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Abstract
In this paper, sub-inertial waves propagating on the Kuril shelf and the oceanic trench are considered. Against the 

background of a historical review of the beginning of the study of topographic waves and the appearance of relevant terms, 
a description of the features of wave propagation and the derivation of the main dispersion equations are given. We show 
that all variants of the topographic solutions presented in the article are basically based on the same dispersion relation: this 
is the dispersion relation for Rossby topographic waves. Two separate classes of localized solutions have been constructed: 
one is for the shelf, and the second, in fact, is also for the shelf, but which is commonly called trench waves. We demonstrate 
that the transverse wave number for trench waves is not independent, as for shelf waves, but is a function of the longitudinal 
wave number. In other words, Rossby topographic waves are two–dimensional waves, while shelf waves are quasi-one- 
dimensional solutions. The analytical novelty of the work consists of the fact that we can make crosslinking of trench and 
shelf waves. This fact was not presented in previous articles on this topic.
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ТОПОГРАФИЧЕСКИЙ ФАКТОР И ПРЕДЕЛЬНЫЕ ПЕРЕХОДЫ  
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Аннотация
Рассматриваются топографические субинерционные волны, распространяющиеся на шельфе и океаниче-

ском желобе. На фоне обзора истории исследования топографических волн и появления соответствующих тер-
минов авторы дают описание особенностей распространения этих волн и вывод основных дисперсионных урав-
нений. Показано, что все варианты представленных в статье решений в основе своей базируются на одном и том 
же дисперсионном соотношении — это дисперсионное соотношение для топографических волн Россби. По-
строены два класса локализованных решений: одно для шельфовых волн, второе, фактически, тоже шельфовое, 
но его принято называть желобовыми волнами. Показано, что для желобовых волн поперечное волновое число 
не является независимым, как для шельфовых волн, а является функцией от продольного волнового числа. Дру-
гими словами, топографические волны Россби — это всегда двумерные волны, в то время как шельфовые волны 
представлены квазиодномерными решениями. Аналитическая новизна работы состоит в том, что в ней удалось 
произвести сшивки желобовых и шельфовых волн, которые ранее отсутствовали в работах по данной тематике.

Ключевые слова: шельф, океанский желоб, волны топографические, шельфовые, желобовые, сшивки решений
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Topographic factor and limit transitions in the equations for sub-inertial waves

1. Introduction

In recent years, much research has appeared that studies various classes of sub-inertial waves in the ocean in areas 
characterized by significant changes in bottom topography (see, for example, [1–5]). For these ocean areas, wave 
energy capture is observed by huge topographic changes. Abrupt depth changes in the open ocean lead to the appear-
ance of “topographic” waves, which are similar in nature to the shelf waves formed in the zone of the shelf-continen-
tal slope [6]. The comparative analysis of the contribution of various factors to the dispersion equations shows that the 
topographic factor is dominant [2–5, 7, 8]. Shelf waves are the most important type of sub-inertial oscillations, which 
plays an important role in the variability of the ocean level in the synoptic frequency range [6, 9].

In the fields of deep-sea trenches, another type of sub-inertial oscillation is formed, the propagating of 
which along the ocean side of the trench forms a system of trench waves. The term “trench waves” was first used 
by Mysak et al. [10] to study sub-inertial waves propagating in ocean trenches (Kuril, Japanese, Japanese-Kuril, 
Chilean, Peruvian). In the mathematical model of trench waves, two-dimensional topography is assumed to be 
uniform along the slope of the trench and has terminal scales of transverse variability.

To describe linear trench waves, a mathematical model is used, which is based on the line Schrödinger 
equation with additional boundary conditions that lead to quantization of the transverse wave number. The 
solution is constructed in a trigonometric form (sine), localized across the topographic feature, and a mono-
chromatic plane wave traveling along the topographic feature — the slope of the trench. Note that the solution 
of the type “Kelvin double wave”, for which two exponents are used in the topographic profile, is not considered 
in the trench wave model [10].

If the two-dimensional derivative of the shelf depth is constant, then mathematically the problem allows us 
to analyze the boundary problem in general form and formulate certain theorems of the spectral problem [6]. 
Solutions to this problem are called “shelf waves” [11].

If the two-dimensional derivative of the shelf depth changes a sign when moving away from the shore 
(ocean trench), then the mathematical analysis is significantly complicated. For trench-type topography, par-
ticular classes of piecewise smooth analytical solutions are constructed, which are conventionally called “trench 
waves”. A feature of many ocean trenches is their close position to the coastline, thereby combining the shelf 
and continental slope areas and adjoining the inside of the trench (Figure 1). In the future, we will call the inner 
part of the trench, consisting of the shelf and the continental slope, reaching the maximum depth of the trench, 
“trench shelf”. The oceanic side of the trench has less variability in depth and, as a rule, greater steepness [12]. 
Therefore, in the construction of the mathematical model of trench waves, the entire physical semiinfinite 
space is conditionally divided into three regions: 1) the trench shelf where the depth of the ocean increases; 2) 
the oceanic part of the trench, where the depth of the ocean decreases and the derivative of the function describ-
ing the depth changes the sign; 3) an open ocean, where the depth of the ocean is constant and finite.

Since only sub-inertial oscillations are considered trench wave model [10], the Earth’s rotation rate is con-
sidered constant (there is no β-effect) and there are no shear flows, then the solution is always decaying expo-
nentially in the open part of the ocean, and this solution is sometimes called “exponential tail”.

We will consider wave movements on the f-plane, i. e.

	 f = const.	 (1.1)

The consistency of the Earth’s rotation rate destroys waves with frequencies less than the frequency of rota-
tion of the Earth itself. Thus, in the open part of the ocean, sub-inertial wave oscillations are suppressed. This 
fact was first noted by Longuet-Higgins [13, 14].

In addition, the trench wave model [10] examines for 
sub-inertial oscillations with spatial scales of hundreds of kilo-
meters, but does not take into account the β-effect in the open 
part of the ocean, i. e. a strictly closed wave system is built, 
and Rossby waves falling on the shelf from the open part of the 
ocean are actually excluded from the problem. The latter is 
the main shortage of this model. According to the theory [10, 
11, 15], trench waves can be represented in the form of two 
particular solutions: 1) shelf waves: the solution is localized 
on the shelf part of the trench, while in the direction from the 
shelf towards the open ocean this solution can be represented  

Fig. 1. Profile of the oceanic trench: 1 — trench 
shelf (shelf + continental slope), 2 — oceanic part 

of the trench, 3 — open ocean
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as oscillation-attenuation-attenuation; 2) trench waves: the solution is localized on the oceanic part of the trench, 
this solution can be imagined as attenuation–oscillation–attenuation. A fundamentally important point is that in 
at least one part of the profile in the trench wave model (recall that there are three parts of the profile — trench 
shelf, trench, open ocean) there must be an oscillatory solution, moreover, there must be a sine in the solution, in 
the other two must be a damped exponential function, and in the open part of the ocean an exponential tail [10]. 
In this case, as shown in the paper [10], the shelf part of the solution is asymptotically stitched with the Buchwald 
and Adams shelf wave [16], if the model eliminates the oceanic trench part of the topography and turns its width 
to zero. However, acting similarly for the chute part of the solution and rushing the width of the already shelf part 
of the topography to zero, the authors [10] could not sew the chute solution with the inner shelf wave of Buchwald 
and Adams. They simply did not analyze this fact, citing little interest in this class of solutions. As a result, the ques-
tion: of whether trench waves are sewn or not sewn [10] with the decision of Buchwald and Adams [16] remaining 
open. In this work, we will eliminate this drawback and show that the trench solution [10] is sewn together with 
the inner shelf wave of Buchwald and Adams. To do this, it is necessary not to zero the width of the shelf part of 
the topography (the trench shelf), placing the solid wall in the center of the trench, as it was done [10], but, on the 
contrary, to push it infinitely far. As a result, the analysis of trench waves becomes logical and complete.

Thus, we formulate the purpose of the study as follows: we will show that the solution of the “trench waves” is 
asymptotically sewn together with the topographic and internal topographic waves of Buchwald and Adams. The 
specificity consists in the method of the limit transition, namely: to sew the oceanic part of the trench solution of 
Mysak et al. [10] with the inner shelf wave of Buchwald and Adams, you need to direct the trench part of the solu-
tion to zero, or, conversely, direct the width of the trench to infinity while simultaneously striving for the steepness 
of the shelf to zero. And to crosslink the trench wave with the internal topographic wave of Buchwald and Adams, 
you also need to endlessly move the border, expanding the shelf area and turning zero shelf steepness.

This work is constructed as follows. In the second section, we give the basic equations and give the disper-
sion relations for the Rossby topographic waves. Next, we see into question from simple to complex: first in the 
third section, we give the Buchwald and Adams solution, which subsequently becomes the asymptotics of the 
more complex solution of Mysak et al. Then, in the fourth section, we give this solution [10] for trench waves, 
simultaneously eliminating many misprints in their work, and we sew successfully the solution [10] asymptoti-
cally with the Buchwald and Adams solution. As a result, we prove that the Buchwald and Adams solution is the 
asymptotics of the solution of Mysak et al. [10].

The central idea of the article, which is discussed in the next three sections (5–7), is the statement that all 
variants of the topographic solutions presented in the article are based on the same dispersion relation — this is 
the dispersion relation for topographic Rossby waves. We show that this approach greatly simplifies the percep-
tion of the different topographic models discussed in the work.

2. Formulation of the problem. Basic equations

The theoretical basis for describing trench waves is linearized barotropic equations of shallow water in the 
rigid-lid approximation taking into account the topography [6, 10]:
	 ut – fv + r–1px = 0,	 (2.1)

	 vt + fu + r–1py = 0,	 (2.2)

	 (Hu)x + (Hv)y = 0.	 (2.3)
Following the work [10], we assume the geostrophic approximation, thereby filtering out the high-frequency 
continuous spectrum of Poincaré waves, as well as edge waves:
	 u = –Yy /H, v = –Yx /H.	 (2.4)
The following designations are used: u and v are the velocity components in the x and y directions, 
Ψ — current function, H is the depth, p is the pressure, ρ is the water density, and f is the Coriolis pa-
rameter. The classical right coordinate system is adopted, axes x and y are directed across the trench (away from 
the coast (x = –L1 )) and along the trench, respectively.

Substituting (2.4) in (2.1) and (2.2) (equation (2.3) is performed automatically) and considering solutions 
of wave nature along the topographic feature (trench slope)

	 ( )( )expx i k y tY = Y −ω ,	 (2.5)

we get the following linear homogeneous one-dimensional equation:
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21 0x

xx

f k k
H H H

 Y   + − Y =    ω      
,	 (2.6)

where k — is the longitudinal component of the wave number, which is strictly real and, according to [10], 
strictly positive, ω — is the frequency of the wave, which is also real and can take both positive and negative 
values. Accordingly, depending on the sign, different directions of the phase velocity are obtained. Note that, 
unlike this approach, in the monograph [6], on the contrary, the ω is always positive, but the wave number k 
can take both positive and negative values. Therefore, different directions of wave propagation — northeast or 
southwest — are achieved by a different sign of wave number.

The cross-linking conditions at x = 0 (the center of the trench is the point of maximum depth on the profile) 
и x = L2 (the boundary of the trough on the side of the open ocean)

	 [Y] = 0, x = 0, x = L2,	 (2.7)

	
( )

2
/

0, 0,x f k
x x L

H

 Y + ω Y
= = = 

  
.	 (2.8)

Condition (2.8) for a topography model with a continuous function takes the form

	 [Yx] = 0, x = 0, x = L2.	 (2.9)

Also, in the shelf area, the impermeability boundary condition is set at the point  x = –L1 [10]:
	 [Y] = 0, x = –L1	 (2.10)

and decaying condition at infinity:

	 Y → 0, x → ∞.	 (2.11)

Dispersion relation for the Rossby topographic wave on the exponential profile of the topography

The classical substitution Y = H1/2  in equation (2.6) can remove the first derivative [3, 9] and bring the above 
equation to the equation with the classical harmonic oscillator potential. The most successful and easy-to-an-
alyze oceanic trough model is one with an exponential topography profile under the analytical approach and 
one with a stepped profile for numerical counting. There are other special cases of parameterization of the 
topography when it is possible to obtain non-reflective solutions [17, 18], and solutions in terms of degenerate 
hypergeometric functions [19].

For the classical topographic Rossby wave on the exponential profile of topography H = H0exp(–x/L), 
L is the shelf width, a solution is sought in the form of ( )1/2

1 2expH i k x k y t Y = + −ω  , where k1 and k2 
are the transverse (across the trench) and longitudinal wavenumbers. Then the dispersion relation has the  
form [3, 9]:

	
( )0 2
2 2 2

1 2

/
1 / 4

f L k

k k L

− β +
ω =

+ +
,	 (2.12)

where β0 is the β-plane parameter.
The main idea of this work is that all varieties of subinertial topographic waves, including shelf and trench 

waves, follow precisely from this dispersion relation. And therefore, we propose to call the relation (2.12) the 
general dispersion relation on the exponential profile of topography (see also [4, 5]).

Historically, the first to construct an analytical model of subinertial topographic waves were Buchwald and 
Adams [16]. In their work, they analyzed two qualitatively different models of topographic waves: shelf waves 
and internal shelf waves. The principal difference between an internal shelf wave and a conventional shelf wave 
is the presence of an infinitely extended ocean of finite depth. This additional degree of freedom leads to the 
appearance of a certain feature in the behavior of the 0-mode, the analysis of which becomes extremely sensitive 
in the long-wave limit. The latter can be explained by the fact that the first mode either passes into a Kelvin 
double wave, or both waves have close dispersion curves in the long wave range. Looking ahead, we note that 
Buchwald and Adams saw certain difficulties in the limiting transition and considered its different options.  
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At the same time, Longuet-Higgins [13] conducts an extremely laborious analysis using higher-order decom-
positions to achieve the physical correct behavior of the frequency (the tendency of the frequency to zero when 
striving for zero, and not to the wavenumber constant). Other authors, in particular, [6, 10, 11] take a different 
path using numerical counting, and show smooth dispersion curves, including for the first mode. This approach 
does not mean that the analysis applied is incorrect, but rather indicates that different options are possible in the 
long-wave limit, and the result depends on what exactly the author is trying to find, given the scheme by which 
the boundary problem is numerically considered.

We move on to the description of the first and simplest model of topographic Rossby waves.

3. Buchwald and Adams shelf waves

The topography in the model [16] is taken in the following exponential form (see Fig. 2):

	
( )1 0

2 0

exp 2 , 0 1,
exp (2 ), 1.

H H bx x
H H b x

= < ≤

= >
	 (3.1)

We are looking for a solution in the following form

	
( )
( )

1

2

sin exp 1 , 0 1,

sin exp 1 , 1,

A m x b x x

A m k x x

Y = − < <

 Y = − − ≥ 
 	 (3.2)

where we believe k > 0. Then the dispersion relation (2.12) will take the form

	 2 2 2
2 f b k

k m b
−

ω =
+ +

.	 (3.3)

The wave amplitude in this case decays exponentially at the same rate on both sides of the break. Further, 
using cross-linking derivatives of functions, we obtain a condition for a transverse wavenumber:

	 tan mm
k b

= −
+

.	 (3.4)

Further analysis will consider the sewing together of shelf and trench waves.

Buchwald and Adam̓s internal shelf waves

The trench wave model [10] assumes that the shelf width is finite and that the shelf near the shore extends 
to a finite depth. However, if we assume that the left boundary of the model has finite depth and is moved to 
infinity, then the boundary condition (2.10) is replaced by the attenuation criteria (2.11). This type of topog-
raphy is called “rapid underwater slope” or simply “underwater slope” ([9], paragraph 24, page 311). In the 
model, the approach of the “rigid lid” is taken, while considering waves with lengths less than the barotropic 
Rossby radius. The phase associated with each of its eigenfunctions propagates so that shallow water remains 
on the right (in  the northern half-globe). It can also be shown that these waves have dispersion. As shelf 

width approaches zero, higher modes are reduced to steady 
currents.

Following [16], we assume the following exponential to-
pography model (Fig. 3):

	
1 1

2 1 2

3 1 2 2

, 0,
exp 2 , 0 ,
exp 2 , .

H h x
H h bx x L
H h bL L x

= ≤
= ≤ ≤
= ≤ < ∞

	 (3.5)

A solution is sought as follows:

	
( )

( )
( )( )

1 1

2 2 3 2

3 4 2 2

exp , 0,

sin cos exp( ), 0 ,

exp , .

A k x x

A mx A m x bx x L

A k x L L x

Y = ≤

Y = + ≤ ≤

Y = − − ≤ < ∞

	 (3.6)Fig. 2. Topography profile in Buchwald and Adamʼs 
model [16]
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Again, using the dispersion relation for Rossby topographic 
waves, we obtain

	
( )2 2 2

2
, 1, 2, ...n

n

f b k
n

k l k b
−

ω = =
+ +

	 (3.7)

From the conditions of crosslinks, we get the following condi-
tion for the definition ln(k):

	
( )2 2 2 2

2
tan n

n
n

l k
L l

l k b k
= −

+ −
,	 (3.8)

where n — mode number.
The analysis performed in the study [16] shows that the in-

ternal shelf waves practically coincide with the “ordinary” shelf 
waves, except for the 0-mode. The 0-mode of internal shelf waves 
has a certain specificity: its internal transverse wave number l at small longitudinal wave numbers k becomes 
virtual l = i l0. Accordingly, equation (3.8) takes the form:

	 0
2 0 2 2 2

0

2
tanh .

l k
L l

b l k
=

− −
	 (3.9)

At the same time, the 0-mode frequency tends not to zero, as it happens in all other modes of topographic 
Rossby waves, but to the Earth’s rotation frequency [16], which looks somewhat strange. Looking ahead, we 
note that Longuet-Higgins [13, 14] received a different result, and below we will show it. When divergence is 
taken into account, the frequency, as in many physical models, tends to zero, and the result is classical long 
waves. In the limit transition, when the width of the topographic feature tends to zero: L2 → 0, b → 0, bL2 = 
= 1/2ln(H1/H3) this 0-mode, according to [16], passes into a divergence-free double Kelvin wave. For this 
mode, the decision over the topographic feature is no longer sinusoidal, but exponential. The term “Kelvin 
double wave” belongs to Longuet-Higgins [14].

However, and this is fundamentally important: the Kelvin double wave appears in the problem of internal 
shelf waves precisely as the limit transition of the 0-mode when moving to the type of topography in the form of 
a step and has nothing to do with the trench waves of Mysak et al. Note also that a characteristic scale for the 

0-mode appears in the problem: ( )2 2
0 2 21 1 /k b L L= + − . This is the scale of the solution change in the 0-mode 

when the sinusoidal solution over the trench goes into a double exponential, i. e. Kelvin double wave. Below you 
will see that a close scale will be discussed in the next section. For the Kuril trench, for example, the value  
bL2 = 0.2332, (see Table 1 [10]); wavelength calculations give a wave number k0 =5 × 10–4 km–1, which corre-
sponds to a wavelength of approximately 13,000 km. This is too large a value, and the appearance of instability 
is purely theoretical.

4. Mysak trench waves

In trench waves of Mysak et al. [10], the trench solution is highly localized above the topographic feature 
only from the shelf side. The value of the proper function on the shore has the order 10–3 of the value above 
the topography [6]. Therefore, for it, replacing the left leakage boundary condition with attenuation physically 
should not have a significant effect. For a trench wave, the presence of an infinitely extended open ocean of 
finite depth plays a more important role.

This model considers a more complex configuration, which essentially consists of two types of waves. It 
combines the shelf waves and the internal shelf waves of Buchwald and Adams [16]. Next, following the work 
[10], we assume the following exponential model of the trench:

	
1 0 1

2 0 2

3 0 2 2

exp 2 , 0,
exp( 2 ), 0 ,
exp( 2 ), .

H H x L x
H H x x L
H H L L x

= α − ≤ ≤
= − β ≤ ≤
= − β ≤ < ∞

	 (4.1)

Fig. 3. Buchwald and Adamʼs topography model 
[16]
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We have for the Kuril trench (see [10], Table 1): H0 = 8.25 km, L1 = 185 km, L2 = 55 km, α = 0.95 ×  
× 10–2 km–1, β = 4.24 × 10–3 km‑1, a = α L1 =1.75, b = β L1 = 0.784, r = L2 / L1 = 0.297.

The topography profile is continuous, however, the derivative of the topography profile suffers a break. 
Therefore, a solution for the current function is sought on the class of piecewise smooth functions using the 
crosslinking conditions at x = 0 and x = L2. The result obtained in work [10] can be formulated as follows: a 
solution satisfies automatically the condition (2.8) in the form

	
( )

( )
( ) ( )( ) ( )

1 1 1

2 1 2

3 2 1 2 2 2 2

½½½½
sin sin cos exp( ), 0 ,

sin sin cos exp( ), .

A m x L x L x

B lx A mL lx x x L

B l L A mL l L L k x L L x

Y = + α − ≤ ≤

Y = + −β ≤ ≤

Y = + −β − − ≤ < ∞

	 (4.2)

Note that in the article [10] in the last formula there is a typo, which is corrected here. Further, due to the 
attenuation of the decision in the open part of the ocean, in formula (3.8) the wavenumber k is taken positive  
k > 0, and the frequency ω can take both positive and negative values (in the monograph [6] ω > 0, but k can be 
both positive and negative).

In (4.2) the parameters m and l are determined by the formulas:

	
1/2

2 22 f k
m k

α 
= − −α − ω 

,	 (4.3)

	
1/2

2 22 f k
l k

β 
= −β − ω 

.	 (4.4)

Substituting (4.2) in (2.8), we get a system of two homogeneous equations for A and B. The matrix of C coeffi-
cients has the form

	
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ){ } ( )
1 2 2 2 2

1 1

sin cos sin sin cos

sin cos

mL k l L l l L k l L l l L
C

mL m mL l

    −β − −β +    =
 α +β + − 

.	 (4.5)

Equating the determinants of the matrix to zero, [10] obtained the following equation:

	 ( ) ( ) ( )1 2 2cot tan tan 0m mL l k l L l k l l L α +β + + −β + −β − =  .	 (4.6)

Note that [10], as well as subsequently [6], call this equation a dispersion relation. Note that in formula (4.6) we 
corrected another typo in the last term of work [10].

Next, when moving from (4.5) to (4.6), authors [10] make an implicit assumption: sin(mL1) ≠ 0, cos(lL2) ≠ 
≠ 0. Thus, constructed localized solutions in work [10] exist, but do not exhaust all possible scenarios.

The numerical analysis of the relation (4.6) performed [10] is as follows: the complete spectral problem al-
lows two partial approximate solutions. The first solution is shelf waves; the solution is oscillatory in the area of 
the shelf and the inside of the trench and decays in the rest of the physical space. The second solution is trench 
waves; the solution oscillates only in the area of the marine part of the trench, fading on the shelf and in the open 
ocean. The authors argue that these particular solutions (shelf waves and trench waves) can be obtained as limit 
transitions from a common trench model; they are localized in separate parts of the trench and are solutions to 
the common ocean trench model with very good accuracy.

The description of these private solutions is below.

5. Asymptotic of the trench waves on the shelf. Crosslinking with shelf wave

The main types of bottom relief, which determine the types of trapped waves, are shown in Figure 4. In all 
cases, waves propagate so that in the northern hemisphere (in the southern — on the contrary) shallow water 
(shore) remains on the right side relative to the direction of movement.

Let’s start our consideration with a solution for the littoral zone. Suppose that on the shelf the solution is 
oscillating. Then the wavenumber m, given by the relation (4.3) must be positive. For this purpose, ω < 0 the 
condition must be met

	 2 2
2

0
k

fk
− α ω

< <
α +

.	 (5.1)
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а)

b)		  d)

с) 		  e)

Fig. 4. Types of captured waves (direction shown by arrows) depending on the shape 
of the bottom relief: a — trench waves; b — shelf waves; c — Kelvin waves; d — inter-

nal shelf waves; e — Kelvin double waves

Since the y-axis is directed north, we obtain from the expression for phase in (2.5) in the longitudinal direc-

tion of the trench, we receive 0
k
ω
< . Therefore, the shelf wave phase propagates in a negative direction, i. e. to 

the southwest, along the shore on the right (northern hemisphere). In this case, from the relation (4.4), it is 
automatically obtained that the wave number l in the trench part will be purely imaginary, therefore, for the 
trench, the solution is damped.

The first qualitative solution for the shelf is oscillation-attenuation-attenuation (direction from the shore 
towards the open ocean). Authors [10] crosslinked the solution as follows: from (4.6) at the limit transition  
L2 → 0 (β and l are limited) we get the equation

	 ( ) 1 1sin cos 0k mL m mL+ α + = 	 (5.2)

or

	 1tan , ( ), 1, 2, ...n
mmL m m k n

k
= − = =

+ α
	 (5.3)

The ratio for shelf wave amplitudes B/A → 0. Such a method of sewing, in which the width of the trench 
part tends to zero, gives the correct result due to the fact that on the right there is a semi-infinite ocean of finite 
depth. However, an attempt to do the same symmetrically for the shelf part, rushing the shelf width to zero, 
leads to an unexpected result with a singularity. Mysak et al. [10] did not comment on this singularity and left 
the question open. Therefore, for the symmetry of the limit transitions of the shelf and trench waves, we make 
an alternative limit transition at. L2 → ∞, β → 0. At the same time, it turns out l → ik, and taking advantage  
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of the ratio 2 2tan tanhi l L i l L= , we as a result again get the ratio (5.3). This result is extremely stable at  
L2 → ∞, β → 0, does not depend on the value of the quantity βL2, which can be either infinitely large or infinite-
ly small. Graphical analysis of equation (5.3) is performed in the work [16], and here we will not give it.

From the side of analytics, the main idea of this part of our work is to consider trench waves as some sub-
species of classical Rossby topographic waves with a classical dispersion relation. We also believe that there 
is no great need to introduce new classes of waves with transcendental dispersion relations. Developing this 
direction, we offer an alternative interpretation to approaches [10] and [6]. We believe that equations (4.3) 
and (4.4) are more correctly called dispersion relations for topographic waves, and we consider the ratio 
(4.6) and its special cases as an additional condition that determines the transverse component of the wave 
number.

Thus, we get some subclasses of classical topographic Rossby waves with a dispersion relation in which there 
is a feature in finding the transverse component of the wave number. In fact, we propose to return to the inter-
pretation that was proposed in the first original work on this topic i. e. [16].

Shelf waves in an alternative presentation

Let’s give a simpler interpretation of the shelf part of the solution [10] — the shelf wave in terms of topo-
graphic Rossby waves. Recall that we are talking only about sub-inertial fluctuations.

Consider formula (4.1) in relation to the shelf part of the topography. Assume 1/L = –2α, k1 = m, 
k2 = k, and substitute it in (2.12). Finally, we obtain the relation (4.3) for shelf waves in the classical 
form of topographic Rossby waves in the form:

	 2 2 2
2 f k

k m
− α

ω =
+ + α

.	 (5.4)

It is this ratio that is more correctly called the dispersion relation for shelf waves. Further, it is necessary to 
impose the condition that the shelf is not infinite but has a finite width L1. It is geometrically clear that then a 
certain condition will appear that will allow us to sew the sine on the shelf side of the trench with an exponent 
on the ocean part of the trench for each fixed value of the wavenumber k, where 0 < k < ∞ (according to [10], 
k is considered positive). To do this, you need to find the value of m, by solving equation (5.3), and then get a 
functional connection m = m(k). There will be a number of such solutions m = mn(k), n = 1, 2, …. Next, we 
substitute the values found in (5.4) and plot (we apply one point on the dispersion curve). Then we take a new 
value of the wavenumber k and repeat the procedure. Therefore, the dispersion relation for shelf waves should 
be recorded as

	
( )2 2 2

2
, 1, 2,.

n

f k
n

k m k
− α

ω = =
+ + α

	 (5.5)

Based on the result of the work [16], we will give an assessment for mn(k):

	 ( ) ( ) ( )
1 1

1 / 2
0n n

n n
m m k

L L
− π π

< ≤ ≤ .	 (5.6)

Functional connection m = m(k) extremely low changes the dispersion curve of topographic Rossby waves. 
Note that [10] and [16] did not consider one special case, which should also be implemented. The condition 
sin(mL1) = 0 is equivalent to setting an additional solid wall at x = 0: Ψ1(0) = Ψ2(0) = 0. For the shelf zone, the 
wave number m ceases to depend on the longitudinal component of the wave vector k, so we immediately find 
a discrete spectrum in an explicit form:

	 ( )1
1

sin 0, , 1, 2,...
n

mL m n
L
π

= = = 	 (5.7)

The wave number l in the trench part is again purely imaginary, i. e. attenuation outside the shelf occurs. The 
dispersion relation (4.3) takes the form:

	
( )2 2 2 22 2

1

2 2

/

f k f k
k m k n L

α α
ω = − = −

+ + α + π + α
.	 (5.8)
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This relation is qualitatively similar to (5.5), but it is simpler in the sense that it does not contain an un-
known dependence m = m(k) and thus does not require any numerical counting. This dispersion relation is of 
a particular nature, but in practice, it can be useful due to its simple form and quite understandable geometric 
meaning: n is the number of sine half-periods that fit into the shelf zone.

Next, following [16], we find the long-wave asymptotic k → ∞ of the dispersion relation (5.5):

	
( )2 2
2

, 1, 2,...
0n

f k
n

m
− α

ω ≈ =
+ α

	 (5.9)

The dependence on the wave number turned out to be linear, as it should be in the long-wave limit. Then the 
phase velocity is equal to the group velocity and equal to

	
( )2 2
2

, 1, 2,...
0gr

n

f
c c n

m
− α

= ≈ =
+ α

	 (5.10)

Let’s move on to dimensionless variables, taking the scale of length L1 is the width of the shelf part of the 
trench: parameter α* = αL1, the longitudinal wave number k* = kL1, the transverse wave number m* = mL1. 
Next, for ease of recording, omit the asterisks of the variables. Then the estimate of, for example, the first trans-
verse wavenumber (the first mode) has the form:

	 12
mπ

< ≤ π ,	 (5.11)

The second mode

	 2
3 2
2

mπ
< ≤ π .	 (5.12)

For the Kuril profile, the dispersion curves of shelf and trench waves are presented in Figure 5.

6. Features of trench waves

Let’s pay attention to the next point related to terminology. The monograph [6] (p. 102) states the follow-
ing: [10] considered “Kelvin double waves propagating along the ocean side of the trench to the northeast”. 
However, the term “Kelvin double waves” is not found at all in [10], and the authors call the solutions ob-
tained for the “trench waves”. We also adhere to the term “trench waves” [20, 21]. The term “Kelvin double 
waves” was introduced by Longuet-Higgins [13, 14], as the limit transition of the 0-mode on a continuous 
topographic feature to a topographic profile of the “step” type when the width of the topographic feature 

–0.04	 –0.03	 –0.02	 –0.01	 0	 0.01	 0.02	 0.03	 0.04
k (km–1)

ω/f

n = 1

n = 0
n = 2

n = 3

Fig. 5. Dispersion diagram calculated using the formula (5.8) for the Kuril region: shelf 
(left) and trench (right) waves
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tends to zero. The maximum transition made below in our work shows the validity of the use of this term. 
Indeed, let the solution be oscillating in the trench, i. e. the wavenumber l is real. Then it follows from (4.4) 
that the relation:

	 2 2
20 k

f k
ω β

< <
β +

.	 (6.1)

In this case, the wavenumber m automatically becomes purely imaginary m = iM, where M = 
1/2

2 22 f k
k

α 
= + α + ω 

 (a positive root sign is taken). The dispersion relation in the limit L1 → 0 (α — 

limited) has the form:

	 ( ) ( ) ( )2 2sin cos 0k l L l l L−β + = 	 (6.2)

or (see [10])

	 ( )2tan ll L
k

= −
−β

.	 (6.3)

Also, at k = β [10] l = 0 — a trivial solution is believed. However, from (6.2) it is clear that there is also a non-trivial 
solution cos(lL2) = 0. Then the amplitude ratio for the trench waves is inverted and becomes A/B = 0.

Trench waves in alternative presentment

Let’s make the following transformations: in the second formula (4.1) we assume 1/L = 2β, k1 = l, k2 = k, 
and then substitute it in (2.12). Then, for the exponential topography profile, consider the dispersion relation 
for topographic waves

	 2 2 2
2 f k

k l
β

ω =
+ +β

.	 (6.4)

But (6.4) is also a dispersion relation for trench waves. Next, for each fixed value of the wavenumber k > 0, 
you need to find the value of l, by solving equation (6.2). Thus, we get a dependence l = l(k). There will be a 
countable set of such solutions l = ln(k), n = 1, 2, …, so the dispersion relation for trench waves is more correct 
to write in the form

	
( )2 2 2

2
, 1, 2,...n

n

f k
n

k l k
β

ω = =
+ +β

	 (6.5)

Further, for numerical counting, we will again move on to dimensionless variables, only taking as the length 
scale the width of the oceanic part of the trench L2: l* = lL2, k* = kL2, β* = βL2. For the Kuril trench, we get 
β* = 0,2332. As before, we omit asterisks for variables. Then the equation (6.3) for finding the dependence in 
dimensionless form for the Kuril trench takes the form

	 tan
0.2332
ll

k
= −

−
.	 (6.6)

This wavenumber l has already been discussed above, and since it gives a very large wavelength, it is not of prac-
tical interest.

For trench waves in the Kuril trench, an important role has the presence of an open ocean of constant depth 
on the outside of the trench. According to the results of the work [15], which is also confirmed by the results 
[16], the open ocean has little effect on short trench waves, while long waves most likely become unstable. Per-
haps it is this instability that gives rise to the vortex formations observed in the Kuril trench [22–27].

The limit transition L1 → 0 for the trench wave, made by the authors [10], physically means the transfer 
of the solid wall from the shelf to the deepest part of the trench. It is not clear how to avoid the singularity for 
the resulting asymptotics. It also looks somewhat strange from a physical point of view, since a limit tran-
sition is made for the shelf wave L2 → ∞, and the ocean (right) boundary of the trench is moved to infinity. 
At the same time, for the shelf part of the solution, the expected result is obtained, and the shelf asymptotic 
enters the shelf wave.
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Now let’s consider an alternative transition for trench asymptotics. Instead L1 → 0 let’s assume, on the 
contrary: L1 → ∞, we move the shelf (left) border of the trench to infinity. In this case, we also add a new condi-
tion α → 0, the steepness of the topography tends to zero. Then the component of the wavenumber m becomes 
purely imaginary. For certainty, assume m = ik, k > 0. Then, taking into account cotik = –icothk, the relation 
(4.6) for determining the transverse component of the wavenumber l takes the form:

	 2 2 2 2
2

tan
l k

l L
l k

=
+β −

. 	 (6.7)

And this is a familiar equation for internal shelf waves, obtained [16]. Thus, we get a completely understandable 
physical result: in the same way as the shelf asymptotic [10] gives the shelf wave [16], the trench, the oceanic 
part of the solution of the trench goes to the internal shelf wave [16]. It is unclear why Mysak et al. [10] did not 
show this moment; it may not have worked out because they shifted the hard wall to the center of the trench.

7. Kelvin double wave

The classical interpretation of Kelvin double waves is based on a stepped model of topography [9]:

	 1

2

, 0,
, 0.

H H x
H H x

= <
= >

	 (7.1)

In this case, equation (2.6) will take the form

	 2 0xx kY − Y = .	 (7.2)
The solution satisfying the attenuation at infinity has a simple form:

	
( )
( )

exp , 0,

exp , 0.

A k x x

A k x x

Y = <

Y = − >
	 (7.3)

The wave amplitude in this case decays exponentially at the same rate on both sides of the break.
Using the sewing condition, the following dispersion relation is obtained:

	 2 1

2 1
sgnH H

k
f H H

−ω
=

+
,	 (7.4)

where H2 > H1, and sgn is the sign change function. Then for a profile of the “step” type, it turns out that for any 
wave number, there is only one solution i. e. one subinertial mode. Note that the group velocity of these waves 
is always zero.

Although the term “Kelvin double wave” belongs to Longuet-Higgins [13, 14], the dispersion relation itself 
(7.4) seems to have been known even earlier and is also given in the work [16]. Later, Longuet-Higgins [13] 
considered the problem with continuous topography profiles and, using the limit transition from a continuous 
profile to a “step” profile, derived the second dispersion equation for Kelvin double waves. At the same time, 
it turned out that for a continuous profile, there is an enumerable setup of its eigenfunctions, but at the limit 
transition to the “step” profile, only one lower mode is insensitive to the profile shape in depth. Higher modes 
depend on the details of the profile and at the limit transition tend to stationary currents, on the basis of which 
Longuet-Higgins [13] concluded that the lowest mode is most likely to be observed in the real ocean.

A fundamentally important point is that in the next article, Longuet-Higgins [14] abandoned the dispersion 
relation (7.4). The reason is understandable: indeed, from a physical point of view, it is wrong if the phase ve-
locities of long waves take infinitely large values. Longuet-Higgins [14], using more accurate (up to the second 
order) asymptotic decompositions, obtained that for the lower Rossby long wave mode, it is quite justified 
that the frequency tends to zero, and not to a constant when considering wave divergence. Essentially, for the 
barotropic mode, he added Rossby’s barotropic radius to the denominator Россби f 2/gH. However, in the case 
where the depth profile h(x) in the transition zone is exponential, this is already in contradiction with the result 
of Buchwald and Adams [16]. According to Longuet-Higgins [14], this contradiction is due to the fact that he 
took into account the horizontal divergence of wave motion. Note that these facts are not reflected in the works 
[6, 10, 11], although the dispersion curves constructed on the basis of numerical evaluation in the monograph 
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[6] correspond to the results of the Longuet-Higgins article [14]. One of these results is that the frequency tends 
to zero in the long wave limit. It should be noted that the limit transition procedure itself is not entirely unam-
biguous. The curvature of the dispersion curve for the 0-mode of a Kelvin double wave is extremely complex in 
the vicinity of zero (for long waves). Buchwald and Adams also note this [16]. Our estimates for the Kamchatka 
trench give too small wave number values, i. e. the corresponding wavelengths are most likely purely theoretical 
in nature since they actually go beyond the scale limits of the f-plane model.

In the second article of Longuet-Higgins [14], the author corrected his previous result, but it is not said in 
the monograph [9]. The main result is as follows: for all modes, including the lower mode (this is important), 
provided that wave divergence is taken into account, the group velocity of topographic Rossby waves and their 
phase velocity coincide in direction for long waves (with small wave numbers) and have opposite directions for 
short waves.

8. Conclusion

The following main conclusions can be drawn from the exponential topographic model of the trench. The 
phase of linear topographic low-frequency waves always propagates, leaving shallow water (or shore) on the 
right. Further, two separate classes of localized solutions can be built: one offshore, the second, in fact, also 
offshore, but which is usually called trench waves (in some sources this decision is mistakenly called Kelvin 
double waves). On the dispersion curves of both types of waves, there are both extremes (zero group velocity) 
and inflection points (group velocity extremum). This indicates that energy (vortices) can propagate along the 
shelf, both, for example, for the Kuril shelf, to the southwest (longer waves), and the northeast (shorter waves).

However, for the ocean part of the trench (for trench waves), this is not the case. Longer waves have a pre-
dominantly northeast direction of energy propagation, and shorter waves have a southwest direction. Trench 
waves are an order of magnitude slower (periods longer and speeds smaller) than shelf waves. This is qualita-
tively explained by the direct proportionality of the phase velocity of the slope of the exponential topography 
profile [4, 5].

Analytical models and numerical counting show that trench waves fade rather quickly toward the shelf and 
do not actually have a significant effect on the shelf part of the solution. Trench waves cannot be recorded while 
on shore, and when analyzing purely offshore solutions, it is possible not to take into account possible oscilla-
tion solutions localized on the trench.

Conversely, the shelf wave decays extremely slowly towards the trench (at least for the first mod numbers), 
which is extremely negative for trench localized solutions. We cannot say unequivocally that the shelf does not 
affect trench waves. Obviously, the effect of the shelf on the solutions localized at the trench can be manifested 
in a non-linear case.

The possibility of propagating topographic-type low-frequency Rossby waves captured by the Kurilo-Ka-
mchatka trench to the pole was theoretically predicted in the studies [10, 26], which used the term “Kelvin 
double waves”. These quasi-geostrophic waves arise due to the persistence of potential vorticity and recovery 
mechanisms provided by the Coriolis force and the change in ocean depth.

The analytical novelty of this work is that we managed to cross-link the trench waves [10] and the shelf waves 
[16], physically justified and quite expected. To do this, we proposed to infinitely increase (expand) the corre-
sponding areas of the shelf or trench while simultaneously striving to the steepness of the topography to zero.
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Abstract
Theoretical models of the statistical characteristics of the lidar echo signal have been developed to interpret the results 

of optical sounding of heavily eutrophicated water bodies. Formulas are obtained for calculating the statistically average val-
ue and coefficient of variation of the energy of the elastic backscattering signal coming from the near-surface layer of water 
with randomly inhomogeneous absorption and scattering coefficients. Examples of the dependence of the indicated signal 
characteristics on the coefficients of variation of the optical characteristics of water are given. It has been established that 
fluctuations in the absorption coefficient lead to an increase in the average energy of the received signal, and fluctuations in 
the scattering coefficient to its slight decrease. A significant decrease in the average echo signal energy can be observed with 
cross-correlated fluctuations in the absorption and scattering coefficients, i. e. in the case when the attenuation coefficient 
fluctuates at a constant single scattering albedo. Considerations are made on how algorithms for estimating the average 
values of the optical characteristics of water and the parameters of their inhomogeneities from the average value and the 
coefficient of variation of the echo signal energy can be constructed.
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Аннотация
Разработаны теоретические модели статистических характеристик лидарного эхо-сигнала, предназначен-

ные для интерпретации результатов оптического зондирования сильно эвтрофированных водоемов. Получены 
формулы для расчета статистически среднего значения и коэффициента вариации энергии сигнала упругого об-
ратного рассеяния, приходящего из приповерхностного слоя воды со случайно-неоднородными показателями 
поглощения и рассеяния. Приведены примеры зависимости указанных характеристик сигнала от коэффициен-
тов вариации оптических характеристик воды. Установлено, что флуктуации показателя поглощения приводят 
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к увеличению средней энергии принимаемого сигнала, а флуктуации показателя рассеяния — к ее небольшому 
уменьшению. Значительное уменьшение средней энергии эхо-сигнала может наблюдаться при взаимно кор-
релированных флуктуациях показателей поглощения и рассеяния, т. е. в случае, когда флуктуирует показатель 
ослабления при неизменном альбедо однократного рассеяния. Высказаны соображения о том, каким образом 
могут быть построены алгоритмы оценки средних значений оптических характеристик воды и параметров их 
неоднородностей по среднему значению и коэффициенту вариации энергии эхо-сигнала.

Ключевые слова: лидар, вода, упругое рассеяние света, флуктуации гидрооптических характеристик, статистиче-
ские свойства лидарных эхо-сигналов

1. Introduction

Interpreting the results of laser sounding in oceans and freshwater bodies relies on the theory of light prop-
agation in homogeneous or horizontally homogeneous waters, as defined by specific profiles of the water inher-
ent optical properties (IOP) [1–26]. However, in natural conditions, the water’s IOP, including the absorption 
and scattering coefficients, may fluctuate widely and develop randomly in time and space. Particularly large 
IOP fluctuations (with spatial scales of the order of a decimeter or more1) emerge in inland water bodies during 
bloom periods [27–31], and these fluctuations should be accounted for when constructing algorithms for deter-
mining the dissolved and suspended matter concentrations in water from lidar echo signals. It has been observed 
that a turbid layer with a given amount of absorbing substances is minimally transparent when the absorber is 
uniformly distributed, and fluctuations in its concentration increase the average transparency of the layer, cre-
ating a “sieve” effect [32–34]. This effect, along with the effect of shadows from IOP inhomogeneities, should 
manifest in the laser sounding of an aqueous medium with randomly inhomogeneous optical properties. The 
purpose of this work is to theoretically study the effect of the water IOP fluctuations on the characteristics of 
the elastic backscattering signal, namely the statistically average signal and the dispersion of its relative fluctu-
ations. The theory presented in this paper is inspired by the theory of spatial noise arising in optical tomograms 
of biological tissues due to fluctuations in their optical characteristics [35–37]. The difference between the two 
theories stems from the fact that in tomography studies, a two-dimensional spatial signal is analyzed, while in 
this case, a one-dimensional signal will be examined in the form of the received light pulse energy as a function 
of the horizontal lidar coordinate. It happens when the lidar does not allow medium response differentiation 
into partial echo signals coming from different depths, for example, for waters with low transparency or when 
registering fluorescence signals.

2. Formulation of the problem

We assume that the lidar is located at a height H above a flat water surface, and the radiation patterns of 
the emitter and receiver have a common axis oriented vertically2. When writing equations, we use the fol-
lowing notation: W(r) is the energy of the elastic backscattering signal as a function of the coordinates of the 
point of intersection of the laser beam axis with the water surface r(x, y); W1 is energy of the probing pulse; 2r1 
and 2J1 are the diameter and divergence angle of the laser beam; 2r2 and 2J2 are the diameter of the entrance 
pupil and the angle of the field of view of the receiver; RF is Fresnel reflection coefficient of the water surface; 
nw = 1.33 is refractive index of water; a(r, z), b(r, z) and c(r, z) = a + b are the water absorption, scattering 
and attenuation coefficients in the point (x, y, z). The scattering phase function (SPF) is given as a combi-
nation of narrow P↑(q) and isotropic ( ) 1P q =  SPFs with weight factors depending on the backscattering 
probability pb:

	 ( )( ) 1 2 ( ) 2 ( )b bP p P p P↑q = − q + q , 
/2

(1 / 2) ( )sinbp P d
π

π

= q q q∫ . 	 (1)

We assume that the conditions 
0

(1 / 2) ( )sin 1P d
π

q q q =∫ , ( / 2) 1bP p↑ q > π << << ,

1The most rapid temporal changes in the IOP arise when the IOP inhomogeneities are transferred by currents. The characteristic 
time of these changes is equal to the ratio of the spatial scale of inhomogeneities to the flow velocity.
2 In natural conditions, sounding is carried out at a certain angle to the vertical so that reflections from the water surface do not fall 
into the photodetector. However, this does not lead to noticeable changes in the signal coming from the water column.
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/2

2 2

0
(1 / 2) ( )sin 1P d

π
↑q = q q q q <<∫ .	  (2)

are satisfied.
The absorption and scattering coefficients are given in the form

	  [ ]( , ) 1 ( , )a z a a z= + dr r , [ ]( , ) 1 ( , )b z b b z= + dr r , 	 (3)

where a  and b  their statistically average values, while da and db are random relative deviations from average 
values. We consider fluctuations of the IOP to be spatially homogeneous and characterized by correlation func-
tions of the form

	 ( )2( , ) ( , ) ( , ) ( ) ( )aB a z a z a R Zr V = d + + V d = d ⋅ r Vr rr ,	  (4)

	 ( )2( , ) ( , ) ( , ) ( ) ( )bB b z b z b R Zr V = d + + V d = d ⋅ r Vr rr , 	 (5)

	 ( )2 2
0( ) exp /R r = −r r , ( )2

0( ) /Z ch−V = V V , 	 (6)

where ( )2ad and ( )2bd are variances of relative fluctuations of the absorption and scattering coefficients, pa-
rameters V0 and r0 are radii of vertical and horizontal correlation of fluctuations of the specified IOP. Note that 
the function ( )2

0/ch− V V  in (6) differs insignificantly from ( )2 2
0exp /−V V , but its use instead of the Gaussian 

function allows one to significantly simplify the analytical expressions for the statistical characteristics of the 
echo signal.

3. Model of random realization of an echo signal

The model for the backscattered signal assumes that the horizontal correlation of IOP fluctuations has a 
larger radius than the horizontal size of the water volume being illuminated, and the radius of vertical correla-
tion of these fluctuations can be of any value. Based on this assumption, the equation for the signal energy W(r)  
can be derived by integrating over time the well-known expression for the power of the pulsed elastic backscat-
tered signal coming from a water medium with horizontally homogeneous IOP, which can vary arbitrarily with 
depth [1, 8, 38]. This equation looks like

	 ( ) ( ) ( )2 2 2
1 2 2 1 2

0
( ) / 4 2 ( , ) , , , ,bW W r b z E z E z d dz

∞

∞

 
′ ′ ′= π q  

  
∫ ∫∫r r r r r r r ,	  (7)

	 ( , ) ( , )b bb z p b z=r r , 	 (8)

where bb is backscattering coefficient, E1 is irradiance at a point ( , )z′r  from an auxiliary continuous source of 
radiation with unit power and the same parameters 2r1 and 2J1 as for a real source, while E2 distribution of ir-
radiance in water from an auxiliary continuous source with unit power, aperture diameter 2r2 and beam angular 
width 2r2.

The effect of a stratified aqueous medium on a laser beam structure is described with good accuracy by the 
radiative transfer equation in the small-angle approximation [39]. However, this solution is a Fourier integral, 
which complicates the calculation of the statistical moments of the signal W. Therefore, here we use a less ac-
curate, but very simple, model of irradiance fields E1,2, built based on solving the radiative transfer equation in 
the small-angle diffusion approximation [39]:

	 ( ) ( ) ( ) ( ) ( )2

0

1, , exp , /
z

F
i i

i

R
E z z dz d z

d z

 −′ ′ ′ ′= − α − − 
π   

∫r r r r r , 1,2i = , 	 (9)

	 ( ) ( ) ( ), , 2 ,bz a z b zα = +r r r , 	 (10)

	 ( ) ( )22 2 2 31( ) / 1 2
3i i i w bd z r H z n b p z= + q + + − q ⋅ . 	 (11)
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According to the model, the distribution of irradiance in the cross-section of a light beam follows the Gauss-
ian function, and the exponential attenuation of the total beam power α is equal to the sum of the absorption 
and isotropic scattering coefficients. The third term on the right side of equation (11) accounts for the effect 
of beam broadening due to multiple forward scattering of light. In this case, the effect of fluctuations in the 
scattering coefficient on the variance of the irradiance distribution di is negligible. After substituting expressions 
(9)–(11) into equation (7), it takes the form

	
0 0

( ) 2 ( , ) exp 2 ( , )
( )

z

b
dz

W A b z z dz
d z

∞  
′ ′= ⋅ − α 

  
∫ ∫r r r , 	 (12)

	 ( )2 2 2
1 2 21 / 4FA R W r= − q .

	 ( ) ( )( ) ( )22 2 2 2 2 3
1 2 1 2

2( ) / 1 2
3w bd z r r H z n b p z= + + q + q + + − q ⋅ .

4. Equations for calculating the statistical characteristics of the echo signal

Let’s describe the spatial signal W(r) by its statistical moments of the first and second order, i. e. the average 
value W  and the correlation function

	 ( ) ( ) ( )WB W Wr = +r rr , 	 (13)

as well as the correlation function

	
2

( ) ( ) ( ) ( )W WB W W B W∆ r = ∆ + ∆ = r −r rr 	  (14)

signal fluctuation ( ) ( )W W W∆ = −r r , dispersion of its fluctuations

	 (0)W Wd B∆= , 	 (15)

fluctuation spatial correlation coefficient

	 ( ) ( ) / (0)W WK B B∆ ∆r = r 	  (16)

and signal variation coefficient

	 /W Wd Wd = . 	 (17)

For a better understanding of why the fluctuations of different IOPs manifest themselves differently in the echo 
signal, the calculation of its statistical characteristics was performed for cases where fluctuates either one of the 
parameters a or b, or the attenuation coefficient c = a + b while maintaining the single scattering albedo w0 = b/c.

A. Only the absorbance fluctuates. Under the condition db = 0 the equation (12) becomes

	 ( )
0

( ) 2 exp 2 , ( )b a aW p bA z F z dz
∞

 = − ∆τ ∫r r , 	 (18)

	 ( )
0

, ( , )
z

a z a a z dz′ ′∆τ = d∫r r , ( )( ) exp 2 2 / ( )a bF z a p b z d z = − +  . 	 (19)

If we assume that the exponent ( )2 ,a zϕ = − ∆τ r  on the right side of equation (18) is normally distributed, then 
the statistical averaging of the function W can be done using the relation

	 2exp( ) exp / 2 ϕ = ϕ  
. 	 (20)

This relation can also be used to find the function ( )WB r , assuming that ( ) ( )1 22 , ,a az z  r rr . 
As a result, we find:

	 ( )2

0
2 exp 2 ( , ) ( )b a aW p bA z F z dz

∞
 = ∆τ  ∫ r ,	  (21)
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( ) ( )

( )( ) ( )( )

2
1 2

0 0

2 2
1 2 1 2 1 2

( ) 2 exp 4 ( , ) ( , ) 1

exp 2 , 2 , ( ) ( ) ,

W b a a

a a a a

B p bA z z

z z F z F z dz dz

∞∞

∆
 r = ∆τ + ∆τ − × 

  × ∆τ + ∆τ  
  

∫ ∫ r r

r r

r

	  (22)

	 ( ) ( ) [ ]
2 2 1 0 2 0

1 2 0
1 2 0

( / ) ( / )
( , ) ( , ) ( ) ln

( ) /a a
ch z ch z

z z a R a
ch z z

V V
∆τ + ∆τ = d r V

− V
r rr ,	  (23)

	 ( ) ( ) ( ) [ ]2 2 2
0 0( , ) 2 ln ( / )a z a a ch z∆τ = d V Vr . 	 (24)

В. Only the scattering coefficient fluctuates. Freezing da = 0, equation (12) and the equations for calculating 
the statistical moments of the echo signal energy can be written as

	 ( ) ( )
0 0

exp 2
( ) 2 , exp 4 ( , )

( )

z

b b
az dz

W A b z b z dz
d z

∞   −
′ ′= − =  

 
∫ ∫r r r

	 ( ) ( )( ){ }
0

/ 2) 1 exp 4 , ( )b b bA p bz z F z dz
∞

 = − − + ∆τ ∫ r , 	 (25)

	 ( ) ( )
0

, ,
z

b z b b z dz′ ′∆τ = d∫r r , ( )exp 2
( )

( )b
azdF z

dz d z
 −

= −  
 

, 	 (26)

	 ( ) ( )( )22

0
/ 2) 1 exp 4 8 , ( )b b b bW A p bz p z F z dz

∞   = − − + ∆τ    
∫ r , 	 (27)

	 ( ) ( )2 2
1 2

0 0
( ) / 4 exp 16 ( , ) ( , ) 1W b b bB A p z z

∞∞

∆
 r = ∆τ + ∆τ − × ∫ ∫ r rr

	 ( ) ( )2 22 2
1 2 1 2 1 2 1 2exp 4 ( ) 8 ( , ) 8 ( , ) ( ) ( )b b b b b b bp b z z p z p z F z F z dz dz  × − + + ∆τ + ∆τ    

r r . 	 (28)

Expressions for the statistical moments of the function ( ),b z∆τ r  are obtained from (23) and (24) by replacing 

( ) ( )2 2a bd → d , a b→ .
С. The attenuation coefficient fluctuates with the single scattering albedo unchanged. Assuming that the con-

dition 0 / / constb c b cω = = =  holds, and fluctuations of the attenuation coefficient c = a + b are described by 
the equations

	 [ ]( , ) 1 ( , )c z c c z= + dr r , 	 (29)

	 ( )2( , ) ( , ) ( , ) ( ) ( )cB c z c z c R Zr V = d + + V d = d ⋅ r Vr rr , 	 (30)

then equation (12) and equations for calculating the statistical moments of the echo signal energy can be written as

	 ( ){ }
0

( ) 1 exp 2 ( , ) ( )cW C k cz z F z dz
∞

 = − − + ∆τ ∫r r , 	 (31)

	 ( ) 01 1 2 bk p= − − ω , 0 /bC p A k= ω , 	 (32)

	 ( ) ( )
0

, ,
z

z c c z dz′ ′∆τ = d∫r r , ( ) 1( ) ( )c
dF z d z
dz

−= − , 	 (33)

	 ( )22

0
1 exp 2 2 ( , ) ( )cW C kcz k z F z dz

∞   = − − + ∆τ    ∫ r ,	  (34)
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	 ( )2 2
1 2

0 0
( ) exp 4 ( , ) ( , ) 1WB C k z z

∞∞

∆
 r = ∆τ + ∆τ − × ∫ ∫ r rr

	 ( ) ( )2 22 2
1 2 1 2 1 2 1 2exp 2 ( ) 2 ( , ) 2 ( , ) ( ) ( )c ckc z z k z k z F z F z dz dz  × − + + ∆τ + ∆τ    

r r . 	 (35)

Expressions for the statistical moments of the function ( ), z∆τ r  are obtained from (23) and (24) by replacing 

( ) ( )2 2a cd → d , a c→ .

5. Numerical analysis of the statistical characteristics of the echo-signal

As follows from equations (12)–(35), the expressions for the statistical characteristics of the echo signal can 
be represented as functions of a dimensionless variable cr  and dimensionless parameters 0ˆ /b cω = , 0cr , 

0,cV  ( )2ad , ( )2bd , ( )2cd , 2 2 1/2
1 2( )c r r+ , cH . Figures 1, a; 2, a and 3, a show the results of calculating the 

parameter

	 0

0

W W
N

W
−

= , 	 (36)

which characterizes the difference between the statistically average energy W  of a fluctuating echo signal and 
the energy W0 of a regular signal, generated by an aqueous medium with spatially uniform optical characteristics 

,a a b b= = . The curves of these figures depict the dependence of the parameter N on the variation coefficients

	 ( )2
a ad = d , ( )2

b bd = d ( )2
c cd = d  	 (37)

of absorption coefficients, scattering and attenuation at three different values of the parameter 0ω̂  in 0 0.75,cV =  
2 2 1/2

1 2( ) 0.175c r r+ = , 5cH =  case. Figures 1, a; 2, a and 3, a illustrate the dependence of the coefficient of 
variation dW of the echo signal energy (equation (17)) on the value of parameters (37) and 0ω̂  for the above 
values of the other three parameters.

The figures show that the spatial fluctuations of different IOPs manifest themselves differently in the echo 
signal. Fluctuations in the absorption coefficient (with its fixed average value) can lead to a significant increase in 
the statistically averaged signal (Fig. 1, a), while fluctuations in the scattering coefficient reduce it, but very slightly 
(Fig. 2, a). With cross-correlated fluctuations in the absorption and scattering coefficients (i. e., fluctuations in the 
attenuation coefficient for a given single scattering albedo), the average signal can decrease significantly (Fig. 3, a).
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0
0.2	 0.4	 0.6	 0.8	 δa 0.2	 0.4	 0.6	 0.8	 δa
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0.9

0.7

= 0.5 = 0.5 0.70ω̂ 0ω̂

а)		  b)

Fig. 1. Dependence of the parameters N (a) and dW (b) (see eq. (36) and (17)) on the absorbance variation coefficient da at the 

values of the parameter 0ω̂ , indicated in the figures and assuming 0 0.75,c V =  2 2 1/2
1 2( ) 0.175,c r r+ =  5.cH =
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In the three cases under consideration, the numerical values of the coefficient of variation of the signal dW  
(assuming da = db = dc) differ (Fig. 1, b; Fig. 2; b, Fig. 3, b), but not as significant as the parameter N values, 
characterizing the fluctuations’ effect of the IOP on the average signal energy. The curves in Figures 1, a and 
b, depicting the dependence of the parameters N and dW on the coefficient of variation of the absorption index 
da are very similar to each other, which is not true about the corresponding curves in Figures 2 and 3. Spatial 
fluctuations in the scattering coefficient cause strong variations in the echo signal (Fig. 2, b) but do not have a 
significant effect on its average value. The dependence dW(dc) at 0ω̂ = 0.5 (Fig. 3, b) is similar to the dependence 
dW(da) (Fig. 1, b), and at 0ω̂ = 0.9 it almost coincides with the dependence dW(db) (Fig. 2, b).

Note that an increase in the average energy of the echo signal due to fluctuations in the absorption coef-
ficient is a direct manifestation of the “sieve” effect, which leads to an increase in the thickness of the water 
layer from which the signal comes. While the decrease is due to fluctuations in the attenuation coefficient or 
scattering coefficient that occurs when the upper part of each of the clot of absorbing and scattering substances 
obscures its lower part.
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Fig. 2. Dependence of the parameters N (a) and dW (b) on the variation coefficient δb of the scattering coefficient under the 
conditions indicated in the caption to Fig. 1
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Fig. 3. Dependence of the parameters N (a) and dW (b) on the on the variation coefficient δc of the attenuation coefficient under 
the conditions indicated in the caption to Fig. 1
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Figure 4 shows the calculated coefficient of spatial correlation K(ρ) of echo signal energy fluctuations gen-
erated by inhomogeneities of the water attenuation coefficient (equations (16), (35)). The figure shows that in 
the case under consideration, the function K(ρ) differs significantly from the coefficient of horizontal correla-
tion R(ρ) of the attenuation coefficient fluctuations only at very large values of its variation coefficient δc.

6. A possible method for estimating the optical properties of water by the average value  
and the coefficient of variation of the echo signal energy

Assuming for definitiveness that the fluctuating characteristic of water is the attenuation coefficient, then 
the form of the functions N and δW, shown in Fig. 3 will depend on the average values c , b  the attenuation 
and scattering coefficients, the backscattering probability pb, the parameter of the scattering phase function 2q  
and the vertical correlation radius ς0 of the attenuation coefficient fluctuations. By measuring two statistical 
parameters of the signal W  and δW, we can complete only two equations for solving the inverse problem, which 
indicates the impossibility of solving it without using some a priori information about the optical characteristics 
of water.

As can be seen from Fig. 4, under the condition δc < 1 the correlation radius of fluctuations in the echo signal 
energy rW ((the function width K(ρ) at the 1/e level) practically does not differ from the horizontal correlation 
radius r0 of fluctuations of the attenuation coefficient (the function width R(ρ) at the 1/e level). Therefore, as-
suming that fluctuations of the attenuation coefficient are isotropic, we can estimate the vertical radius of their 
correlation using relationship ς0 = rW.

To reduce the number of unknown parameters in the echo-signal models, one could use empirical correla-
tions between different IOPs, similar to the Levin-Kopelevich regressions [40, 41], which allow one to express 
the parameters b , pb and 2q  through the attenuation coefficient c . These regressions were obtained for marine 
waters with attenuation (0.3 1)c = ÷  m–1 at a wavelength of 500 nm. The search for similar regressions for 
blooming inland water bodies is also underway [29]. Removing parameters b , pb and 2q  from the theoretical 
expressions for W , W0, N and δW using empirical regressions, would allow the definition of the remaining two 
parameters c and δc using the equations

	 [ ]0( ) 1 ( , )cW c N c W ′+ d = , ( , )W c Wc ′d d = d , 	 (38)

where W ′  and W′d  are measured values of the statistical characteristics of the signal; 0 ( 0)cW W= d =  is the 
energy of the signal coming from a reservoir with uniform optical properties. After finding the parameter c  the 
rest of the IOPs are determined using the same regressions as for equations (38).

7. Conclusion

The main goal of this work was to study the effect mechanisms of spatial fluctuations of various IOPs on 
lidar echo signals, which required the maximum simplification of the water optical properties models. However, 

Fig. 4. The spatial correlation coefficient K(r) of the echo signal 
fluctuations for the variation coefficient of the attenuation coeffi-
cient dc = 0.8, 1.6; R(r) is the horizontal correlation coefficient of 
attenuation coefficient fluctuation; 0cr = 0.75; w0 = 0.7; R(r) — 
see equation (6); other parameters are indicated in the caption to 

Figure 1
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the proposed estimation method for the statistical characteristics of echo signals is also quite suitable for theory 
development for lidar sounding of natural water bodies. The study showed that fluctuations in the absorption, 
scattering, and attenuation coefficients (with the single scattering albedo unchanged) are approximately the 
same in echo signal fluctuations but produce a different effect on their average energy. Absorption coefficient 
fluctuations increase average energy, while fluctuations of attenuation and scattering coefficients decrease av-
erage signal energy at significantly different rates. Such manifestations of IOP fluctuations are qualitatively 
explained by two effects, an increase in the average transparency of the water layer due to fluctuations in the 
absorption coefficient (“sieve effect”) and the formation of shadows behind the inhomogeneities of the attenu-
ation coefficient, which decreases the reflectivity of the water layer. These effects should be accounted for when 
constructing algorithms for determining the optical characteristics of heavily eutrophicated waters from lidar 
signals.

Note that the water surface may have unwanted effects on the signal received by a surface lidar and requires 
special measures to eliminate these effects. The most obvious (but seldom available) option is to observe in calm 
conditions. Surface waves modulate the power and energy of the signal and become a source of multiplicative 
interference, which makes it difficult to measure the IOP. This interference can be addressed in a similar man-
ner as when enhancing the visibility of underwater objects under natural light conditions in rough water [42]. 
The method involves removing signal distortions by utilizing information about the topography of the surface 
through which the scattered light enters the photodetector. This information can be obtained by analyzing im-
ages captured by a specialized video camera and processing them to determine the surface’s relief [43].
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