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Theoretical results of studying thermodynamic and structural characteristics of free 
droplets and bubbles around nanosized solid heterogeneous spherical inclusions using 
phenomenological thermodynamic approach and various versions of the molecular density 
functional method are reviewed. In the case of a droplet in an undersaturated or super-
saturated vapor, the central solid particle is assumed to be lyophilic and can be either 
electrically charged, or uncharged. In the case of a vapor bubble in a stretched liquid, the 
central particle is assumed to be lyophobic and, as in the previous case, can be electri-
cally charged or uncharged. The structure of droplets and bubbles is described by equilib-
rium molecular density profi les. Thermodynamic characteristics imply the chemical 
potential of molecules in a droplet or bubble as a function of their size, the work of form-
ation of equilibrium droplets or bubbles as a function of the chemical potential of molecules 
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Introduction

Heterogeneous formation of particles of a new 
phase on insoluble nanosized solid inclusions is 
a widely abundant fundamental phenomenon that 
can be both desirable and undesirable in practice. 
Conditions for the heterogeneous formation of ther-
modynamically stable particles of a new phase are 
discussed in this article. For this purpose, author´s 
review of the results of theoretical studies performed 
both in terms of the phenomenological thermo-
dynamic approach and using diff erent versions of the 
molecular density functional method of the thermo-
dynamic and structural characteristics of free drop-
lets and bubbles around solid nanoparticles is pre-
sented below. These studies have been carried out 
with the participation of the author of this review for 
more than 25 years since the mid-1990s to 2022. In 
the case of a droplet condensed in undersaturated or 
supersaturated vapor, a solid spherical nanoparticle 
plays the role of the condensation nucleus, which is 
assumed to be well wettable by the liquid of the 
droplet (i.e., lyophilic). This nucleus can bear an 
electrical charge. In the case of formation of a vapor 
bubble in a stretched liquid (under reduced pressure 
relative to the liquid—vapor equilibrium), the central 
particle is assumed to be non-wettable by the sur-
rounding liquid (i.e., lyophobic) and, as in the previ-
ous case, can bear an electrical charge. Speaking 
below about thermodynamic characteristics, we 
imply the chemical potential of molecules in a drop-
let or bubble as a function of the external radius of 
the liquid or vapor shell around the nucleus, the work 
of formation of an equilibrium droplet or bubble as 
a function of supersaturation of the system, and the 
surface tension and disjoining pressure of droplets 
or bubbles as a function of their radius. The structure 
of droplets or bubbles in terms of the molecular 
density functional method is described by equilibrium 
profi les of the molecular density. 

Phenomenological approach
to droplets and bubbles 

The existence in vapor of thermodynamically 
stable free spherical small droplets in the form of 

liquid fi lms around lyophilic solid condensation 
nuclei was fi rst substantiated in the framework of the 
thermodynamic theory.1—3 The main concepts will 
be clarifi ed briefl y. Let a wettable, insoluble, incom-
pressible, and uncharged spherical nucleus of radius 
Rn is situated at the center of the nucleated droplet 
of the liquid of radius R (Fig. 1). The nucleated 
droplet is surrounded from the outside by a vapor—gas 
medium. It is assumed that the droplet and medium 
are at the mechanical and thermal equilibrium, but the 
chemical equilibrium can be absent; i.e., the chem-
ical potential of molecules of the droplet can diff er 
from the chemical potential of vapor molecules. 

The disjoining pressure () exists in thin liquid 
fi lms in which a signifi cant internal overlapping of 
the surface layers is observed from diff erent sides of 
the fi lm. For a planar fi lm,  is equal to4

 = PN – Pl(μ), (1)

where PN is the normal component of the pressure 
tensor in the fi lm, which for the planar fi lm coincides 
with pressure Pg in the gas phase, and Pl(μ) is the 
pressure in the bulk liquid at the same values of 
chemical potential μ and temperature T as those in 
the fi lm. The disjoining pressure of the planar fi lm 
depends on the fi lm thickness h and for a stable fi lm 
is positive.4 

in the system, and the surface tension and disjoining pressure in droplets or bubbles as 
functions of its radius.

Key words: droplet, bubble, condensation nucleus, nucleation, density profi le, disjoin-
ing pressure, surface tension, chemical potential, work of formation.
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Fig. 1. Droplet of radius R on the wettable solid nucleus of 
radius Rn; h = R – Rn is the liquid fi lm thicknes.
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The chemical potential of condensate molecules 
in a droplet of radius R will be designated as μR. Let 
us consider the dependence of μR on radius R in the 
situation shown in Fig. 1. For suffi  ciently small thick-
nesses h = R – Rn, this dependence includes a posi-
tive contribution from the capillary pressure of the 
curved surface of a droplet and a negative contri-
bution from the positive disjoining pressure Π. In 
the main order for curvature 1/R, the following can 
be written1—3:

, (2)

where μ∞ is the chemical potential of the condensate 
corresponding to the liquid—vapor equilibrium at 
the planar interface, γ is the mechanically determined 
surface tension at the liquid—vapor interface, and l 
is the density of the number of molecules in the 
liquid. The Π(h) dependence can be taken the same 
as that for the planar fi lm. 

The characteristic behavior of μR is illustrated in 
Fig. 2, where μ is the specifi ed chemical potential of 
vapor molecules, Re is the radius of the stable drop-
let at equilibrium with vapor, Rc is the radius of the 
unstable (critical) droplet at equilibrium with vapor, 
and Rth is the radius of the droplet at which the 
maximum value μth of the chemical potential of the 
droplet is achieved (radii of the stable and unstable 
droplets at μ = μth coincide with Rth). At μ  μth, the 
droplets cannot be at equilibrium with vapor, which 
means their barrierless nucleation on nuclei and 
further irreversible growth. 

It follows from Fig. 2 that this is the presence of 
the positive disjoining pressure (giving the ascending 

branch of chemical potential μR) in the droplet which 
provides (at a specifi ed chemical potential of vapor) 
two simultaneously existing equilibrium droplet radii 
in supersaturated vapor (i.e., at μ > μ∞), one radius 
in saturated and undersaturated vapor (at μ ≤ μ∞) 
and also causes the existence of the threshold value 
μth of the chemical potential of molecules in vapor 
and, correspondingly, the threshold degree of super-
saturation of vapor beginning from which nucleation 
on the wettable particles occurs without barrier. If 
in Eq. (2) the exponential (Πexp) or power (Πpow) 
approximations of the disjoining pressure isotherms 
for planar liquid fi lms are used4

, , (3)

where λ is the parameter having a sense of correlation 
length in the liquid fi lm formed around the nucleus, 
K  s/λ is the positive parameter of structural repul-
sion,5 s is the coeffi  cient of liquid spreading over the 
planar surface of the condensation nucleus, and A is 
the positive parameter directly proportional to the 
Hamaker constant), then it can be shown6,7 that this 
threshold supersaturation decreases with an increase in 
the nuclei size. This explains condensation in Earth´s 
atmosphere at superlow vapor supersatur ations. 

The combined conditions concerning the ther-
modynamic wetting parameters, disjoining pressure 
isotherms, and condensation nucleus sizes that are 
required for the formation of liquid fi lms uniformly 
covering the condensation nucleus were considered 
in Refs 5, 8, and 9. In addition, the paper10 published 
later should be mentioned, where the chemical po-
tential maximum in a droplet was also discussed 
using the power isotherm of disjoining pressure. 

The further extension of the thermodynamic ap-
proach1—3,6,7 to the case of solid wettable condensa-
tion nuclei with electrical charges was performed in 
the work,11 where the situation of a uniform charge 
distribution over the nucleus surface is considered. 
In particular, the equation for the dependence of the 
chemical potential μR of a molecule in the spherical 
liquid fi lm consisting of polar molecules located on 
a uniformly charged nucleus on the fi lm thickness, 
the condensation nucleus radius, and the value and 
sign of the nucleus charge was derived in the form11:

 (4)

R

R

th



 Rn Re Rth Rc

1

2l/R

Fig. 2. Chemical potential μR vs droplet radius (for clarifi cation, 
see text), l = 1/l. 
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where εg and εl are the dielectric constants in the gas 
and liquid phases, q is the total nucleus charge, and 
k1 and k2 are the coeffi  cients at the linear and square 
contributions of induction to the excess polarization 
at the liquid—vapor interface. Equation (4) can be 
considered as a generalization of the classical equ-
ation derived by J. J. Thomson12 into which Eq. (4) 
transforms if we assume k1 = 0, k2 = 0, and  = 0. 
The qualitative behavior of μR as a function of the 
droplet radius R determined by Eq. (4) is analogous 
to that shown in Fig. 2, but the presence of the cen-
tral charge increases the size of a stable droplet and 
decreases the threshold value of chemical potential 
μth. If assuming q = 0, then the presence of factor 
Rn

2/R2 in front of disjoining pressure (h) in the 
right part of Eq. (4) refi nes the corresponding con-
tribution in Eq. (2).

The theory was also extended over an interesting 
case where the charge is adsorbed in the form of the 
ion on the nucleus surface.13,14 In this case, the 
spherical symmetry of a droplet is violated, and the 
problem on the determination of the non-spherical 
profi le r(θ) of a droplet and chemical potential of 
a molecule in the liquid fi lm becomes substantially 
more complicated (Fig. 3). The diff erential equation 
of the mechanical equilibrium of a curved fi lm15,16 
was taken as the equation for the droplet profi le. In 
the case considered, this equation can be written as 
the following diff erential equation: 

 (5)

where rθ ≡ dr(θ)/dθ, rθθ ≡ d2r(θ)/dθ2, Pl(μ), and 
Pg(μ) are the pressures in the bulk liquid and in the 
gas in the absence of a charge but at the same chem-
ical potential μ and temperature T as in the fi lm in 
the presence of a charge, φl and φg are the electrical 
potentials in the liquid and gas phases in the presence 
of an adsorbed ion in the geometry shown in Fig. 3, 
and n→ is the unit normal to the droplet surface. The 
combined numerical solution of Eq. (5) and Laplace 
equation for the electrical potential in the case of 

low deviations |r(θ) – R|/R << 1, where R is the 
equivalent radius of the sphere the volume of which 
is equal to the droplet volume, made it possible13,14 
to determine the droplet shape in the noncentral 
electrical fi eld and to fi nd the expression for the 
chemical potential of condensate molecules in the 
fi lm as a function of the equivalent curvature radius 
of the fi lm external surface. The exponential (exp) 
and power (Πpow) approximations (3) of the disjoin-
ing pressure isotherms for planar liquid fi lms and 
the two-exponential approximation4 2exp(h) = 
= K1exp(–h/λ1) + K2exp(–h/λ2) with the coeffi  cients 
K1 and K2 having opposite signs, which corresponds 
to the partial wetting of the planar solid surface in 
the absence of an electrical charge, are used in these 
calculations. 

Figure 4 illustrates the results obtained for the 
chemical potential of a molecule in a droplet in the 
case of power approximation Πpow determined by 
Eq. (3). The following values of parameters were 
taken14 for the calculation in Fig. 4: T = 300 K, 
νl = 3.3•10–29 m3, γ = 0.07 N m–1, εg = 1, εl = 80, 
dielectric constant of the nucleus εn = 40, adsorbed 
ion charge q = e = 4.8•10–10 electrostatic units of 
charge, and A = 5•10–16 erg. According to the cal-

Fig. 3. Droplet on the condensation nucleus with the localized 
adsorbed ion; a is the distance from the ion to the center of the 
condensation nucleus, R is the equivalent radius of the sphere, 
the volume of which is equal to the droplet volume, and 
f(θ) ≡ r(θ) – R. Adsorbed ion is designated by a circle with sign 
+ inside. 
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culation results for the power approximation Πpow 
of the disjoining pressure, the presence of an elemen-
tary charge on the surface or at the center of the 
nucleus stops to aff ect the maximum of the chemical 
potential of condensate molecule already for nuclei 
of radius 3.0—3.5 nm. The distinction of eff ects of 
the central and adsorbed elementary charge disap-
pears even earlier: for radii of 2.0—2.5 nm. For 
smaller particles, the adsorbed charge eff ects already 
diff er from the central charge eff ects: they appear as 
a decrease in the threshold values of chemical poten-
tial and vapor supersaturation corresponding to the 
maxima of the curves in Fig. 4 for barrierless nucle-
ation and as an increase in the size of equilibrium 
droplets corresponding to the ascending branch of the 
chemical potential at the left from the maximum μR.

Let us now consider heterogeneous vapor bubbles 
in the stretched liquid including the central solid 
lyophobic particle (Fig. 5). Evidently, the system we 
are interested in (nucleus—vapor interlayer—liquid) 
is contrary, in certain sense, to that shown in Fig. 1. 
It is well known17 that bubbles contacting with hy-
drophobic and hydrophilic solid particles plays an 
important role in the fl otation separation of fi nely 
dispersed suspensions (in particular, for mineral raw 
materials mining) and that the size of particles and 
properties of their surface exert a substantial eff ect 

on the fl otation characteristics of mineral particles. 
A number of works18,19 is devoted to the discussion 
of these characteristics, where rather large bubbles 
with small lyophilic or lyophobic solid particles ad-
sorbed on the surface were considered. We are inter-
ested in ultrasmall heterogeneous vapor bubbles 
around lyophobic particles, since it was mentioned6 
that strong lyophobicity of the nucleus surface should 
be a condition for the existence of a stable free 
bubble around a solid particle in the stretched or 
overheated liquid. However, more detailed thermo-
dynamic consideration of free bubbles around lyo-
phobic particles has not been performed until re-
cently. Homogeneous stable bubbles in confi ned 
systems 20—28 and stable sessile bubbles in the pres-
ence of pinning 29—33 are discussed, but a commonly 
accepted explanation of the stability of nanobubbles 
in bulk phases is still lacking. 

Direct calculations of structural
and thermodynamic characteristics

of droplets and bubbles 

Evidently, possibilities of the phenomenological 
approach to the description of droplets and bubbles 
are restricted by the fact that in nanosized particles 
of the new phase the bulk properties of the phase can 
be unachievable. In particular, the use of tabulated 
values of the surface tension and the disjoining pres-
sure isotherms for planar fi lms (in the case of the 
fi lms on wettable spherical solid particles) is limited 
when the particle radius decreases.15,16 These limits 

Fig. 4. Shifted dimensionless chemical potential of the molecule 
in the droplet vs fi lm radius R for the isotherm of disjoining pres-
sure pow at diff erent radii of the condensation nucleus Rn marked by 
vertical lines: (1, 1´, 1ʺ) at fi xed distance a – Rn = 1•10–10 cm 
of the adsorbed ion from the particle surface; (2, 2´, 2ʺ) for the 
charge of the same value located at the center of the nucleus; 
(3, 3´, 3ʺ) for the uncharged nucleus; and (4) taking into account 
only the contribution associated with the excess Laplace pressure. 
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Fig. 5. Bubble of radius R on the lyophobic nucleus of radius Rn; 
h = R – Rn is the vapor interlayer thickness. 
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along with the escape beyond them can be established 
only in the framework of molecular models of sta-
tistical thermodynamics. The molecular density 
functional is one of the modern methods for the 
direct calculation of structural and thermodynamic 
characteristics of nanodroplets and nanobubbles.34,35

An explicit expression for the grand thermo-
dynamic potential Ω[ρ(r→)] of a droplet—vapor or 
bubble—liquid system as a functional of the local 
density ρ(r→) of the number of fl uid molecules at the 
point with radius r→ is specifi ed in terms of the mo-
lecular density functional method. The fl uid in the 
bulk part of the system can be in the state of vapor 
or liquid. The equilibrium profi les ρe(r→) of the fl uid 
density obtained as a result of the solution of the 
variation problem δΩ[ρ(r→)]/δρ(r→)|ρ=ρe = 0 and corre-
sponding to the saddle point of the grand thermody-
namic potential characterize the unstable equilibrium 
of particles of the new phase. These particles act as 
critical nuclei of the new phase at a specifi ed value of 
the chemical potential of fl uid molecules and have 
a short lifetime. If there are equilibrium density pro-
fi les ρe(r→) corresponding to the minimum of the grand 
thermodynamic potential of the system, they charac-
terize the stable equilibrium of particles of the new phase. 
As we have seen in the thermodynamic analysis of hete-
ro geneous droplets on wettable condensation nuclei in 
the previous section, these particles can exist for an un-
restrictedly long time even in the undersaturated vapor. 

The fi rst results obtained by the molecular density 
functional method for heterogeneous droplets were 
presented in Refs 36—41. The numerical calcul ations 
of the radial profi les were performed in Refs 42 and 
43 for the lyophilic particle—liquid fi lm—vapor 
system at diff erent values of the chemical potential 
of vapor. The gradient method39 of the molecular 
density functional was used, in terms of which the 
grand thermodynamic potential of the system in the 
presence of the liquid fi lm on the charged condens-
ation nucleus was specifi ed as follows42,43:

 
(6)

Integration in Eq. (6) does not involve the nucleus 
volume. Here fhs() is the free energy density of 
molecules interacting as solid spheres, ρ(r→) is the 
local density of the fl uid at the point specifi ed by 
radius r→ in the coordinate system the center of which 

coincides with the solid nucleus center, a is the para-
meter of attraction of fl uid molecules in the mean 
fi eld approximation related to the long-range com-
ponent of the intermolecular potential and, in 
particular, to the energy parameter εff  = a/σ3 for fl uid 
molecules, μ is the chemical potential of fl uid mol-
ecules, C is the parameter that depends on the abso-
lute temperature T and is related to the surface 
tension γ∞ at the planar interface of the liquid and 
gas phases (can approximately be calculated as 
C = 14σ5kBT), kB is the Boltzmann constant, Z is 
the charge of the condensation nucleus in elementary 
charge units e, ε((r→), T) is the local value of static 
dielectric permeability specifi ed as the known func-
tion of the temperature and local density of the fl uid, 
and wnf(r) is the total potential of interaction of the 
nucleus with the fl uid molecule (integral sum of 
interactions with all molecules of the nucleus). Note 
that the electrical contribution in Eq. (6) does not 
describe the eff ect of sign preference for nucleation on 
positively and negatively charged particles related to 
an excess spontaneous surface polarization. As shown 
previously,11 this eff ect is small for nanosized particles. 

For the free energy density fhs() of solid spheres, 
we chose42,43 the van der Waals39 

 (7)

and Carnahan— Starling models44

, (8)

where ν0 is the excluded-volume parameter, th = 
=  is the thermal length of de 
Broglie wave (ћ is Planck´s constant, m is the mass 
of the fl uid molecule), and η = πd3/6 is the dimensi-
onless molecular density of the fl uid (d is the diameter 
of the molecule in the model of solid spheres). The 
potential of the interaction of the nucleus with the fl uid 
molecule wnf(r) was taken in the following form45: 

 
(9)
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where εnf is the Lennard-Jones energy parameter for 
the interaction of solid body and fl uid molecules, n 
is the average molecular density of the solid body, 
σ = (π/6)1/3d, and Rn is the nucleus radius. The fol-
lowing values were taken for the lyophilic nucleus43: 
n = 2.66•1028 m–3 (density of quartz) and the ratio 
of the energy parameters εnf/εff  = εnfσ3/a = 2. 

The numerical calculation results for the density 
profi les in equilibrium argon droplets in the presence 
of capillary, electrostatic, and molecular forces43 is 
shown in Fig. 6. At a specifi ed chemical potential, 
curves 1 and 5 correspond to two profi les around the 
uncharged condensation nucleus (Z = 0) in the pres-
ence of potential wnf(r), curves 2 and 4 correspond 
to two profi les around the charged nucleus at Z = 2 
and wnf(r) = 0, curves 3 and 6 correspond to two 
profi les around the charged nucleus at Z = 2 in the 
presence of potential wnf(r); and curve 7 corresponds 
to droplets without nucleus at Z = 0, wnf(r) = 0, and 
Rn = 0. The profi le in the form of a classical step for 
droplets formed at homogeneous nucleation, when 
an equimolecular surface is chosen as a separating 
surface, is also shown in Fig. 6. 

The minima of the grand thermodynamic poten-
tial Ω (see Eq. (6)) correspond to profi les 1 and 3 in 
Fig. 6, and these profi les characterize stable droplets 
on the condensation nuclei. Profi les 5—7 refer to the 
maxima Ω and describe critical droplets unstable 
toward a change in the number of molecules in them. 

It is seen from Fig. 6 that the profi les of stable and 
critical droplets at a specifi ed slight deviation of the 
chemical potential from its value on the binodal 
nearly coincide for r/σ < 5, and the profi le maxima 
appreciably exceed the density of the bulk liquid. 
This means that the infl uence of the molecular inter-
action with the nucleus becomes predominant near 
the condensation nucleus. 

At the same time, when only the Coulomb electri-
cal fi eld of the nucleus is taken into account at 
wnf(r) = 0, density profi le 2 formally corresponding 
to the stable droplet and profi le 4 for the critical 
droplet near the condensation nucleus do not exceed 
the bulk vapor density. This droplet cannot be con-
sidered as a uniformly covering particle. Thus, we 
are in contradiction with an assumption about the 
radial symmetry of the system and, correspondingly, 
profi les 2 and 4 have no physical sense. 

The fact that the maximum of profi le 1 in Fig. 6 
noticeably exceeds the bulk density of the liquid 
phase at the ratio of energy parameters εnfσ3/a = 2 
means the full wetting of the nucleus surface in the 
presence of these molecular forces. The infl uence of 
the εnfσ3/a ratio on the behavior of the profi les of 
equilibrium droplets was studied.46 The results are 
shown in Fig. 7. It is seen that an increase in the 
energy parameter εnf for the particle—condensate 
molecular interaction leads to an increase in the 

0.6

0.5

0.4

0.3

0.2

0.1



(Rn + )/     r/

1

2

34

5

6

7

Fig. 6. Equilibrium dimensionless density profi les η(r) of the 
number of molecules in argon droplets in supersaturated vapor 
at T = 90 K and at dimensionless shift (μ – μ∞)/kBT = 0.27 of the 
chemical potential of argon molecules from its binodal value43 (for 
clarifi cations, see text). Accepted in calculations: σ = 2.53•10–10 m, 
Δσ = 0.62σ, Rn = 2σ, and a = 3.58•10–49 J m3.

0.7

0.5

0.3

0.1

(r)

(Rn + )/    r/

1

2

3

1

g

Stable 
droplets

Critical 
droplets

Fig. 7. Equilibrium dimensionless density profi les η(r) in the 
argon droplet in supersaturated vapor in the absence of an elec-
trical charge of the nucleus; εnf = 2a/σ3 (1), 6a/σ3 (2), and 
12a/σ3 (3). Temperature T = 90 K and (μ – μ∞)/(kBT) = 0.073. 
Accepted in calculations: σ = 2.53•10–10 m, Δσ = 0.62σ, 
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to the bulk density values for the gas and liquid phases.
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density peak in the fi rst molecular layer around the 
nucleus. 

When the chemical potential increases, the pro-
fi les of stable and critical droplets approach each other 
and merge at some threshold value μth as it was pre-
dicted by the thermodynamic theory.5,11 No solution 
of the variation problem δΩ[ρ(r→)]/δρ(r→)|ρ=ρe = 0 
exists in the form of the equilibrium droplet profi le 
above the μth value, and the lyophilic nucleus—su-
persaturated vapor system is unstable toward the 
spontaneous condensation on the nucleus. 

If radius Rem of the equimolecular separating 
droplet—vapor surface is determined by the equation 

, (10)

then the dependence of the chemical potential of 
a molecule in the droplet on the equimolecular radius 
of the equilibrium heterogeneous droplet taking into 
account the action of capillary, electrostatic, and 
molecular forces can be determined from the equi-
librium profi les (r) at diff erent μ values using 
Eq. (10). This dependence is shown in Fig. 8.46 

Figure 8 shows that all curves of the chemical 
potential of the molecule in the equilibrium hetero-

geneous droplet lie below the curve of the chemical 
potential of the molecule in the homogeneous drop-
let (the case of Rn = 0, Z = 20, εnf = 0). At high 
nucleus charges without molecular fi eld of the nu-
cleus (Z = 0, εnf = 0), the chemical potential curve 
approaches the curve specifi ed by J. J. Thomson´s 
curve.12 However, the (μRem — μ∞)/(kBT) depen-
dences with allowance for the molecular fi eld deviate 
still more and more strongly from this curve as wet-
ting increases with an increase in εnf of the nucleus. 
Figure 8 also shows that the presence of an electrical 
charge and an increase in the lyophilicity of the 
nucleus decrease the chemical potential maximum for 
fl uid molecules in the droplet and, correspondingly, de-
crease the threshold value μth of the chemical poten-
tial of vapor for barrierless heterogeneous nucleation. 

In terms of the phenomenological thermodynamic 
theory, the existence of stable equilibrium hetero-
geneous droplets is caused by the disjoining pressure 
in thin liquid fi lms. The fact that the determined by 
the density functional method dependences of chem-
ical potential μRem on radius Rem of the droplet 
qualitatively coincide with the predictions of the 
thermodynamic theory considered in the previous 
section made it possible to calculate46,47 the disjoin-
ing pressure isotherms in strongly curved liquid fi lms. 
The disjoining pressure isotherms were obtained46 
using Eq. (4) at k1 = 0, k2 = 0, and calculated de-
pendence (μRem — μ∞)/(kBT) for εnfσ3/a = 6 and at 
diff erent nucleus radii Rn (Fig. 9). 
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Fig. 8. Dependences of the shifted dimensionless chemical po-
tential (μRem — μ∞)/(kBT) of the molecule in the argon droplet 
vs equimolecular radius Rem/σ at diff erent ratios εnfσ3/a and 
nucleus charges: εnf = 2a/σ3, Z = 0 (1); εnf = 6a/σ3, Z = 0 (2); 
εnf = 12a/σ3, Z = 0 (3); εnf = 0, Z = 20 (4); εnf = 2a/σ3, Z = 20 (5); 
εnf = 6a/σ3, Z = 20 (6); εnf = 12a/σ3, Z = 20 (7); εnf = 0, Z = 0, 
Rn = 0 (8); and the dependence calculated by J. J. Thomson´s 
equation (9). Accepted in calculations: T = 90 K, Rn = 10σ, 
σ = 2.53•10–10 m, and a = 3.58•10–49 J m3.

Fig. 9. Dimensionless disjoining pressure Π/(kBTl) in an argon 
droplet on the uncharged spherical solid nucleus (Z = 0) as 
a function of the dimensionless thickness of the liquid fi lm 
h/σ = (Rem – Rn)/σ at diff erent nucleus radii: Rn = 10σ (1), 
20σ (2), 30σ (3), and 50σ (4). Accepted in calculations: T = 90 K, 
σ = 2.53•10–10 m, and a = 3.58•10–49 J m3; nucleus wetting was 
specifi ed by the equation εnfσ3/a = 6. Inset: amplifi ed fragment 
of the plot. 
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It is seen from Fig. 9 that the disjoining pressure 
decreases nearly to zero at h/σ > 18. Such a fast 
decrease in the disjoining pressure for droplets on 
small uncharged and charged solid nuclei was con-
sidered6,11,48—50 earlier as satisfying the thermo-
dynamic theory. A similar behavior of the (h) 
isotherms was also obtained37,40 for droplets on 
uncharged nuclei in terms of the nonlocal method 
of the molecular density functional. 

As follows from Fig. 9, the disjoining pressure 
curves for larger nuclei nearly coincide. This can be 
explained by the fact that for these solid nucleus sizes 
the disjoining pressure approaches the limit of the 
solid body—condensate planar interface and remains 
unchanged with the further increase in the size of 
the condensation nucleus. For greater thicknesses, 
all points at Rn > 20σ can be approximated by the 
power approximation pow(h) = 125kBTl(h/σ)–3. 
The exponential approximation pow(h) = 13kBTl
exp[–h/(2.11σ)] gives the best correspondence for 
smaller thicknesses at 5σ < h < 9σ. Note that the 
change of the exponential descend of the disjoining 
pressure for small thickness of droplets by a power 
descend for great thicknesses is in accordance with 
the predictions of the thermodynamic theory.6,7

According to Refs 15 and 16, the condition of 
mechanical equilibrium of the spherical wetting fi lm 
of the liquid on the spherical solid at choosing the 
equimolecular surface fi lm as the external separating 
surface can be written as follows: 

, (11)

where PN(ri) is the normal component of the pressure 
tensor inside the curved fi lm in internal point ri of 
the liquid part of the fi lm near the solid substrate, 
and γem is the surface tension for the equimolecular 
surface; and all values were determined at a specifi ed 
chemical potential for molecules in the fi lm. The 
diff erence (PN(ri) – Pl(μ))15,16,51 was proposed to 
identify with the mechanical determination of the 
disjoining pressure for the spherical fi lm 

. (12)

Note that in addition to the mechanical determin-
ation we can thermodynamically determine the 
disjoining pressure from the equation followed from 
Eq. (11):

. (13)

The normal component of the pressure tensor 
PN(r) in the spherical liquid fi lm can be calculated 
independently by the density functional method and, 
hence, Π(m)(Rem – Rn) can be found independently 
as a function of the fi lm thickness h = Rem – Rn. In 
Eq. (12), position rm of the PN(ri) maximum achiev ed 
near the solid nucleus surface or point rd, where the 
density profi le intersects the line of the volume den-
sity of the liquid (see Fig. 7), seem reasonable to be 
chosen as radius ri. The results of calculations47 by 
Eq. (12) for argon at several values of chemical po-
tential μ (and corresponding Rem, rm, and rd values) 
are shown in Fig. 10. The disjoining pressure of the 
argon fi lm on the planar solid substrate is also shown 
for comparison. As can be seen from Fig. 10, the 
results for the mechanical (when using Eq. (12)) and 
thermodynamic (when using Eq. (13)) determin-
ations of disjoining pressures are very close. The 
disjoining pressure in a stable droplet depends on the 
solid nucleus size and is lower (for each nucleus size) 
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Fig. 10. Dimensionless disjoining pressure σ3/(kBT) in an argon 
droplet on the uncharged spherical solid nucleus as a function 
of the dimensionless thickness of the liquid fi lm h/σ = (Rem – 
Rn)/σ depending on the choice of ri and mechanical (see Eq. (12)) 
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(t) and ri = rd (5). Accepted in calculations: T = 90 K, Rn = 10σ, 
σ = 2.53•10–10 m, and a = 3.58•10–49 J m3; nucleus wetting was 
specifi ed by the equation εnfσ3/a = 6.
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than the disjoining pressure for the planar liquid fi lm. 
The lower Rn, the lower the disjoining pressure at 
the same fi lm thickness. As it was expected, the de-
pendence of  on the choice of point ri is weak. 

There is knowingly no separation of surface layers 
nucleus—liquid and liquid—vapor by the bulk liquid 
interlayer in the case of the equilibrium stable drop-
let around the wettable nucleus. For droplets on 
nanosized nuclei, the disjoining pressure makes the 
main contribution to the overlapping of surface 
layers, and the dependence of the surface tension of 
the droplet on the external radius can be neglected 
against the background of the disjoining pressure. 
The concept of disjoining pressure loses sense for 
nuclei of molecular size, and the dependence of the 
surface tension of the droplet on its radius can be 
substantial. However, the problem of determining 
the radius of the solvate shell for the nucleus in the 
droplet arises in this case as well. The profi les of 
density and thermodynamically determined surface 
tension for equilibrium and critical droplets at several 
sizes of uncharged and charged condensation nuclei 
which were smaller and larger than molecules of the 
condensed substance were calculated in the frame-
work of the gradient method of the molecular density 
functional.52 The calculations were performed for 
argon droplets at diff erent chemical potentials of the 
molecules. The long-range Coulomb potential of 
electrical forces was additionally taken into account 
in the case of ion. The obtained dependences of the 
surface tension of these droplets on their size are 
comparable with the dependence of the surface ten-
sion on the size of the droplet without condensation 
nucleus. In particular, it was shown52 that when 
defi ning the boundary of the fi rst solvate layer around 
the condensation nucleus as a point of intersecting 
of the density profi le (r) with the density line l of 
the liquid phase at a specifi ed chemical potential of 
the molecules, the curves of the surface tension de-
pendence on the radius of the equimolecular surface 
of a small droplet without and with the condensation 
nucleus correspond to the square (with respect to the 
droplet curvature) c = 1/Rem approximation53,54

, (14)

where γ∞ is the surface tension for the liquid—vapor 
planar interface. At T = 90 K for an argon drop-
let without nucleus, the Tolman length (δ∞) is 
δ∞ = –0.19σ and the eff ective rigidity constant 

(κ)55,56 of the surface layer is κ = –1.58σ2. For the 
particle of radius Rn = 0.4σ at the same temperature 
and lyophilicity of the nucleus specifi ed by the ratio 
εnfσ3/a = 12, the following values were obtained52: 
at Z = 0, δ∞ = –0.25σ and κ = –3.70σ2; at Z = 1, 
δ∞ = –0.23σ and κ = –2.90σ2; at Z = 2, δ∞ = –0.21σ 
and κ = –2.12σ2. It is seen that the infl uence of the 
molecular fi eld and electrical fi eld of the nucleus 
slightly aff ects the Tolman length but appreciably 
changes the eff ective rigidity constant of the surface 
layer. 

Now let us consider the results of studying spher-
ical shell vapor interlayers (or concentric nano-
bubbles) around lyophobic surfaces within the mo-
lecular density functional method. Such studies and 
calculations of the structure and thermodynamic 
characteristics of nanobubbles around lyophobic 
surface in the stretched liquid were recently per-
formed in Refs 57—60. The equilibrium molecular 
density profi les around lyophobic nanoparticles 
(without and with an electrical charge) in the stret-
ched argon-like liquid (μ < μ∞) were calculated. As 
for the calculation of profi les of heterogeneous drop-
lets,42—47,52 the grand thermodynamic potential of the 
system Ω in the presence of a vapor fi lm around the 
charged nucleus was specifi ed by functional (6) using 
a combination of the Carnahan—Starling model (8), 
the mean-fi eld model for the interaction of fl uid 
molecules, and the full Lennard-Jones potential of 
interaction between the nucleus and fl uid molecule 
(9). Lyophobicity of the particle was controlled by the 
ratio of energy parameters εnf/εff  of the attraction of 
the nucleus molecules and fl uid molecules. 

The following values were taken57 for the lyophobic 
nucleus: n = 1.07•1027 m–3 (density of paraffi  n) 
and ratio of energy parameters εnf/εff   0.2. The 
calculation results57 for the molecular profi les in the 
case of uncharged nucleus (Z = 0) at εnf/εff  = 0.2 are 
given in Fig. 11.

It is seen from Fig. 11 that there are two equilib-
rium radial density profi les corresponding to two 
diff erent concentric vapor shells around the solid 
nucleus at each of three considered values of chem-
ical potential of the fl uid below its value for the 
liquid—vapor equilibrium with the planar interface. 
At lower values of |μ – μ∞|/(kBT), one of these pro-
fi les is narrow and another is broad, but the diff er-
ence in widths becomes lower with an increase in 
|μ – μ∞|/(kBT). The insertion of the found profi les 
into Eq. (6) for the grand thermodynamic potential 
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Ω showed that the narrower shell is related to the 
minimum Ω = Ωmin and represents a stable nano-
bubble, whereas the broader shell corresponds to the 
maximum Ω = Ωmax and refers to the unstable 
critical nanobubble. From the viewpoint of hetero-
geneous nucleation,6,7 the diff erence Ωmax – Ωmin 
is the most important characteristic since determines 
the activation barrier for the spontaneous nucleation 
of a critical bubble on the lyophobic nucleus. The 
fact that there is a value of chemical potential at 
which this diff erence reaches zero means that begin-
ning from this value the activation barrier for the 
nucleation of heterogeneous bubbles on lyophobic 
particles disappears (Fig. 12).

Equimolecular radii of stable and unstable con-
centric nanobubbles were determined57 symmetri-
cally to Eq. (10) as

. (15)

These radii increase with an increase in the radius 
of the lyophobic solid nucleus. Using Eq. (15), the 
results for the equilibrium density profi les at diff erent 
chemical potentials of the fl uid can be transformed 
into the dependence of the shifted chemical potential 
bRem = (μRem – μ∞)/(kBT) per molecule in the con-
centric vapor shell on radius Rem (Fig. 13).57 It 
is seen that the curve of the dependence of the 
chemical potential of molecules in the bubble with 
the lyophobic nucleus on the bubble radius has 
a minimum below which the heterogeneous nucle-
ation of bubbles becomes thermodynamically bar-
rierless. The appearance of an electrical charge on 
the nucleus shifts the chemical potential minimum 
of the condensate to the lower values and hinders 
bubble nucleation. 

In addition, the dependence of the surface tension 
γ of a bubble on the radius Rem of the equimolecular 
separating surface and charge of the central 
lyophobic nucleus at the heterogeneous nucleation 
of a bubble was studied.57 A monotonic decrease in 
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Fig. 12. Dimensionless diff erence (Ωmax – Ωmin)/(kBT) as 
a function of the shifted dimensionless chemical potential 
b ≡ (μ – μ∞)/(kBT) in liquid argon around an uncharged 
lyophobic particle at T = 90 K, Rn = 10σ, εnf/εff = 0.2, 
σ = 2.53•10–10 m, and a = 3.58•10–49 J m3.

Fig. 11. Equilibrium dimensionless density profi les η(r) = σ3(r) 
in a bubble around a lyophobic particle in the stretched liquid in 
the absence of an electrical charge of the nucleus at three values 
of the shift b = (μ –μ∞)/(kBT) of the chemical potential of fl uid 
molecules: b = –0.174 (1, 6); –0.225 (2, 5); and –0.235 (3, 4); 
εnf/εff  = 0.2, Rn = 10σ. Inset: region of low densities near the 
lyophobic nucleus surface. Temperature 90 K. Accepted in cal-
culations: σ = 2.53•10–10 m, a = 3.58•10–49 J m3, Δσ = 0.62σ.
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the surface tension for critical bubbles with a decrease 
in the radius was observed in the range where the 
results for the profi les of homogeneously and hetero-
geneously formed bubbles are very close. However, 
stable bubbles demonstrate the retardation of a de-
crease in the surface tension and even its increase for 
the smallest stable bubbles. After removal of the 
results of the smallest stable bubbles referred to the 
very thin interlayers, where the solid body—vapor 
and vapor—liquid interfaces are substantially over-
lapped, it was shown57 that the γ(Rem) dependence 
is described by Eq. (14) with the negative curvature for 
bubbles c = –1/Rem. The following Tolman lengths 
and rigidity constants were  obtained at Rn = 0 (homo-
geneous bubble): δ∞ = –0.19σ and κ = –1.42σ2, 
which is suffi  ciently close to the values52 at the same 
temperature T = 90 K and the same thermodynamic 
parameters for homogeneous argon droplets. The 
following values were found at Rn = 10σ, Z = 0, and 
εnf/εff  = 0.2 (heterogeneous bubble): δ∞ = –0.076σ 
and κ = –4.41σ2; at Rn = 10σ, Z = 4, and εnf/εff  = 0.2 
(heterogeneous bubble): δ∞ = –0.076σ and 
κ = –9.53σ2; and at Rn = 10σ, Z = 8, and εnf/εff  = 0.2 
(heterogeneous bubble): δ∞ = –0.076σ and 
κ = –25.2σ2. It was mentioned57 that when taking 
only the points referred to larger bubbles, then the 
δ∞ and κ values become closer to those for the homo-
geneously nucleated bubble. In the general case, it 
can be expected that the infl uence of the central 
electrical fi eld on the surface tension of the vapor 
bubble is stronger than that in the case of the liquid 
droplet,52 since there is no fi eld screening in the 
bubble. As follows from the presented results,57 an 
electrical charge does not aff ect the Tolman length 
δ∞, but the eff ect of an increase in the electrical 
charge of the central particle on the eff ective rigidity 
constant is already strong. This behavior agrees with 
the theoretical predictions in the framework of the 
method of separating Gibbs surfaces.61

The infl uence of the disjoining pressure on the 
equilibrium form of the free nanobubble or nano-
bubble fi xed on the planar substrate in gas-supersat-
urated solutions was considered62 in terms of the fi lm 
thickness functional method in which the grand 
thermodynamic potential of a substrate—bubble—
liquid system is written as a functional of the profi le 
of the bubble shape for the specifi ed isotherm of 
disjoining pressure. The discovered57 radial aniso-
tropy of molecular density in thin equilibrium vapor 
interlayers regularly arises questions about anisotropy 

of the pressure tensor in stable heterogeneous bubbles 
and on the existence of the disjoining pressure in 
such bubbles. Answers to these questions in terms of 
the gradient molecular density functional method 
are given in the works,58,59 where the profi les of the 
normal and tangent components of the local pressure 
tensor were analyzed in argon vapor interlayers near 
the planar substrate and around the spherical nucleus 
in stretched liquid argon at several values of chemi-
cal potential of argon molecules and parameters 
determining lyophobicity of the solid body. The 
calculations showed a signifi cant anisotropy of the 
normal and tangent components of the pressure ten-
sor near lyophobic solid surfaces. The values of 
disjoining pressure were calculated with using the 
mechanical ((m)) and thermodynamical ((t)) 
defi nitions, which were written, unlike Eqs (12) and 
(13), for the spherical interlayer in the form 

 (16)

and

. (17)

The mechanically and thermodynamically deter-
mined values of disjoining pressure coincide within 
the limits of inaccuracy, which is mainly determined 
by using the approximation γem = γ∞ and fi xed choice 
of the point ri = Rn + d/2. The calculation results59 for 
the dimensionless mechanically determined pressure 


 = (m)σ3/(kBT) in the planar (Rn = ∞) and 

spherical vapor argon layer around the uncharged 
spherical lyophobic nucleus at three values of nucleus 
radius Rn are shown in Fig. 14. A decrease in the 
disjoining pressure with an increase in the layer 
thickness (both the planar and spherical cases) indi-
cates the stability of the vapor layers. Interestingly, 
the smaller the lyophobic particle radius, the higher 
the disjoining pressure in the spherical bubble on the 
lyophobic nucleus. Therefore, the disjoining pressure 
in the planar vapor layer is the lowest among the 
others. This is contrary to the case of disjoining pres-
sure in liquid fi lms around the lyophilic particle (see 
Fig. 10). Depending on the degree of lyophobicity, 
the disjoining pressure isotherms change from non-
monotonic to monotonic functions of the vapor layer 
thickness. 
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The gradient version of the molecular density 
functional method inself is a well checked tool for 
the theoretical study of nonhomogeneous systems 
with surface layers between solid, liquid, and gas 
phases.63,64 The gradient method is also interesting 
since its results can be extended not only over molec-
ular systems with the central interaction potential but 
also over systems with polar molecules and noncentral 
interactions. However, a number of principal ques-
tions still remains in terms of the gradient method 
concerned with its application for very thin vapor 
interlayers. These questions are associated with 
boundary conditions imposed on the density profi le 
near the solid surface,41,65—68 with inaccuracy of the 
gradient method depending on the interlayer thick-
ness, and the role of the explicit representation for 
the intermolecular chemical potential. Some answers 
to these questions were obtained60 in the study of ex-
tremes of the grand thermodynamic potential of a solid 
lyophobic nucleus—vapor interlayer—stretched liq-
uid system using the elastic band method69—73 and 
integral nonlocal density functional method.34,35 As 
applied to the nucleation problem, elastic band pushing 
is the method of investigation of the relief of the grand 

thermodynamic potential as a functional in the space 
of density profi les via the optimization of chains of 
the states of the system, which are characterized by 
the values of the grand thermodynamic potential 
accepted in them on going from the initial meta-
stable phase state to the fi nal state with the new phase 
particle.72,73 The initial states of the system and cor-
responding initial values of the grand thermodynamic 
potential at each number i are specifi ed by its starting 
density profi le. In this approach, the solution of the 
corresponding Euler equation for the functional of 
the grand thermodynamic potential is not required 
and, correspondingly, it is not necessary to impose 
boundary conditions on the density profi les on the 
nucleus surface. As a result, this method makes it 
possible to fi nd the path of the minimal diff erence 
in the grand thermodynamic potential that "is passed" 
by the system on going from the initial unstable state 
to the fi nal stable state. Reaching of such a path ac-
cording to the calculations60 is shown in Fig. 15. 

Here the grand thermodynamic potential Ω of 
a lyophobic nucleus—vapor interlayer—stretched 
liquid system is specifi ed by Eqs (6)—(9), and the 
calculations were performed for argon and paraffi  n 
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nucleus. As can be seen from Fig. 15, the optimum 
curve Ω(i) has local minimum and maximum cor-
responding to the minimum and maximum of func-
tional Ω. Thus, a stable vapor bubble around a lyo-
phobic particle also exists in the elastic strip model. 
The agreement of the equilibrium density profi les 
corresponding to the extremes on the optimum curve 
Ω(i) and solutions in the gradient density functional 
method is very good, and the diff erence in the Ω 
values obtained by both methods at the minimum 
and saddle point does not exceed 0.001. Although 
the boundary conditions in the elastic band method 
are not specifi ed, but the density profi les obtained in 
terms of this method, as a result, satisfy the boundary 
conditions (Rn + d/2) = 0 and (r)|r→∞ = l. 

A more general problem about fi nding equilibrium 
profi les of bubbles on solid particles of arbitrary 
lyophobicity was considered74 in the framework of 
the elastic strip method. In this study, no minimum 
in the form of a bubble was observed on the obtained 
optimum curve Ω(i). However, it should be men-
tioned that the nonlocal integral density functional 
method was used in that work in combination with 
taking into account correlations of solid spheres. To 
check whether the presence of the minimum is an 
artifact of the gradient method of the molecular 
density functional method, the density profi les were 
found60 for the free concentric bubble around the 
lyophobic particle using the nonlocal integral method. 
The distinction of the integral density functional 
method is that, in the random phase approximation, 
the grand thermodynamic potential Ω for the par-
ticle—shell—liquid system can be presented as fol-
lows: 

. (18)

In the calculations in Ref. 60, neglecting the cor-
relations of solid spheres, which should not be sub-
stantial for the formation of bubbles on lyophobic 
particles, the free energy density of solid spheres 
fhs() and potential wnf(r) of interaction of the nu-
cleus with the fl uid molecule were taken the same as 
those in Eqs (8) and (9). The central attraction po-
tential between fl uid molecules w(|r→ – r→´|) was taken 

in the form of the Yukawa potential wY(r) = , 
where d is the diameter of the molecule, and a is the 
attraction parameter of fl uid molecules in the mean-

fi eld approximation (the same as that in Eq. (6)) and 
as the Lennard-Jones potential in the Weeks—
Chandler—Andersen form34,35:

, (19)

where ε and σLJ are the parameters of the Lennard-
Jones potential (σLJ ≠ σ). Parameters a and C in 
Eq. (6) are related via the second and fourth integral 
moments of the long-range central potential, respec-
tively.60,76 If taking εff   0.630a/d3 and σLJ  0.5856d, 
then both intermolecular potentials give the same 
contributions to the grand thermodynamic potential 
Ω in the gradient density functional method. 

A comparison of the density profi les of the vapor 
interlayer and bulk liquid obtained by the solution60 
of the variation problem δΩ[(r→)]/δ(r→) = 0 with 
functionals (6) and (18) is shown in Fig. 16. It is seen 
that the stable vapor interlayers corresponding to the 
minimum of the grand thermodynamic potential of 
the system exist in terms of the integral method for 
both models of intermolecular potential. The gradi-
ent method increases the bubble radius and makes 
its density profi le fl atter. The profi les of critical vapor 
interlayers do not virtually diff er from the profi les of 
homogeneous bubbles. The profi les of the stable 
vapor interlayers do not reach zero at r = Rp + d/2 

0.3
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0.1



14 18 22 26 30 r/d
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Fig. 16. Density profi les of stable (curves 1—3) and critical (curves 
4—6) vapor interlayers for fl uids with the Yukawa potential (1, 5), 
with the Lennard-Jones potential (2, 4), and in comparison with 
the profi les for the gradient method (3, 6). Accepted in calcul-
ations: T = 90 K, Rp = 10d, εnf = 0.01a/σ3, n = 1.07•1027 m–3, 
(μ – μ∞)/(kBT) = –0.275, and a = 3.58•10–49 J m3.
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as it takes place for the gradient method. This distinc-
tion was observed previously41 for the fl uid near the 
planar wall possessing only an infi nitely high repul-
sion potential. 

When describing nanodroplets or nanobubbles in 
the framework of the molecular density functional 
method and taking into account the repulsion of 
molecules, the local density of the free energy for the 
equilibrium system of solid spheres should be speci-
fi ed with high accuracy as a function of the local 
density of the number of particles. The questions 
arise how strong is the diff erence between the mo-
lecular density profi les in radially nonuniform spher-
ical small droplets and bubbles and what is the de-
pendence of the surface tension of droplets and 
bubbles on their size when diff erent equations of state 
are used for the description of local contributions of 
solid spheres to the grand thermodynamic potential 
of the molecular fl uid? The molecular density profi les 
in radially nonuniform spherical small droplets and 
bubbles obtained in terms of the molecular density 
functional method for several high-accuracy models 
of the free energy density of solid spheres has recently 
been compared76 for argon. The models following 
from the Carnahan—Starling equation of state,44 
truncated 6th-order Rusanov´s equation,77 and virial 
expansion with eighteen coeffi  cients78 were consid-
ered. It was shown that the choice of the equation of 
state aff ected the values characterizing the two-phase 
equilibrium, for example, the value of chemical 
potential or surface tension for the planar interface 
between the phases and can shift the size of the 
droplet or bubble.

Conclusion

The present review considers the results of the 
theoretical study of the thermodynamic and struc-
tural characteristics of free droplets and bubbles 
around solid nanoparticles obtained in terms of both 
the phenomenological thermodynamic approach and 
diff erent versions of the molecular density functional 
method. It is shown that, for condensation in under-
saturated or supersaturated vapor, the well wettable 
solid spherical nanoparticle plays the role of a con-
densation nucleus on which a thermodynamically 
stable droplet consisted of a thin liquid fi lm around the 
nucleus can be formed due to the disjoining pressure 
in the liquid fi lm. The presence of an electrical charge 

on the condensation nucleus enhances its nucleation 
activity, decreases the chemical potential of mole-
cules in the droplet, and increases the liquid fi lm 
thickness of the stable droplet. The phenomeno-
logical theory1—3,6—11 and results obtained by the 
molecular density functional method42,43,46,47 are 
well consistent for stable droplets with uncharged 
and uniformly charged condensation nucleus. It is 
shown that the classical theory of nucleation on 
charged nuclei based on J. J. Thomson equation12 is 
inappropriate in the case of strong wetting of the 
nucleus. In the case of bubbles, the calculations in 
terms of the density functional method confi rm the 
role of strongly lyophobic particles as nuclei for 
stable bubbles in the stretched liquid.57,60 The 
thermo dynamic and mechanical determinations of 
the disjoining pressure in stable thin interlayers nearly 
coincide for the calculations from the density profi les 
and normal component of the pressure tensor. The 
disjoining pressures in stable spherical liquid droplets 
increase47 with an increase in the nucleus size, 
whereas in vapor fi lms they decrease.58,59 It is 
shown60 that the stable equilibrium density profi les 
found in terms of the gradient method of molecular 
density functional in concentric vapor shells around 
non-wettable nanoparticles in the liquid phase also 
exist in terms of the integral density functional 
method and elastic band method. A specifi c choice 
of various equations of state for a system of solid 
spheres to determine the explicit form of the grand 
thermodynamic potential in the molecular density 
functional method aff ects76 the values characterizing 
the two-phase equilibrium but only slightly aff ects 
the calculated density profi les and coeffi  cients of the 
dependence of the surface tension of stable droplets 
or bubbles on the curvature of their surface. 

A promising trend for further studies of stable 
nanodroplets and nanobubbles is the transition from 
diverse versions of the molecular density method to 
problems with sessile droplets and bubbles in which 
the density profi les stop to be spherically symmet-
ric.74 Solid particles that can possess an arbitrary 
wettability is of interest in this respect. 
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