21)

Thus, we have proved the following result.

Theorem 1. Under our main assumptions (15) and (16), the smallness conditions (17)—(20)
imply that for the trajectory £(t) of the perturbed system there exists a trajectory x(t) of the
unperturbed system satisfying estimate (21).
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