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Ïðåäèñëîâèå

Äàííîå ïîñîáèå ñîçäàíî íà îñíîâå íåêîòîðîé ÷àñòè ãîäîâîãî êóðñà �Àäàïòàöèîííàÿ
ìàòåìàòèêà�, ââåäåííîãî â ó÷åáíóþ ïðîãðàììó ýêîíîìè÷åñêîãî ôàêóëüòåòà ÑÏáÃÓ ïî
èíèöèàòèâå Î.À.Èâàíîâà è Ï.Ê.×åðíÿåâà. Â íàñòîÿùåå âðåìÿ ïîäîáíûå çàíÿòèÿ îðãà-
íèçîâàíû è â èíñòèòóòå õèìèè. Èçíà÷àëüíî ïëàíèðîâàëîñü, ÷òî ýòà äèñöèïëèíà ïðèçâàíà
ëèêâèäèðîâàòü ïðîáåë â çíàíèÿõ ñîâðåìåííûõ ñòóäåíòîâ, âîçíèêøèé â ñðåäíåé øêîëå, à
èõ óðîâåíü ïîäíÿòü äî òîãî, êîòîðûé èìåëè èõ ñâåðñòíèêè 30 ëåò íàçàä. Íî â ïðîöåññå
ðàáîòû îêàçàëîñü, ÷òî ó ñòóäåíòîâ âîçíèêàåò áîëüøîå êîëè÷åñòâî âîïðîñîâ è ïî òåêóùåìó
ìàòåðèàëó òîæå. Ýòè âîïðîñû áûëè ñîáðàíû è îòñîðòèðîâàíû ïî òåìàì. Èíîãäà ÷èòàòåëþ
áóäåò êàçàòüñÿ, ÷òî âîïðîñû ñëèøêîì ïðîñòûå è èõ íå ñëåäîâàëî îáñóæäàòü â êíèãå. Åñ-
ëè ýòè âîïðîñû âñå-òàêè áûëè çàäàíû, òî ýòî çíà÷èò, ÷òî ñóùåñòâóþò ñòóäåíòû, êîòîðûå
ëèáî äåéñòâèòåëüíî íå çíàëè, êàê ðåøèòü òàêóþ ïðîñòóþ çàäà÷ó, ëèáî õîòåëè óáåäèòüñÿ
â ïðàâèëüíîñòè ñâîèõ çíàíèé.

Ïîñîáèå íàïèñàíî â æàíðå äèàëîãà ñòóäåíòà, ïðèøåäøåãî íà êîíñóëüòàöèþ, è äåæóðíî-
ãî ïðåïîäàâàòåëÿ. Èíîãäà, äëÿ ïîëíîãî îòâåòà íà âîïðîñ, ïðåïîäàâàòåëü, æåëàÿ ïîêàçàòü
îáó÷àþùåìóñÿ ïðîáëåìó ñ ðàçíûõ ñòîðîí, ïðèäóìûâàë ñâîé ïðèìåð. Íåêîòîðûå çàäà÷è
îêàçàëèñü ñëèøêîì ãðîìîçäêèìè. Ïðè èçëîæåíèè â ó÷åáíîì ïîñîáèè îíè ðàçäåëåíû íà
ñåðèè âîïðîñîâ.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòàì çà âíèìàòåëüíîå îòíîøåíèå ê ðóêîïèñè
è ðÿä ïîëåçíûõ çàìå÷àíèé.
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Ãëàâà I. Íåîïðåäåëåííûå èíòåãðàëû

Ðàññìîòðèì íåïðåðûâíûå ôóíêöèè, îïðåäåëåííûå íà ïðîìåæóòêå, êîòîðûé ìîæåò êàê
ñîäåðæàòü êîíöû ïðîìåæóòêà, òàê è íå ñîäåðæàòü èõ. Îáîçíà÷èì ýòîò ïðîìåæóòîê 〈a, b〉.

Âîïðîñ 1.1. Êàêàÿ ðàçíèöà ìåæäó ïîíÿòèÿìè ¾ïåðâîîáðàçíàÿ¿ è ¾íåîïðåäåëåííûé
èíòåãðàë¿?

Êàæäàÿ íåïðåðûâíàÿ ôóíêöèÿ f(x), x ∈ 〈a, b〉, èìååò ïåðâîîáðàçíóþ F (x), x ∈ 〈a, b〉,
êîòîðàÿ îïðåäåëÿåòñÿ ðàâåíñòâîì:

F ′(x) = f(x)⇔ dF (x) = f(x)dx

Â îòëè÷èå îò ïðîèçâîäíîé ôóíêöèè, êîòîðàÿ (åñëè îíà ñóùåñòâóåò) åäèíñòâåííà, ïåð-
âîîáðàçíûõ ó äàííîé ôóíêöèè áåñêîíå÷íîå ìíîæåñòâî, ïðè÷åì âñå îíè îòëè÷àþòñÿ äðóã
îò äðóãà íà ïîñòîÿííûå âåëè÷èíû. Ñîâîêóïíîñòü âñåõ ïåðâîîáðàçíûõ äàííîé ôóíêöèè
èìååò âèä F (x) + C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ìíîæåñòâî ýòèõ ôóíêöèé îáîçíà÷àåòñÿ
∫
f(x)dx è íàçûâàåòñÿ íåîïðåäåëåííûì èíòå-

ãðàëîì ôóíêöèè f(x).
Òàêèì îáðàçîì,

∫
f(x)dx = F (x) + C, ãäå F (x) � êàêàÿ-ëèáî èç ïåðâîîáðàçíûõ.

Ôóíêöèÿ f(x) íàçûâàåòñÿ ïîäûíòåãðàëüíîé ôóíêöèåé, à ¾ïðîèçâåäåíèå¿ f(x)dx
ïîäûíòåãðàëüíûì âûðàæåíèåì. Ó÷èòûâàÿ, ÷òî äèôôåðåíöèàë dx ìîæåò áûòü âîñïðèíÿò,
êàê ñîìíîæèòåëü, ïðè çàïèñè èíòåãðàëà îò äðîáè åãî äàæå ïèøóò â ÷èñëèòåëå, íàïðèìåð:∫

1
1+x2

dx =
∫

dx
1+x2

= arctg x+ C .
Íà ïåðâûé âçãëÿä êàæåòñÿ, ÷òî ìíîæèòåëü dx íå íåñåò äîïîëíèòåëüíîé èíôîðìàöèè è

ïðîñòî ÿâëÿåòñÿ ïðèçíàêîì êîíöà çàïèñè. Ýòî íå ñîâñåì òàê. Åñëè ïåðåìåííûõ â ôóíêöèè
íåñêîëüêî, òî îí ïîêàçûâàåò ïî êàêîé èìåííî èç ïåðåìåííûõ âåäåòñÿ èíòåãðèðîâàíèå. Íà-
ëè÷èå äèôôåðåíöèàëà óäîáíî äëÿ âûïîëíåíèÿ ïîäñòàíîâîê (ñì. íèæå) è èíòåãðèðîâàíèè
ïî ÷àñòÿì. È íàêîíåö, ýòî èñòîðè÷åñêè ñëîæèâøååñÿ îáîçíà÷åíèå ïðèîáðåòàåò ãåîìåòðè-
÷åñêèé ñìûñë äëÿ îïðåäåëåííîãî èíòåãðàëà (ñì. ñëåäóþùóþ ãëàâó).

Â òåìå ¾äèôôåðåíöèàëüíîå èñ÷èñëåíèå¿ äîêàçûâàåòñÿ ñâîéñòâî ëèíåéíîñòè ïðîèçâîä-
íîé: (

α1f1 (x) + . . .+ αnfn (x)
)′

= α1f1
′ (x) + . . .+ αnfn

′ (x) ,

ãäå α1, α2, . . . , αn � ïîñòîÿííûå.

Îòñþäà âûòåêàåò ñâîéñòâî ëèíåéíîñòè íåîïðåäåëåííîãî èíòåãðàëà∫ (
α1f1 (x) + . . .+ αnfn (x)

)
dx = α1

∫
f1 (x) dx+ . . .+ αn

∫
fn (x) dx.

Îñíîâíàÿ çàäà÷à: äëÿ äàííîé ôóíêöèè f(x) íàéòè íåîïðåäåëåííûé èíòåãðàë. Ïðèíÿòî
ãîâîðèòü, ÷òî èíòåãðàë áåðåòñÿ, åñëè ïåðâîîáðàçíûå ìîãóò áûòü çàïèñàíû ñ ïîìîùüþ
ýëåìåíòàðíûõ ôóíêöèé.

Óòâåðæäåíèå, ÷òî èíòåãðàë ¾íå áåðåòñÿ¿, îçíà÷àåò, ÷òî îí íå âûðàæàåòñÿ ÷åðåç ýëå-
ìåíòàðíûå ôóíêöèè.

Íàïðèìåð,
∫

ex

x
dx,

∫
sinx
x
dx,

∫
cosx
x
dx,

∫
dx
lnx

,
∫
earctg xdx,

∫
ex

2
dx,

∫
sinx2dx,

∫
cosx2dx,∫

3
√
x2 + 1 dx,

∫ √
sinx dx,

∫
ln sinx dx íå áåðóòñÿ.

Âîïðîñ 1.2. Êàêèå èíòåãðàëû íàçûâàþò òàáëè÷íûìè?
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Òàáëè÷íûìè íàçûâàþò òå íåîïðåäåë¼ííûå èíòåãðàëû, êîòîðûå íåïîñðåäñòâåííî (èëè ñ
ïîìîùüþ ëèíåéíûõ ïðåîáðàçîâàíèé) ñëåäóþò èç òàáëèöû ïðîèçâîäíûõ îñíîâíûõ ýëåìåí-
òàðíûé ôóíêöèé. Òî åñòü òàáëè÷íûå èíòåãðàëû ýòî íå èíòåãðàëû îò îñíîâíûõ ýëåìåíòàð-
íûõ ôóíêöèé, à èíòåãðàëû, ïðèâîäÿùèå ê îñíîâíûì ýëåìåíòàðíûì ôóíêöèÿì. Ðàññìîò-
ðèì òàáëèöó îñíîâíûõ èíòåãðàëîâ:
I.
∫
xndx = 1

n+1
xn+1 + C (n 6= −1), îòìåòèì, ÷òî n � âåùåñòâåííîå ÷èñëî.

Â ÷àñòíîñòè,
∫
dx = x+ C.

II.
∫
x−1dx = ln |x|+ C, x 6= 0.

Çàìå÷àíèå. Òàê êàê ìû ðàññìàòðèâàåì ôóíêöèè, çàäàííûå íà ïðîìåæóòêàõ, òî ýòó
ôîðìóëó ñëåäóåò ðàññìàòðèâàòü êàê êðàòêóþ çàïèñü äâóõ ðàâåíñòâ∫

1
x
dx = lnx+ C, (x > 0) è

∫
1
x
dx = ln(−x) + C, (x < 0)

III.
∫

sinx dx = − cosx+ C

IV.
∫

cosx dx = sinx+ C

V.
∫

1
cos2 x

dx =
∫

sec2 x dx = tg x+ C

VI.
∫

1
sin2 x

dx =
∫

cosec2 x dx = − ctg x+ C

VII.
∫
axdx = ax

ln a
+ C , ãäå a > 0 è a 6= 1

VIII.
∫
exdx = ex + C

Öåëåñîîáðàçíî òàáëèöó èíòåãðàëîâ äîïîëíèòü ñëåäóþùèìè ôîðìóëàìè

IX.
∫

shx dx = chx+ C

X.
∫

chx dx = shx+ C

XI.
∫

1
ch2 x

dx = thx+ C

XII.
∫

1
sh2 x

dx = − cthx+ C

XIII.
∫

1
x2+a2

dx = 1
a

arctg x
a

+ C , ãäå a 6= 0

XIV.
∫

1
x2−a2 dx = 1

2a
ln
∣∣x−a
x+a

∣∣+ C , ãäå a 6= 0

XV.
∫

1√
a2−x2 dx = arcsin x

a
+ C , ãäå a > 0

XVI.
∫

1√
x2+a

dx = ln
∣∣x+

√
x2 + a

∣∣+ C , ãäå a 6= 0

XVII.
∫

1
sinx

dx = ln
∣∣tg x

2

∣∣+ C

XVIII.
∫

1
cosx

dx = ln
∣∣tg (x

2
+ π

4

)∣∣+ C

XIX.
∫

tg x dx = − ln |cosx|+ C

XX.
∫

ctg x dx = ln |sinx|+ C
Èñïîëüçóÿ òàáëèöó íåîïðåäåë¼ííûõ èíòåãðàëîâ è ôîðìóëó (ñâîéñòâî ëèíåéíîñòè

íåîïðåäåëåííîãî èíòåãðàëà)∫ (
α1f1

(
x
)

+ . . .+ αnfn (x)
)
dx = α1

∫
f1 (x) dx+ . . .+ αn

∫
fn (x) dx,

ìîæíî íàõîäèòü íåîïðåäåëåííûå èíòåãðàëû â ïðîñòåéøèõ ñëó÷àÿõ. Íàïðèìåð, ðàññìîò-
ðèì ìíîãî÷ëåí

f (x) = αnx
n + . . .+ α0 .

Èìååì: ∫
f (x) dx = αn

∫
xndx+ . . .+ α0

∫
dx = αn

xn+1

n+ 1
+ . . .+ α0x+ C .
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Ïîëåçíî âûó÷èòü, ÷òî, åñëè
∫
f(x)dx = F (x) + C, òî

∫
f(ax+ b)dx = 1

a
F (ax+ b) + C .

Ýòîò ôàêò ìîæíî ïðîâåðèòü äèôôåðåíöèðîâàíèåì ðåçóëüòàòà:

(
1

a
F (ax+ b) + C

)′
=

1

a

(
F (ax+b)

)′
+C ′ =

1

a
·f(ax+b)·(ax+b)′+0 =

1

a
·f(ax+b)·a = f(ax+b) .

Ïîëó÷èëàñü ïîäûíòåãðàëüíàÿ ôóíêöèÿ, ÷òî è äîêàçûâàåò ñïðàâåäëèâîñòü ôîðìóëû.

Ïðèìåð 1.1.
∫

sin 3x dx = −1
3
· cos 3x+ C.

Âûâåäåì ôîðìóëû XIII è XV òàáëèöû èíòåãðàëîâ.

Ïðèìåð 1.2. Ïóñòü a 6= 0.

∫
1

x2 + a2
dx =

∫
1

a2
(
x2

a2
+ 1
) dx =

1

a2

∫
1((

x
a

)2
+ 1
) dx =

=
1

a2

∫
1((

1
a
· x
)2

+ 1
) dx =

1

a2 · 1
a

arctg

(
1

a
· x
)

+ C =
1

a
arctg

x

a
+ C.

Ïðèìåð 1.3. Ïóñòü a > 0.

∫
1√

a2 − x2
dx =

∫
1√

a2
(
1− x2

a2

) dx =

∫
1

a
√

1−
(
x
a

)2 dx =

=
1

a

∫
1√

1−
(
1
a
· x
)2 dx =

1

a · 1
a

arcsin

(
1

a
· x
)

+ C = arcsin
x

a
+ C.

Âîïðîñ 1.3. Êàê âû÷èñëÿòü èíòåãðàëû â áîëåå ñëîæíûõ ñëó÷àÿõ?

Ïåðâàÿ èäåÿ ýòî âûïîëíèòü çàìåíó ïåðåìåííûõ (ïîäñòàíîâêó), ïðèâîäÿùóþ èíòåãðàë
ê âèäó, äëÿ êîòîðîãî ìîæíî èñïîëüçîâàòü íåïîñðåäñòâåííîå èíòåãðèðîâàíèå, êàê â ïðèâå-
äåííîì âûøå ïðèìåðå.

Ïîäñòàíîâêè áûâàþò äâóõ òèïîâ: íà íîâóþ ïåðåìåííóþ ìîæíî çàìåíèòü íåêîòîðóþ
ôóíêöèþ èëè íàîáîðîò, ïåðåìåííóþ èíòåãðèðîâàíèÿ ìîæíî çàìåíèòü íà íåêîòðóþ ôóíê-
öèþ îò íîâîé ïåðåìåííîé.

Ðàññìîòðèì ïîäñòàíîâêó x = ϕ(t), ãäå ϕ(t) � ñòðîãî ìîíîòîííàÿ äèôôåðåíöèðóåìàÿ
ôóíêöèÿ.

Òàê êàê dx = ϕ′(t)dt , òî

I =

∫
f(x)dx =

∫
f
(
ϕ(t)

)
ϕ′(t)dt =

∫
g (t) dt.

Åñëè ýòîò èíòåãðàë óäàåòñÿ íàéòè, òî åñòü
∫
g (t) dt = G (t) + C, òî I = G

(
ψ (x)

)
+ C, ãäå

ψ (x) � îáðàòíàÿ ê ϕ(t) ôóíêöèÿ, òî åñòü t = ψ(x).

Ïðèìåð 1.4. I =
∫ √

1− x2 dx, −1 6 x 6 1 .
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Èñïîëüçóåì ïîäñòàíîâêó x = sin t, −π
2
6 t 6 π

2
, cos t > 0 , dx = cos t dt . Òîãäà

I =

∫ √
1− sin2 t cos t dt =

∫ √
cos2 t cos t dt =

∫
cos2 t dt =

=
1

2

∫
(1 + cos 2t)dt =

1

2

∫
dt+

1

2

∫
cos 2t dt =

1

2
· t+

1

2
· 1

2
· sin 2t+ C =

=
1

2
· t+

1

4
· 2 · sin t · cos t+ C .

Òàê êàê t = arcsinx, òî, âîçâðàùàÿñü ê ïåðåìåííîé x, ïîëó÷àåì

I =
1

2
· arcsinx+

1

2
· sin (arcsinx) cos (arcsinx) + C =

=
1

2
· arcsinx+

1

2
· x ·

√
1− sin2 (arcsinx) + C =

1

2
· arcsinx+

1

2
· x ·
√

1− x2 + C .

Âîïðîñ 1.4. Åñëè ðàññìàòðèâàåì ïîäñòàíîâêó x = sin t íà äðóãîì ïðîìåæóòêå ìî-
íîòîííîñòè, íàïðèìåð, ïðè t ∈

[
π
2
; 3π

2

]
, òî íå ïîëó÷èì ëè ìû äðóãîé ðåçóëüòàò?

Íåò, òàê êàê âñå ïåðâîîáðàçíûå îòëè÷àþòñÿ íà ïîñòîÿííóþ. Íàïðèìåð, åñëè t ∈
[
π
2
; 3π

2

]
,

òî cosx 6 0 è ïðè âûïîëíåíèè èíòåãðèðîâàíèÿ

I =

∫ √
1− sin2 t cos t dt =

∫ √
cos2 t cos t dt = −

∫
cos2 t dt =

= −1

2

∫
(1 + cos 2t)dt = −1

2
· t− 1

4
· sin 2t+ C1

íà âûáðàííîì ïðîìåæóòêå èçìåíåíèÿ t

t = ψ (x) = π − arcsinx, õîòÿ x = sin t, êàê è ðàíüøå.

Òîãäà I = −1
2
· π + 1

2
· arcsinx + 1

2
· x ·
√

1− x2 + C1, ÷òî ñîâïàäàåò ñ ïîëó÷åííûì âûøå,
ïîñêîëüêó ìîæíî ïîëîæèòü C = C1 − π

2
.

Äðóãîé òèï ïîäñòàíîâêè t = ϕ(x) ïðèìåíÿåòñÿ ê èíòåãðàëàì âèäà (è íå òîëüêî)

I =

∫
h
(
ϕ(x)

)
ϕ ′(x)dx =

∫
h (t) dt.

Åñëè
∫
h (t) dt áåðåòñÿ, òî åñòü

∫
h (t) dt = H (t) + C, òî I = H

(
ϕ (x)

)
+ C.

Ïðèìåð 1.5.
∫ ϕ′(x)dx

ϕ(x)
.

Çäåñü t = ϕ(x), dt = ϕ′(x)dx, h (t) = 1
t
.

Ñëåäîâàòåëüíî, I =
∫

dt
t

= ln |t|+ C = ln
∣∣ϕ (x)

∣∣+ C.

Âîïðîñ 1.5. Ðàçâå èíòåãðàë â ïðèìåðå 1.4. íåëüçÿ áûëî âçÿòü ñ ïîìîùüþ âòîðîãî
âàðèàíòà çàìåíû ïåðåìåííîé, ïîëîæèâ t = arcsinx?

Äà. Ìîæíî áûëî. È ýòî íåñìîòðÿ íà òî, ÷òî àðêñèíóñà íå áûëî â ïîäûíòåãðàëüíîé
ôóíêöèè! Â êà÷åñòâå ïðèìåðà ïðèâåä¼ì ïîõîæèé íåîïðåäåëåííûé èíòåãðàë.

Ïðèìåð 1.6.
∫

dx
(1+x2)2

.
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Èñïîëüçóåì ïîäñòàíîâêó t = arctg x, õîòÿ íèêàêîãî àðêòàíãåíñà â ïîäûíòåãðàëüíîé
ôóíêöèè íåò. Òîãäà: −π

2
< t < π

2
, x = tg t, dx = dt

cos2 t
, 1 + x2 = 1

cos2 t
, cos2 t = 1

1+x2
.

I =

∫
cos4 t

cos2 t
dt =

∫
cos2 t dt =

1

2

∫
(1 + cos 2t)dt =

=
1

2
·
(
t+

1

2
· sin 2t

)
+ C =

1

2
· t+

1

4
· sin 2t + C =

1

2
· t+

1

4
· 2 · sin t · cos t+ C.

Òàê êàê t = arctg x, òî, âîçâðàùàÿñü ê ïåðåìåííîé x, ïîëó÷àåì

I =
1

2
· t+

1

2
· sin t cos t+ C =

1

2
· t+

1

2
· sin t

cos t
· cos2 t+ C =

=
1

2
· t+

1

2
· tg t · cos2 t+ C =

1

2
· arctg x+

1

2
· x · 1

1 + x2
+ C.

Ïðèìåð 1.7. Â î÷åíü ïðîñòûõ ñëó÷àÿõ ïðèìåíÿþò ïðèåì, íàçûâàåìûé �ïîäâåäåíèå
ôóíêöèè ïîä çíàê äèôôåðåíöèàëà�. I =

∫
esinx cosx dx. Òðóäíî íå ñîãëàñèòüñÿ ñ òåì,

÷òî d(sinx) = cos x dx. Ïîýòîìó I =
∫
esinxd(sinx). Ôàêòè÷åñêè îñóùåñòâëåíà çàìåíà ïå-

ðåìåííîé, ãäå çà íîâóþ ïåðåìåííóþ ïðèíÿòà ôóíêöèÿ sinx áåç ââåäåíèÿ äëÿ ýòîé íîâîé
ïåðåìåííîé êîíêðåòíîé áóêâû. I = esinx + C.

Ïðèìåð 1.8.
∫

dx√
1−tg x cos2 x .

Ââåäåì íîâóþ ïåðåìåííóþ: t = 1 − tg x, òîãäà dt = − 1
cos2 x

dx . Ââåäåíèå òàêîé íîâîé
ïåðåìåííîé îïðàâäàíî, ïîñêîëüêó ïðîèçâîäíàÿ îò íå¼

(
− 1

cos2 x

)
ÿâëÿåòñÿ ñîìíîæèòåëåì

(íàëè÷èå èëè îòñóòñòâèå ìèíóñà èëè ëþáîé äðóãîé êîíñòàíòû-ñîìíîæèòåëÿ ðîëè íå èã-
ðàåò) â ïîäûíòåãðàëüíîé ôóíêöèè. Ïðîèçâåäåì çàìåíó:∫

dx√
1− tg x cos2 x

=

∫
−dt√
t

= −
∫
t−

1
2dt = − t

1
2(
1
2

) + C = −2
√
t+ C = −2

√
1− tg x+ C.

Âîïðîñ 1.6. Èíòåãðàë îò ïðîèçâåäåíèÿ äâóõ ôóíêöèé íå ðàâåí ïðîèçâåäåíèþ èíòå-
ãðàëîâ îò ýòèõ ôóíêöèé. Êàê áûòü â ýòîì ñëó÷àå?

Ðàññìîòðèì ìåòîä �èíòåãðèðîâàíèå ïî ÷àñòÿì�. Îáúÿñíåíèå íà÷íåì ñ ïðàâèëà äèôôå-
ðåíöèðîâàâíèÿ ïðîèçâåäåíèÿ (UV )′ = U ′V + UV ′. Òîãäà UV =

∫
U ′V dx +

∫
UV ′dx. Ýòó

ôîðìóëó îáû÷íî çàïèñûâàþò â âèäå∫
UdV = UV −

∫
V dU.

Åñëè èíòåãðàë, ñòîÿùèé ñïðàâà â äàííîé ôîðìóëå, ïðîùå èíòåãðàëà, ñòîÿùåãî ñëåâà, òî
ïðèìåíåíèå ôîðìóëû èìååò ñìûñë.

Ïðèìåð 1.9. I =
∫
xexdx. Îáîçíà÷èì U = x, dV = exdx, dU = dx, V = ex.

I = xex −
∫
exdx = xex − ex + C.

Åñëè â ñîñòàâå ïîäûíòåãðàëüíîé ôóíêöèè èìååòñÿ ìíîæèòåëü, óïðîùàþùèéñÿ îò äèô-
ôåðåíöèðîâàíèÿ, òî ïðè ïðèìåíåíèè ôîðìóëû

∫
UdV = UV −

∫
V dU ýòîò ìíîæèòåëü

ñëåäóåò ïðèíÿòü çà U , à âñå îñòàâøååñÿ àâòîìàòè÷åñêè îêàæåòñÿ ðàâíî dV .
Íàïðèìåð, äëÿ èíòåãðàëîâ âèäà

∫
P (x) sinαx dx,

∫
P (x) cosαx dx,

∫
P (x) eαx dx, ãäå

P (x) � ìíîãî÷ëåí, çà U ñëåäóåò ïðèíÿòü P (x);
äëÿ

∫
P (x) arcsinx dx,

∫
P (x) arccosx dx,

∫
P (x) arctg x dx,

∫
P (x) arcctg x dx,∫

P (x) lnx dx çà U ïðèíèìàþòñÿ, ñîîòâåòñòâåííî, ôóíêöèè arcsinx, arccosx, arctg x,
arcctg x, lnx.

×àñòî ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïðèõîäèòñÿ ïðèìåíÿòü ïîñëåäîâàòåëüíî
íåñêîëüêî ðàç.
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Ïðèìåð 1.10. I =
∫
x2e−xdx.

Èñïîëüçóåì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì: U = x2, dV = e−xdx, dU = 2x dx,
V = −e−x.

I = −x2e−x + 2
∫
xe−xdx.

Âòîðè÷íî âîñïîëüçóåìñÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì: U = x, dV = e−xdx,
dU = dx, V = −e−x.

I = −x2e−x + 2
(
−xe−x +

∫
e−xdx

)
= −x2e−x − 2xe−x − 2e−x + C.

Âîò åùå îäèí ïîõîæèé ïðèìåð, ïîêàçûâàþùèé, ÷òî åñëè ìåòîä èíòåãðèðîâàíèÿ ÿñåí,
òî òåõíè÷åñêèå òðóäíîñòè, ñâÿçàííûå ñ îáúåìîì ðàáîòû, ïðåîäîëèìû.

Ïðèìåð 1.11. I =
∫

(x3 + 2x2 + 3x+ 4) sinx dx.

Ìíîãî÷ëåí, ÿâëÿþùèéñÿ ñîìíîæèòåëåì ðÿäîì ñ ñèíóñîì, òðåòüåé ñòåïåíè. Êàæäîå
äèôôåðåíöèðîâàíèå áóäåò óìåíüøàòü åãî ñòåïåíü íà åäèíèöó. Ýòî îçíà÷àåò, ÷òî ôîðìóëó
èíòåãðèðîâàíèÿ ïî ÷àñòÿì íóæíî áóäåò ïðèìåíèòü òðè ðàçà.

Ïåðâûé ðàç: U = x3 + 2x2 + 3x + 4, dV = sinx dx, dU = (3x2 + 4x+ 3) dx,
V = − cosx.

I = − (x3 + 2x2 + 3x+ 4) cosx+
∫

(3x2 + 4x+ 3) cosx dx
Âòîðîé ðàç: U = 3x2 + 4x+ 3, dV = cosx dx, dU = (6x+ 4) dx, V = sinx.
I = − (x3 + 2x2 + 3x+ 4) cosx+ (3x2 + 4x+ 3) sinx−

∫
(6x+ 4) sinx dx

Òðåòèé ðàç: U = 6x+ 4, dV = sinx dx, dU = 6 dx, V = − cosx.

I = −
(
x3 + 2x2 + 3x+ 4

)
cosx+

(
3x2 + 4x+ 3

)
sinx−

(
(6x+ 4)(− cosx) +

∫
6 cosx dx

)
=

= −
(
x3 + 2x2 + 3x+ 4

)
cosx+

(
3x2 + 4x+ 3

)
sinx+ (6x+ 4) cosx− 6 sinx+ C =

=
(
−x3 − 2x2 + 3x

)
cosx+

(
3x2 + 4x− 3

)
sinx+ C.

Èíîãäà ïðîñòîå çàäàíèå âûçûâàåò á�îëüøèå òðóäíîñòè, ÷åì ñëîæíîå.

Ïðèìåð 1.12. I =
∫

lnx dx.

Ìîæåò ïîêàçàòüñÿ, ÷òî ïðèìåð íå íà ýòó òåìó. Âåäü ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå
ÿâëÿåòñÿ ïðîèçâåäåíèåì. Íî, òåì íå ìåíåå: U = lnx, dV = dx, dU = 1

x
dx, V = x.

I = x lnx−
∫ (

x · 1
x

)
dx = x lnx−

∫
dx = x lnx− x+ C.

Ïðèâåäåì åùå îäèí òàêîé èíòåãðàë.

Ïðèìåð 1.13. I =
∫

arctg x dx.

Èñïîëüçóåì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì: U = arctg x, dV = dx,
dU = 1

1+x2
dx, V = x.

I = x arctg x−
∫

x
1+x2

dx
Ñäåëàåì íåñëîæíóþ çàìåíó ïåðåìåííîé: t = 1 + x2, dt = 2x dx. Òîãäà
I = x arctg x−

∫
dt
2t

= x arctg x− 1
2
· ln |t|+ C = x arctg x− 1

2
· ln (1 + x2) + C.

Âîïðîñ 1.7. ×òî òàêîå âîçâðàòíûå èíòåãðàëû è ïî÷åìó îíè òàê íàçûâàþòñÿ?

Ñóùåñòâóþò ñëó÷àè, êîãäà ïîâòîðíîå ïðèìåíåíèå ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì
ïðèâîäèò ê óðàâíåíèþ îòíîñèòåëüíî èñêîìîãî èíòåãðàëà. Òàêèå èíòåãðàëû íàçûâàþòñÿ
âîçâðàòíûìè.
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Ïðèìåð 1.14. I =
∫
ex sinx dx.

Èñïîëüçóåì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì: U = sinx, dV = ex, dU = cosx,
V = ex.

I = ex sinx−
∫
ex cosx dx.

Ïîëíîå âïå÷àòëåíèå, ÷òî íè÷åãî íå äîáèëèñü. Âåäü ïîä çíàêîì èíòåãðàëà ñèíóñ ïîìå-
íÿëñÿ íà êîñèíóñ, ÷òî ïî ñòåïåíè ñëîæíîñòè òî æå ñàìîå. Âòîðè÷íî âîñïîëüçóåìñÿ ôîð-
ìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì: U = cosx, dV = ex, dU = − sinx, V = ex.

I = ex sinx−
(
ex cosx+

∫
ex sinx dx

)
= ex sinx− (ex cosx+ I).

Â ðåçóëüòàòå, èñêîìûé èíòåãðàë îêàçàëñÿ âûðàæåí ÷åðåç ñåáÿ. Îñòàëîñü ðåøèòü ïðî-
ñòåéøåå óðàíåíèå I = ex sinx − ex cosx − I. Èìååì: 2I = ex · (sinx− cosx). Â èòîãå ïî-
ëó÷àåì: I = 1

2
· ex · (sinx− cosx). Îñòàëîñü âñïîìíèòü, ÷òî ïîñëå íàõîæäåíèÿ ïåðâîîáðàç-

íîé ê íåé íóæíî ïðèáàâèòü ïðîèçâîëüíóþ ïîñòîÿííóþ è çàïèñàòü îêîí÷àòåëüíûé îòâåò:∫
ex sinxdx = 1

2
· ex · (sinx− cosx) + C.

Èíòåðåñíî, ÷òî èíîãäà âîçâðàòíûé èíòåãðàë ìîæíî âçÿòü è îáû÷íûì ñïîñîáîì.

Ïðèìåð 1.15. I =
∫
ex cosx dx.

Âñïîìíèì çíàìåíèòóþ ôîðìóëó Ýéëåðà èç òåìû ¾Êîìïëåêñíûå ÷èñëà¿:
cosx = eix+e−ix

2
.

I =

∫
ex · e

ix + e−ix

2
dx =

1

2

∫ (
ex+ix + ex−ix

)
dx =

1

2

(
ex(1+i)

1 + i
+
ex(1−i)

1− i

)
+ C =

=
1

2
· e

x+ix(1− i) + ex−ix(1 + i)

(1 + i)(1− i)
+ C =

1

2
· e

xeix(1− i) + exe−ix(1 + i)

12 − i2
+ C

Åñòü åùå ôîðìóëû Ýéëåðà: eix = cosx+ i sinx è e−ix = cosx− i sinx.

I =
1

2
· e

x (cosx+ i sinx) (1− i) + ex (cosx− i sinx) (1 + i)

1 + 1
+ C =

=
ex

4
·
(
cosx+ i sinx− i cosx− i2 sinx+ cosx− i sinx+ i cosx− i2 sinx

)
+ C =

=
ex

4
· (2 cosx+ 2 sinx) + C =

ex(cosx+ sinx)

2
+ C.

Âîïðîñ 1.8. Åñëè ñóùåñòâóþò ¾íåáåðóùèåñÿ¿ èíòåãðàëû, òî ïîëó÷àåòñÿ, ÷òî áå-
ðóòñÿ òîëüêî òå íåîïðåäåëåííûå èíòåãðàëû, äëÿ íàõîæäåíèÿ êîòîðûõ ïîäõîäèò õîòÿ
áû îäèí èç èçâåñòíûõ ïðèåìîâ. Êàêèå åùå ñóùåñòâóþò èäåè äëÿ èíòåãðèðîâàíèÿ, êðîìå
î÷åâèäíûõ çàìåí ïåðåìåííîé è èíòåãðèðîâàíèÿ ïî ÷àñòÿì?

Òàáëèöà îñíîâíûõ òèïîâ íåîïðåäåë¼ííûõ èíòåãðàëîâ è ìåòîäîâ èõ èíòåãðèðîâàíèÿ.

1.
∫
F
(
f (x)

)
f ′ (x) dx Ïîäñòàíîâêà f (x) = t .
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2.
∫
UV ′dx =

∫
UdV Èíòåãðèðîâàíèå ïî ÷àñòÿì ïî ôîðìóëå:∫

udv = uv −
∫
vdu.

Ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïðèìåíèì ê èíòåãðàëàì
âèäà

∫
P (x)f(x)dx, ãäå P (x) � ìíîãî÷ëåí, à f(x) � îäíà èç

ñëåäóþùèõ ôóíêöèé: eax, sin ax, cos ax, lnx, arcsinx, arccosx,
arctg x, arcctg x, à òàêæå ê èíòåãðàëàì îò ïðîèçâåäåíèé ïî-
êàçàòåëüíîé ôóíêöèè íà ñèíóñ èëè êîñèíóñ.
Çà U áåðóò òó ôóíêöèþ, êîòîðàÿ ïðè äèôôåðåíöèðîâà-
íèè óïðîùàåòñÿ, à çà dV � ÷àñòü ïîäûíòåãðàëüíîãî âû-
ðàæåíèÿ, èíòåãðàë îò êîòîðîé ìîæåò áûòü íàéäåí. Íà-
ïðèìåð, äëÿ èíòåãðàëîâ âèäà

∫
P (x)eaxdx,

∫
P (x) sin ax dx,∫

P (x) cos ax dx, ãäå P (x) � ìíîãî÷ëåí, çà U ñëåäóåò ïðèíÿòü
P (x), äëÿ èíòåãðàëîâ âèäà

∫
P (x) lnx dx,

∫
P (x) arcsinx dx,∫

P (x) arccosx dx ,
∫
P (x) arctg x dx,

∫
P (x) arcctg x dx çà U

ïðèíèìàþò, ñîîòâåòñòâåííî, ôóíêöèè lnx, arcsinx, arccosx,
arctg x, arcctg x.

3.
∫

dx
x2+px+q

, ãäå
p2

4
− q < 0

Âûäåëåíèå ïîëíîãî êâàäðàòà

x2 + px+ q =
(
x+ p

2

)2
+
(
q − p2

4

)
Ïîäñòàíîâêà x+ p

2
= t .

4.
∫

Ax+B
x2+px+q

dx, ãäå
p2

4
− q < 0

Âûäåëåíèå â ÷èñëèòåëå äðîáè ïðîèçâîäíîé çíàìåíàòåëÿ:∫
Ax+B
x2+px+q

dx = A
2

∫
2x+p

x2+px+q
dx+

(
B − Ap

2

) ∫
dx

x2+px+q
.

5.
∫
R(x)dx, ãäå çäåñü

è äàëüøå R(x) äðîáíî-
ðàöèîíàëüíàÿ ôóíêöèÿ

Âûäåëåíèå öåëîé ÷àñòè (íàïðèìåð, ñ ïîìîùüþ äåëåíèÿ ìíî-
ãî÷ëåíà íà ìíîãî÷ëåí óãîëêîì) ñ ïîñëåäóþùèì ðàçëîæåíè-
åì çíàìåíàòåëÿ íà ìíîæèòåëè âèäà (x− a)n è (x2 + px+ q)

m

è ïðåäñòàâëåíèÿ îñòàâøåéñÿ äðîáíîé ÷àñòè â âèäå ñóììû
ïðîñòåéøèõ äðîáåé.

6.
∫
R(sinx, cosx)dx Óíèâåðñàëüíàÿ ïîäñòàíîâêà tg x

2
= t èëè, åñëè

R(− sinx, cosx) = −R(sinx, cosx) ïîäñòàíîâêà cosx = t;
åñëè R(sinx,− cosx) = −R(sinx, cosx) ïîäñòàíîâêà sinx = t;
åñëè R(− sinx,− cosx) = R(sinx, cosx) ïîäñòàíîâêà tg x = t.

7. Èíòåãðàë ïðîèçâåäå-
íèÿ ñèíóñîâ è êîñèíó-
ñîâ

Ðàçëîæåíèå ïîäûíòåãðàëüíîé ôóíêöèè ïî ôîðìóëàì:
cosα cos β = 1

2

(
cos(α− β) + cos(α + β)

)
sinα sin β = 1

2

(
cos(α− β)− cos(α + β)

)
sinα cos β = 1

2

(
sin(α− β) + sin(α + β)

)
.

8.
∫

sinm x cosn x dx Åñëè n � íå÷åòíîå ïîëîæèòåëüíîå ÷èñëî, òî ïðèìåíÿþò ïîä-
ñòàíîâêó sinx = t, åñëè æå m � íå÷åòíîå ïîëîæèòåëüíîå
÷èñëî, òî ïðèìåíÿþò ïîäñòàíîâêó cosx = t.

9.
∫

sinm x cosn x dx, ãäå
m è n � ÷åòíûå íåîòðè-
öàòåëüíûå ÷èñëà

Ïðåîáðàçîâàíèå ïîäûíòåãðàëüíîé ôóíêöèè ñ ïîìîùüþ ôîð-
ìóë:
sin2 x = 1−cos 2x

2

cos2 x = 1+cos 2x
2

sinx cosx = 1
2

sin 2x.

10.
∫

sinm x cosn x dx,
ãäå (m+n) � ÷åòíîå îò-
ðèöàòåëüíîå ÷èñëî

Ïîäñòàíîâêà tg x = t.
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11.
∫

tgm x dx è∫
ctgm x dx, ãäå m �

öåëîå ïîëîæèòåëüíîå
÷èñëî

Ïðèìåíåíèå ôîðìóë: tg2 x = sec2 x− 1 èëè
ctg2 x = cosec2 x− 1, ñ ïîìîùüþ êîòîðûõ ïîíèæàþò ñòåïåíü
òàíãåíñà è êîòàíãåíñà.

12.
∫
R ( n
√
x) dx Ïîäñòàíîâêà x = tn, n � íàèìåíüøåå îáùåå êðàòíîå ïîêàçà-

òåëåé âñåõ ðàäèêàëîâ, ïîä êîòîðûìè âõîäèò â ïîäûíòåãðàëü-
íóþ ôóíêöèþ.

13.
∫
R
(
x, n

√
ax+b
cx+d

)
dx Ïîäñòàíîâêà ax+b

cx+d
= tn, ãäå n � íàèìåíüøåå îáùåå êðàòíîå

ïîêàçàòåëåé âñåõ ðàäèêàëîâ, ïîä êîòîðûìè ax+b
cx+d

âõîäèò â
ïîäûíòåãðàëüíóþ ôóíêöèþ.

14.
∫

dx√
ax2+bx+c

Âûäåëåíèå ïîëíîãî êâàäðàòà èç êâàäðàòíîãî òðåõ÷ëåíà.

15.
∫

Ax+B√
ax2+bx+c

dx Âûäåëåíèå â ÷èñëèòåëå ïðîèçâîäíîé êâàäðàòíîãî òðåõ÷ëåíà,
íàõîäÿùåãîñÿ ïîä çíàêîì êîðíÿ â çíàìåíàòåëå:∫

Ax+B√
ax2+bx+c

dx =
∫ A

2a
(2ax+b)x+B−Ab

2a√
ax2+bx+c

dx .

16.
∫

Ax+B
x
√
ax2+bx+c

dx Ïîäñòàíîâêà 1
x

= t .

17.
∫
R
(
x,
√
a2 − x2

)
dx Ïîäñòàíîâêà x = a sin t (èëè x = a cos t).

18.
∫
R
(
x,
√
x2 + a2

)
dx Ïîäñòàíîâêà x = a tg t (èëè x = a ctg t) èëè t = x+

√
x2 + a2 .

19.
∫
R
(
x,
√
x2 − a2

)
dx Ïîäñòàíîâêà x = a

cos t
(èëè x = a

sin t
) èëè t = x+

√
x2 − a2 .

20.
∫
R (ex) dx Ïîäñòàíîâêà ex = t .

Âîïðîñ 1.9. Ïðèâåäèòå ïðèìåðû, èëëþñòðèðóþùèå òàáëèöó.

Ïðèìåð 1.16. Âû÷èñëèòü
∫

dx
x2−6x+18

dx .

Ñì. ïóíêò 3 òàáëèöû (äèñêðèìèíàíò êâàäðàòíîãî òðåõ÷ëåíà â çíàìåíàòåëå ìåíüøå
íóëÿ). Âûäåëèì ïîëíûé êâàäðàò x2 − 6x+ 18 = x2 − 6x+ 9 + 9 = (x− 3)2 + 9 .

Ïîäñòàíîâêà x− 3 = t ñâîäèò èíòåãðàë ê âèäó∫
dt

t2 + 9
=

1

3
· arctg

t

3
+ C =

1

3
· arctg

x− 3

3
+ C.

Ïðèìåð 1.17.
∫

x
2x2−3x+2

dx.

Â ýòîì ñëó÷àå ïîäûíòåãðàëüíàÿ ôóíêöèÿ âèäà: Ax+B
x2+px+q

, p2

4
− q < 0, â ÷èñëèòåëå âîç-

ìîæíî âûäåëèòü ïðîèçâîäíóþ çíàìåíàòåëÿ.∫
x

2x2 − 3x+ 2
dx =

∫ 1
4

(4x− 3) + 3
4

2x2 − 3x+ 2
dx =

=
1

4

∫
4x− 3

2x2 − 3x+ 2
dx+

3

4

∫
1

2x2 − 3x+ 2
dx =

=
1

4

∫
d (2x2 − 3x+ 2)

2x2 − 3x+ 2
dx+

3

4
· 1

2

∫
dx

x2 − 3
2
x+ 1

=

=
1

4
· ln
∣∣2x2 − 3x+ 2

∣∣+
3

8

∫
1

x2 − 3
2
x+ 9

16
+ 7

16

dx =

=
1

4
· ln
(
2x2 − 3x+ 2

)
+

3

8

∫
dx

(x− 3
4
)
2

+
(√

7
4

)2 =

=
1

4
· ln
(
2x2 − 3x+ 2

)
+

3

2
√

7
· arctg

4x− 3√
7

+ C.
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Ïðèìåð 1.18. Âûâåäåì òàáëè÷íûé èíòåãðàë XIV. Ïóñòü a 6= 0.

I =
∫

1
x2−a2 dx. Ðàçëîæèì ïîäûíòåãðàëüíóþ ôóíêöèþ íà ñóììó ïðîñòåéøèõ äðîáåé:

1

x2 − a2
=

1

(x− a)(x+ a)
=

A

x− a
+

B

x+ a

1 = A(x+ a) +B(x− a).

Ïîëàãàÿ x = a ïîëó÷àåì: 1 = 2aA, A = 1
2a
.

Ïðè x = −a: 1 = −2aB, B = − 1
2a
.

Èòàê, ïîäûíòåãðàëüíóþ äðîáü ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîñòåéøèõ äðîáåé:

1

x2 − a2
=

1

2a(x− a)
− 1

2a(x+ a)
.

Ñëåäîâàòåëüíî,

I =

∫ (
1

2a(x− a)
− 1

2a(x+ a)

)
dx =

=
1

2a
ln |x− a| − 1

2a
ln |x+ a|+ C =

1

2a
ln

∣∣∣∣x− ax+ a

∣∣∣∣+ C.

Ïðèìåð 1.19.
∫

x2+1
x(x2−1)dx.

Ñì. ïóíêò 5 òàáëèöû:
x2 + 1

x(x2 − 1)
=

x2 + 1

x(x− 1)(x+ 1)
.

Çíàìåíàòåëü èìååò òîëüêî äåéñòâèòåëüíûå êîðíè, ðàñêëàäûâàåòñÿ íà íåïîâòîðÿþùèåñÿ
ìíîæèòåëè ïåðâîé ñòåïåíè. Ïîýòîìó äàííóþ ïðàâèëüíóþ äðîáü (ñòåïåíü ÷èñëèòåëÿ ìåíü-
øå ñòåïåíè çíàìåíàòåëÿ) ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîñòåéøèõ äðîáåé ñëåäóþùèì
îáðàçîì:

x2 + 1

x(x− 1)(x+ 1)
=

A

x
+

B

x− 1
+

C

x+ 1

x2 + 1 = A (x− 1) (x+ 1) +Bx (x+ 1) + Cx(x− 1).

Ïîëàãàÿ x = 1 ïîëó÷àåì: 2 = 2B, B = 1.
Ïðè x = −1: 2 = 2C, C = 1.
Ïðè x = 0: 1 = −A, A = −1.

Èòàê, ïîäûíòåãðàëüíóþ äðîáü ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîñòåéøèõ äðîáåé:

x2 + 1

x(x− 1)(x+ 1)
= −1

x
+

1

x− 1
+

1

x+ 1
.

Ñëåäîâàòåëüíî, ∫
x2 + 1

x(x2 − 1)
dx = −

∫
dx

x
+

∫
dx

x− 1
+

∫
dx

x+ 1
=

= − ln |x|+ ln |x− 1|+ ln |x+ 1|+ C = ln

∣∣∣∣x2 − 1

x

∣∣∣∣+ C.

Ðàçóìååòñÿ, òî ÷èñëî C, êîòîðîå áûëî ðàâíî åäèíèöå, è êîòîðûì áûë âðåìåííî îáîçíà÷åí
÷èñëèòåëü òðåòüåé äðîáè íå èìååò íè ìàëåéøåãî îòíîøåíèÿ ê ïðîèçâîëüíîé ïîñòîÿííîé,
ïðèáàâëåííîé ê íàéäåííîé ïåðâîîáðàçíîé â êîíöå ðåøåíèÿ.
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Ïðèìåð 1.20.
∫

x3+x2+2
(x2+2)2

dx.

Ðàçëîæèì ïðàâèëüíóþ ðàöèîíàëüíóþ äðîáü íà ïðîñòåéøèå äðîáè.

x3+x2 + 2

(x2 + 2)
2 =

Ax+B

(x2 + 2)
2 +

Cx+D

x2 + 2

x3 + x2 + 2 = Ax+B + (Cx+D)
(
x2 + 2

)
x3 + x2 + 2 = Ax+B + Cx3 +Dx2 + 2Cx+ 2D.

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x:

x3 1 = C

x2 1 = D

x 0 = A+ 2C

x0 2 = B + 2D

Èìååì A = −2, B = 0, C = 1, D = 1∫
x3 + x2 + 2

(x2 + 2)
2 dx =

∫
−2x

(x2 + 2)
2dx+

∫
x+ 1

(x2 + 2)
dx =

= −
∫
d(x2 + 2)

(x2 + 2)
2 +

1

2

∫
d(x2 + 2)

(x2 + 2)
+

∫
dx

(x2 + 2)
=

=
1

x2 + 2
+

1

2
ln (x2 + 2) +

1√
2

arctg
x√
2

+ C.

Ïðèìåð 1.21. Èíòåãðèðîâàíèå íåïðàâèëüíîé ðàöèîíàëüíîé äðîáè∫
x3+x2

x2 − 6x+ 5
dx.

Ïåðåä èíòåãðèðîâàíèåì íåïðàâèëüíîé ðàöèîíàëüíîé äðîáè ñëåäóåò âûäåëèòü ó íåå
öåëóþ ÷àñòü, òî åñòü ïðåäñòàâèòü â âèäå: P (x)

Q(x)
= M (x) + P1(x)

Q(x)
, ãäå M (x) � ìíîãî÷ëåí, à

P1(x)
Q(x)

� ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü.
Çäåñü ñòåïåíü ÷èñëèòåëÿ ïîäûíòåãðàëüíîé äðîáè áîëüøå ñòåïåíè çíàìåíàòåëÿ. Âûäå-

ëèì öåëóþ ÷àñòü äðîáè:
x3 + x2 x2 − 6x+ 5

x3−6x2 + 5x x+ 7

7x2− 5x

7x2−42x + 35

37x − 35
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Èìååì: ∫
x3+x2

x2 − 6x+ 5
dx =

∫ (
x+ 7 +

37x− 35

x2 − 6x+ 5

)
dx

37x− 35

x2 − 6x+ 5
=

A

x− 1
+

B

x− 5

37x− 35 = A(x− 5) +B(x− 1)

37x− 35 = Ax− 5A+Bx−B{
37 = A+B

−35 = −5A−B
⇔

{
37− 35 = −4A

−35 = −5A−B
⇔


A = −1

2

−70

2
= 5 · 1

2
−B

⇔


A = −1

2

B =
75

2∫
x3+x2

x2 − 6x+ 5
dx =

∫
x dx+ 7

∫
dx− 1

2

∫
dx

x− 1
+

75

2

∫
dx

x− 5
=

=
x2

2
+ 7x− 1

2
· ln |x− 1|+ 75

2
· ln |x− 5|+ C.

Ïðèìåð 1.22. Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé.∫ √
1− x
1 + x

dx (Áåðìàí Ã.Í. çàäà÷à �1175)

∫ √
1− x
1 + x

dx =

∫
1− x√
1− x2

dx =

∫
1√

1− x2
dx−

∫
x√

1− x2
dx =

= arcsinx+
1

2

∫
d (1− x2)√

1− x2
= arcsinx+

√
1− x2 + C .

Ïðèìåð 1.23. Âûâåäåì ôîðìóëó XVII òàáëèöû íåîïðåäåë¼ííûõ èíòåãðàëîâ.

I =

∫
1

sinx
dx =

∫
1

2 sin x
2

cos x
2

dx =

∫
1

2
sin x

2

cos x
2

cos2 x
2

dx =

∫
1

2 tg x
2

cos2 x
2

dx.

Ñäåëàåì çàìåíó ïåðåìåííîé t = tg x
2
, dt = 1

cos2 x
2
· 1
2
dx.

I =

∫
dt

t
= ln |t|+ C = ln

∣∣∣tg x
2

∣∣∣+ C.

Ïðèìåð 1.24. Âûâåäåì ôîðìóëó XVIII òàáëèöû íåîïðåäåë¼ííûõ èíòåãðàëîâ.

∫
1

cosx
dx =

∫
1

sin
(
x+ π

2

)dx = ln

∣∣∣∣tg x+ π
2

2

∣∣∣∣+ C = ln
∣∣∣tg (x

2
+
π

4

)∣∣∣+ C.

Ïðèìåð 1.25. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

I =

∫
sin

5
7 x cos3 x dx.

Ñîãëàñíî ïóíêòó 8 òàáëèöû (ñòåïåíü êîñèíóñà íå÷åòíîå ïîëîæèòåëüíîå ÷èñëî) ïîäñòà-
íîâêà sinx = t, dt = cosx dx ñâîäèò èñõîäíûé èíòåãðàë ê ñëåäóþùåìó:

I =

∫
sin

5
7 x cos2 x cosx dx =

∫
sin

5
7 x
(
1− sin2 x

)
cosx dx =

∫
t
5
7 (1− t2)dt =

=

∫
t
5
7dt−

∫
t
19
7 dt =

7

12
· t

12
7 − 7

26
· t

26
7 + C =

7

12
· sin

12
7 x− 7

26
· sin

26
7 x+ C.
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Ïðèìåð 1.26.
∫

cos2 x
sin8 x

dx.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÷åòíàÿ îòíîñèòåëüíî ñèíóñà è êîñèíóñà:

(− cosx)2

(− sinx)8
=

cos2 x

sin8 x
.

Ïîëàãàåì (ïóíêò 6 òàáëèöû): tg x = t. Òîãäà

sinx =
tg x√

1 + tg2 x
=

t√
1 + t2

, sin8 x =
t8

(1 + t2)4
,

cosx =
1√

1 + tg2 x
=

1√
1 + t2

, x = arctg t, dx =
dt

1 + t2
, cos2 x =

1

1 + t2
.

Èìååì: ∫
cos2 x

sin8 x
dx =

∫
(1 + t2)

4
dt

(1 + t2) t8 (1 + t2)
=

∫
(1 + t2)

2

t8
dt =

∫
1 + 2t2 + t4

t8
dt =

=

∫
dt

t8
+ 2

∫
dt

t6
+

∫
dt

t4
= −t

−7

7
+ 2 · t

−5

−5
+
t−3

−3
+ C =

= − 1

7 tg7 x
− 2

5 tg5 x
− 1

3 tg3 x
+ C.

Ïðèìåð 1.27. Óêàçàííûå îáùèå ìåòîäû èíòåãðèðîâàíèÿ íå ñëåäóåò ïðèìåíÿòü, êî-
ãäà âèäåí áîëåå ïðîñòîé ïóòü. Íàïðèìåð, äëÿ íàõîæäåíèÿ èíòåãðàëà

∫
x4

x5−1dx íå ñëåäóåò
ðàñêëàäûâàòü ïîäûíòåãðàëüíóþ äðîáü íà ïðîñòåéøèå, òàê êàê x4dx = d (x5 − 1).

∫
x4

x5 − 1
dx =

∫
d (x5 − 1)

x5 − 1
= ln

∣∣x5 − 1
∣∣+ C.

Ïðèìåð 1.28.
∫

dx
x4(x2+1)

.

Åñëè ïðåäñòàâèòü ïîäûíòåãðàëüíóþ ôóíêöèþ ïîñëåäîâàòåëüíî â âèäå ñóììû áîëåå
ïðîñòûõ äðîáåé, òî èíòåãðàë ñâîäèòñÿ ê ñóììå òàáëè÷íûõ èíòåãðàëîâ∫

dx

x4(x2 + 1)
=

∫
(x2 + 1)− x2

x4(x2 + 1)
dx =

∫
dx

x4
−
∫

dx

x2(x2 + 1)
=

=

∫
dx

x4
−
∫

(x2 + 1)− x2

x2(x2 + 1)
dx =

∫
dx

x4
−
∫
dx

x2
+

∫
dx

x2 + 1
=

= − 1

3x3
+

1

x
+ arctg x+ C.

Ïðèìåð 1.29. Âûâåäåì òàáëè÷íûé èíòåãðàë XVI. Ïóñòü a 6= 0.

I =
∫

dx√
x2+a

.

Ïðîèçâåäåì çàìåíó, íàçûâàåìóþ ¾çàìåíîé Ýéëåðà¿: t = x+
√
x2 + a, t− x =

√
x2 + a,

(t− x)2 =
(√

x2 + a
)2
, t2 − 2xt+ x2 = x2 + a, t2 − 2xt = a, t2 − a = 2xt, x = t2−a

2t
,

dx =
2t·2t−2(t2−a)

(2t)2
dt =

2t2−(t2−a)
2t2

dt = t2+a
2t2

dt,
√
x2 + a = t− x = t− t2−a

2t
= 2t2−t2+a

2t
= t2+a

2t
.

Òîãäà:

I =

∫ (
t2+a
2t2

dt
)

(
t2+a
2t

) =

∫
dt

t
= ln |t|+ C = ln

∣∣∣x+
√
x2 + a

∣∣∣+ C.
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Ïðèìåð 1.30. I =
∫ √

x2 + 1 dx.

Ïðèìåíèì çàìåíó Ýéëåðà: t = x+
√
x2 + 1, t− x =

√
x2 + 1,

(t− x)2 =
(√

x2 + 1
)2
, t2 − 2xt+ x2 = x2 + 1, t2 − 2xt = 1, t2 − 1 = 2xt, x = t2−1

2t
,

dx =
2t·2t−2(t2−1)

(2t)2
dt =

2t2−(t2−1)
2t2

dt = t2+1
2t2

dt,
√
x2 + 1 = t− x = t− t2−1

2t
= 2t2−t2+1

2t
= t2+1

2t
.

Òîãäà:

I =

∫ (
t2 + 1

2t
· t

2 + 1

2t2

)
dt =

∫
t4 + 2t2 + 1

4t3
dt =

∫ (
t

4
+

1

2t
+

1

4t3

)
dt =

=
t2

8
+

1

2
ln |t| − 1

8t2
+ C =

(
x+
√
x2 + 1

)2
8

+
1

2
ln
∣∣∣x+

√
x2 + 1

∣∣∣− 1

8
(
x+
√
x2 + 1

)2 + C.

Ïðèìåð 1.31. I =
∫

dx
e2x(ex+1)

.

Ñì. ïóíêò 20 òàáëèöû. Îñóùåñòâèì çàìåíó t = ex, dt = exdx, dx = dt
ex

= dt
t
. Òîãäà

I =

∫
dt

t · t2(t+ 1)
=

∫
dt

t3(t+ 1)

1

t3(t+ 1)
=
A

t
+
B

t2
+
C

t3
+

D

t+ 1

1 = At2(t+ 1) +Bt(t+ 1) + C(t+ 1) +Dt3

1 = At3 + At2 +Bt+Bt2 + Ct+ C +Dt3.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t, èìååì:

t3 0 = A+D

t2 0 = A+B

t 0 = B + C

t0 1 = C

Ïîëó÷èëè: A = 1, B = −1, C = 1, D = −1.

I =

∫ (
1

t
− 1

t2
+

1

t3
− 1

t+ 1

)
dt = ln |t|+ 1

t
− 1

2t2
− ln |t+ 1|+ C =

= ln |ex|+ 1

ex
− 1

2 (ex)2
− ln |ex + 1|+ C = x+

1

ex
− 1

2e2x
− ln (ex + 1) + C.

Âîïðîñ 1.10. ×òî òàêîå ïîäñòàíîâêè ×åáûøåâà?

Ðóññêèé ìàòåìàòèê Ï.Ë. ×åáûøåâ ïîêàçàë, ÷òî èíòåãðàë âèäà
∫
xm (a+ bxn)p dx, ãäå

m, n, p � ðàöèîíàëüíûå ÷èñëà, âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè ëèøü òîãäà,
êîãäà îäíî èç ÷èñåë p, m+1

n
, m+1

n
+ p � öåëîå.

Ñ ïîìîùüþ ïîäñòàíîâêè
1) x = ts, ïðè p � öåëîì îòðèöàòåëüíîì, m = q

s
, n = r

s
, ãäå q, r è s � öåëûå ÷èñëà;

2) a+ bxn = t ïðè m+1
n

� öåëîì;

3) a
xn

+ b = t ïðè m+1
n

+ p � öåëîì.

Ýòè èíòåãðàëû ñâîäÿòñÿ ê ðàíåå ðàññìîòðåííûì.

Ïðèìåð 1.32.
∫ √

x

(1+ 3√x)
2 dx.

18



p < 0, m =
1

2
=

3

6
, n =

1

3
=

2

6

Ñ ïîìîùüþ ïîäñòàíîâêè x = t6,
√
x = t3, 3

√
x = t2, dx = 6t5dt èíòåãðàë ñâîäèòñÿ ê:∫

6t8

(1 + t2)2
dt = 6

∫ (
t4 − 2t2 + 3− 4t2 + 3

(1 + t2)2

)
dt

4t2 + 3

(1 + t2)2
=

At+B

(1 + t2)2
+
Ct+D

(1 + t2)

4t2 + 3 = At+B + (Ct+D)
(
1 + t2

)
4t2 + 3 = At+B + Ct+D + Ct3 +Dt2

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t, èìååì:

t3 0 = C

t2 4 = D

t 0 = A+ C

t0 3 = B +D

Ïîëó÷èëè: A = 0, B = −1, C = 0, D = 4.∫
4t2 + 3

(1 + t2)2
dt = −

∫
dt

(1 + t2)2
+

∫
4 dt

1 + t2

Ïîëüçóÿñü ñëó÷àåì, âûâåäåì ðåêóððåíòíóþ ôîðìóëó äëÿ èíòåãðàëà In =
∫

dt
(1+t2)n

ïðè n > 2 è òîãäà èíòåãðàë (êîòîðûé óæå áûë íàéäåí â ïðèìåðå 1.6) áóäåò îáîçíà÷àòüñÿ

I2 =

∫
dt

(1 + t2)2

In =

∫
dt

(1 + t2)n
=

∫
1 + t2 − t2

(1 + t2)n
dt =

∫
dt

(1 + t2)n−1
−
∫

t2dt

(1 + t2)n
= In−1 −

∫
t2dt

(1 + t2)n

Ïîñëåäíèé èíòåãðàë âîçüìåì ïî ÷àñòÿì, ïîëîæèâ U = t, dV = tdt
(1+t2)n

V =

∫
tdt

(1 + t2)n
=

1

2

∫
d (1 + t2)

(1 + t2)n
=

1

2
· (1 + t2)

−n+1

−n+ 1
= − 1

2n− 2
· 1

(1 + t2)n−1

In = In−1 −
(
− 1

2n− 2
· 1

(1 + t2)n−1
· t+

∫
1

2n− 2
· 1

(1 + t2)n−1
dt

)
In = In−1 −

(
− 1

2n− 2
· 1

(1 + t2)n−1
· t+

1

2n− 2
· In−1

)
In = In−1 +

1

2n− 2
· 1

(1 + t2)n−1
· t− 1

2n− 2
· In−1

In =
1

2n− 2
· t

(t2 + 1)n−1
+

2n− 2− 1

2n− 2
· In−1

Òàêèì îáðàçîì, ïðèøëè ê ðåêóððåíòíîé ôîðìóëå:

In =
1

2n− 2
· t

(t2 + 1)n−1
+

2n− 3

2n− 2
· In−1, n > 2
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Ïðèìåíÿÿ ïîëó÷åííóþ ôîðìóëó ïðè n = 2, ïîëó÷èì

I2 =

∫
dt

(t2 + 1)2
=

t

2 (t2 + 1)
+

1

2

∫
dt

t2 + 1
=

t

2 (t2 + 1)
+

1

2
arctg t+ C

×òî ñîâïàäàåò ñ îòâåòîì â ïðèìåðå 1.6.
Èìååì:∫

4t2 + 3

(1 + t2)2
dt = − t

2 (t2 + 1)
− 1

2
arctg t+ 4 arctg t+ C = − t

2 (t2 + 1)
+

7

2
arctg t+ C∫

6t8dt

(t2 + 1)2
= 6 · t

5

5
− 4t3 + 18t+

3t

t2 + 1
− 21 arctg t+ C =∫ √

x

(1 + 3
√
x)

2dx = 6 ·
6
√
x5

5
− 4
√
x+ 18 6

√
x+

3 6
√
x

3
√
x+ 1

− 21 arctg 6
√
x+ C

Ïðèìåð 1.33.
∫
x3(1− x2)−3/2dx

m = 3, n = 2, p = −3
2
.

Ïðèìåíèâ ïîäñòàíîâêó 1− x2 = t, −2x dx = dt, x2 = 1− t èìååì∫
x3(1− x2)−3/2 dx = −1

2

∫
t−3/2 (1− t) dt =

1

2

∫ (
−t−3/2 + t−1/2

)
dt =

= t−1/2 + t1/2 + C =
1√

1− x2
+
√

1− x2 + C.

Ïðèìåð 1.34.
∫
x
√

1+x4 dx

m = 1, p =
1

2
, n = 4,

m+ 1

n
+ p =

2

4
+

1

2
= 1.

Ïîýòîìó ïðèìåíÿåì ïîäñòàíîâêó

1

x4
+ 1 = t, x = (t− 1)−

1
4 , dx = −1

4
(t− 1)

− 5
4

dt;∫
x
√

1+x4 dx =

∫
x

√
x4
(

1

x4
+ 1

)
dx =

∫
x3
√

1

x4
+ 1 dx =

=

∫
(t− 1)−

3
4 · t

1
2 ·
(
−1

4
(t− 1)−

5
4

)
dt = −1

4

∫
t
1
2 (t− 1)−2dt = −1

4

∫ √
t

(t− 1)2
dt

Ñîãëàñíî ïóíêòó 12 òàáëèöû
√
t = z, t = z2, dt = 2z dz.

Òîãäà ∫
x
√

1 + x4 dx = −1

4

∫ √
t

(t− 1)2
dt = −1

4

∫
z · 2z

(z2 − 1)2
dz.
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Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

U = z, dU = dz, dV =
2z dz

(z2 − 1)2
=
d (z2 − 1)

(z2 − 1)2
, V = − 1

z2 − 1
.∫

x ·
√

1+x4 dx =
z

4(z2 − 1)
− 1

4

∫
dz

z2 − 1
=

=
z

4 (z2 − 1)
− 1

8

∫
(z + 1)− (z − 1)

(z + 1) (z − 1)
dz =

=
z

4 (z2 − 1)
− 1

8

∫ (
1

z − 1
− 1

z + 1

)
dz =

=
z

4 (z2 − 1)
− 1

8
ln |z − 1|+ 1

8
ln |z + 1|+ C =

=
z

4 (z2 − 1)
+

1

8
ln

∣∣∣∣z + 1

z − 1

∣∣∣∣+ C =

=

√
t

4 (t− 1)
+

1

8
ln

∣∣∣∣√t+ 1√
t− 1

∣∣∣∣+ C =

=

√
1
x4

+ 1

4
(

1
x4

+ 1− 1
) +

1

8
ln

∣∣∣∣∣∣
√

1
x4

+ 1 + 1√
1
x4

+ 1− 1

∣∣∣∣∣∣+ C =

=
1

4
x2
√

1+x4 +
1

8
ln

∣∣∣∣∣
√

1+x4 + x2√
1+x4 − x2

∣∣∣∣∣+ C.

Âîïðîñ 1.11. I =
∫
ex

2
(2x2 + 1) dx. ×òî äåëàòü â ýòîì ñëó÷àå? Âåäü åñëè âîñïîëü-

çîâàòüñÿ ñâîéñòâîì ëèíåéíîñòè I =
∫

2x2ex
2
dx +

∫
ex

2
dx, òî ïîëó÷èòñÿ ñóììà íåáåðó-

ùèõñÿ èíòåãðàëîâ.

Íóæíî ïîìíèòü àêñèîìó, ÷òî åñëè çàäà÷à äàíà íà êîíòðîëüíîé ðàáîòå, òî îíà èìååò
ðåøåíèå. Ïðèìåíèì ê ïåðâîìó ñëàãàåìîìó ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì U = x,
dV = 2xex

2
dx, dU = dx, V = ex

2
. Òîãäà

I =
∫

2x2ex
2
dx+

∫
ex

2
dx = xex

2 −
∫
ex

2
dx+

∫
ex

2
dx = xex

2
+ C .

Âîïðîñ 1.12. ×òî äåëàòü, åñëè â ðåàëüíîé äåÿòåëüíîñòè ïîñëå îêîí÷àíèÿ óíèâåðñè-
òåòà ïîíàäîáèòñÿ íàéòè èíòåãðàë, íå âûðàæàþùèéñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè?

Òàêîå âïîëíå ìîæåò ñëó÷èòüñÿ è âî âðåìÿ îáó÷åíèÿ â óíèâåðñèòåòå. Íàïðèìåð, â äèñ-
öèïëèíå ¾Òåîðèÿ âåðîÿòíîñòåé¿ áîëüøîå çíà÷åíèå èìååò èíòåãðàë, ëèíåéíî âûðàæàåìûé
÷åðåç

∫
e−x

2
dx. Ìîæíî íàõîäèòü âûðàæåíèÿ äëÿ èíòåãðàëîâ îò ñëîæíûõ ôóíêöèé, èñïîëü-

çóÿ ïðåäñòàâëåíèÿ ïîñëåäíèõ â âèäå ðàâíîìåðíî ñõîäÿùèõñÿ ñòåïåííûõ ðÿäîâ è âîçìîæ-

íîñòü ïî÷ëåííîãî èíòåãðèðîâàíèÿ òàêèõ ðÿäîâ. Äëÿ ýòîãî íóæíî çíàòü, ÷òî ex =
∞∑
n=0

xn

n!
.

Òîãäà ∫
e−x

2

dx =

∫ ∞∑
n=0

(−x2)n

n!
dx =

∞∑
n=0

∫
(−1)nx2n

n!
dx =

∞∑
n=0

(
(−1)n

n!

∫
x2ndx

)
=

=
∞∑
n=0

(
(−1)n

n!
· x

2n+1

2n+ 1

)
+ C = C +

∞∑
n=0

(−1)nx2n+1

n!(2n+ 1)
.

Â äàííîì ñëó÷àå è â ñëåäóþùèõ äâóõ ïðèìåðàõ ðÿäû äåéñòâèòåëüíî ñõîäÿòñÿ ðàâíî-
ìåðíî.
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Ïðèìåð 1.35. I =
∫

sinx
x
dx.

Äëÿ ðåøåíèÿ íóæíî çíàòü, ÷òî sinx =
∞∑
n=1

(−1)n+1x2n−1

(2n−1)! . Òîãäà

I =

∫ (
1

x
· sinx

)
dx =

∫ (
1

x

∞∑
n=1

(−1)n+1x2n−1

(2n− 1)!
dx

)
=

∫ ∞∑
n=1

(−1)n+1x2n−2

(2n− 1)!
dx =

=
∞∑
n=1

∫
(−1)n+1x2n−2

(2n− 1)!
dx =

∞∑
n=1

(−1)n+1

(2n− 1)!

∫
x2n−2dx =

=
∞∑
n=1

(
(−1)n+1

(2n− 1)!
· x

2n−1

2n− 1

)
+ C = C +

∞∑
n=1

(−1)n+1x2n−1

(2n− 1)!(2n− 1)
.

Ïðèìåð 1.36. I =
∫

cosx
x
dx.

Äëÿ ðåøåíèÿ íóæíî çíàòü, ÷òî cosx =
∞∑
n=0

(−1)nx2n
(2n)!

. Òîãäà

I =

∫ (
1

x
· cosx

)
dx =

∫ (
1

x

∞∑
n=0

(−1)nx2n

(2n)!
dx

)
=

∫ ∞∑
n=0

(−1)nx2n−1

(2n)!
dx =

=

∫ (
1

x
+
∞∑
n=1

(−1)nx2n−1

(2n)!

)
dx.

Ïåðâîå ñëàãàåìîå îòäåëåíî îò îáùåé ñóììû, ïîñêîëüêó èíòåãðàë îò íåãî áåðåòñÿ ïî ôîð-
ìóëå, îòëè÷íîé îò òîé, ïî êîòîðîé îí áåðåòñÿ îò îñòàëüíûõ ñëàãàåìûõ:

I =

∫
dx

x
+
∞∑
n=1

∫
(−1)nx2n−1

(2n)!
dx = ln |x|+

∞∑
n=1

(
(−1)n

(2n)!

∫
x2n−1dx

)
=

= ln |x|+
∞∑
n=1

(
(−1)n

(2n)!
· x

2n

2n

)
+ C = ln |x|+ C +

∞∑
n=1

(−1)nx2n

(2n)! · 2n
.

Ãëàâà II. Îïðåäåëåííûå èíòåãðàëû

Íå âäàâàÿñü â âîïðîñ î òîì, ÷òî èìåííî íàçûâàåòñÿ îïðåäåë¼ííûì èíòåãðàëîì, ñêàæåì,
÷òî ïðàêòè÷åñêèì ïðàâèëîì äëÿ íàõîæäåíèÿ îïðåäåë¼ííîãî èíòåãðàëà îò ôóíêöèè f(x)
îïðåäåëåííîé è íåïðåðûâíîé íà îòðåçêå [a; b], ÿâëÿåòñÿ ôîðìóëà Íüþòîíà�Ëåéáíèöà:

b∫
a

f (x) dx = F (b)− F (a),

ãäå F (x) � íåêîòîðàÿ ïåðâîîáðàçíàÿ ôóíêöèè f(x). Ïðè ðåøåíèè êîíêðåòíûõ ïðèìåðîâ
óäîáíî ïðåäâàðèòåëüíî çàïèñàòü ðàçíîñòü ïåðâîîáðàçíûõ ñ ïîìîùüþ îáîçíà÷åíèÿ ñêà÷êà
ôóíêöèè:

b∫
a

f (x) dx = F (x)

∣∣∣∣b
a

= F (b)− F (a).

Äëÿ íåîòðèöàòåëüíûõ (â ÷àñòíîñòè, ïîëîæèòåëüíûõ) ôóíêöèé f(x) îïðåäåëåííûé èí-

òåãðàë
b∫
a

f (x) dx èìååò ãåîìåòðè÷åñêèé ñìûñë è ðàâåí ïëîùàäè êðèâîëèíåéíîé òðàïåöèè,
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îãðàíè÷åííîé ñëåâà è ñïðàâà ïðÿìûìè x = a è x = b, ñíèçó îñüþ àáñöèññ, à ñâåðõó � ãðà-
ôèêîì ôóíêöèè y = f(x) . Ïðè ýòîì çíàê èíòåãðàëà îêàçûâàåòñÿ àíàëîãîì çíàêà ñóììû,
ñëàãàåìûìè êîòîðîé ÿâëÿþòñÿ ïëîùàäè ïðèñòàâëåííûõ äðóã ê äðóãó òîí÷àéøèõ ïðÿìî-
óãîëüíèêîâ ñ âûñîòàìè, ðàâíûìè f(x) è áåñêîíå÷íî ìàëîé òîëùèíîé dx .

Çàìåòèì, ÷òî õîòÿ ïåðâîîáðàçíûõ äàííîé ôóíêöèè ñóùåñòâóåò áåñ÷èñëåííîå ìíîæå-
ñòâî, îïðåäåëåííûé èíòåãðàë

b∫
a

f (x) dx = F (b)− F (a)

âû÷èñëÿåòñÿ îäíîçíà÷íî.

Âîïðîñ 2.1. Ïðèâåäèòå ïðèìåð èñïîëüçîâàíèÿ ôîðìóëû Íüþòîíà�Ëåéáíèöà.

Ïðèìåð 2.1. Âû÷èñëèòü I =

1√
2∫

− 1√
2

√
1− x2dx.

Â ïðèìåðå 1.4 íàéäåíà ïåðâîîáðàçíàÿ ôóíêöèè
√

1− x2. Îíà ðàâíà

F (x) =
1

2
arcsinx+

1

2
x
√

1− x2.

Ñîãëàñíî ôîðìóëå Íüþòîíà�Ëåéáíèöà

I =
1

2
· arcsin

1√
2

+
1

2
· 1√

2
·

√
1−

(
1√
2

)2

−

−

1

2
· arcsin

(
− 1√

2

)
+

1

2
·
(
− 1√

2

)
·

√
1−

(
− 1√

2

)2
 =

=
1

2
· π

4
+

1

2
· 1√

2
·
√

1− 1

2
− 1

2
·
(
−π

4

)
− 1

2
·
(
− 1√

2

)
·
√

1− 1

2
=

=
1

2
· π

4
+

1

2
· 1√

2
· 1√

2
+

1

2
· π

4
+

1

2
· 1√

2
· 1√

2
=
π

4
+

1

4
+

1

4
=
π

4
+

1

2
.

Ñ ôîðìóëîé Íüþòîíà�Ëåéáíèöà ñîãëàñóþòñÿ ñëåäóþùèå ñâîéñòâà îïðåäåëåííîãî èí-
òåãðàëà:

1)
b∫
a

f (x) dx = −
a∫
b

f (x) dx.

2)
a∫
a

f (x) dx = F (a)− F (a) = 0.

3) Ëèíåéíîñòü:

b∫
a

(
α1f1 (x) + α2f2 (x) + . . .+ αnfn (x)

)
dx =

= α1

b∫
a

f1 (x) dx+ α2

b∫
a

f2 (x) dx+ . . .+ αn

b∫
a

fn (x) dx.

4) Àääèòèâíîñòü:
b∫
a

f (x) dx =
c∫
a

f (x) dx+
b∫
c

f (x) dx.

Ïîñëåäíåå ñâîéñòâî ïðè f(x) > 0 èìååò âïîëíå ïîíÿòíûé ãåîìåòðè÷åñêèé ñìûñë.
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Âîïðîñ 2.2. Â ÷åì ñîñòîèò îñîáåííîñòü ïðè âûïîëíåíèè ïîäñòàíîâêè â îïðåäåëåí-
íîì èíòåãðàëå?

Êîðîòêî ìîæíî îòâåòèòü òàê: íóæíî ïåðåñìîòðåòü ïðåäåëû èíòåãðèðîâàíèÿ. Òî÷íåå:
ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:

1) Åñëè ïîäñòàíîâêà èìååò âèä x = ϕ(t), ïðè÷åì a = ϕ (α) è b = ϕ(β), òî
b∫
a

f (x) dx =
β∫
α

f
(
ϕ(t)

)
ϕ′(t)dt.

Â êà÷åñòâå ïðèìåðà âû÷èñëèì òîò æå îïðåäåëåííûé èíòåãðàë I =

1√
2∫

− 1√
2

√
1− x2dx ñ

ïîìîùüþ ïîäñòàíîâêè x = sin t, dx = cos t dt, t ∈
[
−π

4
; π
4

]
.

Ïî ôîðìóëå
b∫
a

f (x) dx =
β∫
α

f
(
ϕ(t)

)
ϕ′(t)dt, êàê áûëî íàïèñàíî â ïðèìåðå 1.4

I =

π
4∫

−π
4

√
1− sin2 t cos t dt =

π
4∫

−π
4

cos2 t dt =

π
4∫

−π
4

(
1

2
+

cos 2t

2

)
dt =

(
t

2
+

sin 2t

4

)∣∣∣∣π4
−π

4

=

=
1

2
· π

4
+

1

4
· sin π

2
−
(
−1

2
· π

4
+

1

4
· sin

(
−π

2

))
=

1

2
· π

4
+

1

4
· 1 +

1

2
· π

4
+

1

4
· 1 =

π

4
+

1

2
.

2) Åñëè ïîäñòàíîâêà èìååò âèä t = ϕ(x), ïðè÷åì α = ϕ (a), β = ϕ(b), òî ñïðàâåäëèâà
ôîðìóëà

b∫
a

h
(
ϕ (x)

)
ϕ′ (x) dx =

β∫
α

h (t) dt.

Ïðèìåð 2.2.
e∫
1

dx

x(1+ln2 x)
.

Ïîäñòàíîâêà t = ln x, dt = dx
x
äàåò ïðè x = 1, t = ln 1 = 0, à ïðè x = e, t = ln e = 1,

ïîýòîìó:

e∫
1

dx

x
(
1 + ln2 x

) =

1∫
0

dt

1 + t2
= arctg t

∣∣∣∣1
0

= arctg 1− arctg 0 =
π

4
− 0 =

π

4
.

Ïðè ïðèìåíåíèè ïîäñòàíîâêè ê âû÷èñëåíèþ îïðåäåëåííîãî èíòåãðàëà îòïàäàåò íåîá-
õîäèìîñòü âîçâðàùåíèÿ ê èñõîäíîé ïåðåìåííîé. Èç-çà ýòîãî ðåøåíèå ïîëó÷àåòñÿ ãîðàçäî
êîðî÷å.

Âîïðîñ 2.3. Òàêîå âïå÷àòëåíèå, ÷òî îïðåäåë¼ííûé èíòåãðàë èç ïðèìåðà 2.1 ìîæíî
áûëî âû÷èñëèòü åù¼ êîðî÷å çà ñ÷åò òîãî, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÷åòíàÿ è ïðè
ýòîì ïðîìåæóòîê èíòåãðèðîâàíèÿ ñèììåòðè÷åí îòíîñèòåëüíî íóëÿ.

Âûâåäåì ôîðìóëó äëÿ îïðåäåëåííîãî èíòåãðàëà îò ÷åòíîé ôóíêöèè ïî ñèììåòðè÷-
íîìó îòíîñèòåëüíî íóëÿ ïðîìåæóòêó. Ïóñòü f(x) ÷åòíàÿ ôóíêöèÿ, òî åñòü âûïîëíÿåòñÿ
ðàâåíñòâî f(−x) = f(x). Òîãäà ïî ñâîéñòâó àääèòèâíîñòè îïðåäåëåííîãî èíòåãðàëà:

I =

a∫
−a

f(x)dx =

0∫
−a

f(x)dx+

a∫
0

f(x)dx.
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Ñäåëàåì â ïåðâîì ñëàãàåìîì çàìåíó ïåðåìåííîé x = −t, t = −x, dx = −dt. Ïðè
x = −a , áóäåò t = a, à ïðè x = 0, t = 0.

I =

0∫
a

f(−t) · (−dt) +

a∫
0

f(x)dx = −
0∫
a

f(t)dt+

a∫
0

f(x)dx =

a∫
0

f(t)dt+

a∫
0

f(x)dx =

=

a∫
0

f(x)dx+

a∫
0

f(x)dx = 2

a∫
0

f(x)dx.

Èòàê, âûâåëè, ÷òî äëÿ ÷åòíîé ïîäûíòåãðàëüíîé ôóíêöèè ñïðàâåäëèâî ðàâåíñòâî
a∫
−a
f(x)dx = 2

a∫
0

f(x)dx .

Âîïðîñ 2.4. Åñòü ëè àíàëîãè÷íàÿ ôîðìóëà äëÿ îïðåäåëåííîãî èíòåãðàëà îò íå÷åòíîé
ïîäûíòåãðàëüíîé ôóíêöèè ïðè ñèììåòðè÷íîì îòíîñèòåëüíî íóëÿ ïðîìåæóòêå èíòå-
ãðèðîâàíèÿ?

Âûâåäåì ôîðìóëó äëÿ îïðåäåëåííîãî èíòåãðàëà îò íå÷åòíîé ôóíêöèè ïî ñèììåòðè÷-
íîìó îòíîñèòåëüíî íóëÿ ïðîìåæóòêó. Ïóñòü f(x) íå÷åòíàÿ ôóíêöèÿ, òî åñòü âûïîëíÿåòñÿ
ðàâåíñòâî f(−x) = −f(x). Òîãäà ïî ñâîéñòâó àääèòèâíîñòè îïðåäåëåííîãî èíòåãðàëà:

I =

a∫
−a

f(x)dx =

0∫
−a

f(x)dx+

a∫
0

f(x)dx.

Ñäåëàåì â ïåðâîì ñëàãàåìîì çàìåíó ïåðåìåííîé x = −t, t = −x, dx = −dt. Ïðè
x = −a , áóäåò t = a, à ïðè x = 0, t = 0.

I =

0∫
a

f(−t) · (−dt) +

a∫
0

f(x)dx =

0∫
a

f(t)dt+

a∫
0

f(x)dx = −
a∫

0

f(t)dt+

a∫
0

f(x)dx =

= −
a∫

0

f(x)dx+

a∫
0

f(x)dx = 0.

Èòàê, âûâåëè, ÷òî äëÿ íå÷åòíîé ïîäûíòåãðàëüíîé ôóíêöèè ñïðàâåäëèâî åøå áîëåå ïðîñòîå

ðàâåíñòâî
a∫
−a
f(x)dx = 0 .

Âîïðîñ 2.5. Åñòü ëè îñîáåííîñòü ïðè âû÷èñëåíèè îïðåäåëåííîãî èíòåãðàëà ïî ÷à-
ñòÿì?

Åäèíñòâåííîå, íà ÷òî íóæíî îáðàòèòü âíèìàíèå â ýòîì ñëó÷àå, ýòî íà òî, ÷òî
âíåèíòåãàëüíîå ñëàãàåìîå ôàêòòè÷åñêè ÿâëÿåòñÿ ôðàãìåíòîì èñêîìîé ïåðâîîáðàçíîé
ôóíêöèè. È ïîýòîìó ïðåäåëû èíòåãðèðîâàíèÿ äîëæíû áûòü ïîäñòàâëåíû è â íåãî òî-
æå. Ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ îïðåäåëåííûõ èíòåãðàëîâ âûãëÿäèò òàê:
b∫
a

U(x)V ′(x)dx = U(x)V (x)

∣∣∣∣b
a

−
b∫
a

U ′(x)V (x)dx . Îáðàòèòå âíèìàíèå, ÷òî â ýòîé ôîðìóëå

íå èñïîëüçóþòñÿ äèôôåðåíöèàëû ôóíêöèé U(x) è V (x), êàê ýòî áûëî â ñîîòâåòñòâóþùåé
ôîðìóëå äëÿ íåîïðåäåëåííîãî èíòåãðàëà. Äåëî â òîì, ÷òî ïðåäåëû èíòåãðèðîâàíèÿ a è b
îòíîñÿòñÿ ê òîé ïåðåìåííîé, êîòîðîÿ çàïèñàíà ïîä çíàêîì äèôôåðåíöèàëà. À â äàííîé
ôîðìóëå ýòîé ïåðåìåííîé ÿâëÿåòñÿ x, à íå U(x) èëè V (x).
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Ïðèìåð 2.3.
π∫
0

x sin 2x dx.

U = x, U ′ = 1, V ′ = sin 2x, V = − cos 2x
2

. Ïîýòîìó

π∫
0

x sin 2x dx = −x cos 2x

2

∣∣∣∣π
0

+

π∫
0

cos 2x

2
dx = −π cos 2π

2
+

0 · cos(2 · 0)

2
+

sin 2x

4

∣∣∣∣π
0

=

= −π
2

+
sin 2π

4
− sin(2 · 0)

4
= −π

2
.

Êàê âèäíî èç ðåøåíèÿ, ïðåäåëû èíòåãðèðîâàíèÿ ìîæíî ïîäñòàâëÿòü âî âíåèíòåãðàëüíîå
ñëàãàåìîå äî íàõîæäåíèÿ âñåé ïåðâîîáðàçíîé. Òî, ÷òî ïîëó÷åííûé îòâåò îòðèöàòåëüíûé,
ñìóùàòü íå äîëæíî. Âåäü îïðåäåëåííûé èíòåãðàë ýòî íå îáÿçàòåëüíî ïëîùàäü. À ïîäûí-
òåãðàëüíàÿ ôóíêöèÿ ðàññìîòðåííîãî îïðåäåëåííîãî èíòåãðàëà ïðè íåêîòîðûõ àðãóìåíòàõ
èç ïðîìåæóòêà èíòåãðèðîâàíèÿ îòðèöàòåëüíàÿ.

Âîïðîñ 2.6. Åñòü ëè îñîáåííîñòü ïðè âû÷èñëåíèè îïðåäåëåííîãî èíòåãðàëà îò ïðà-
âèëüíîé ðàöèîíàëüíîé äðîáè ñ ïîìîùüþ ðàçëîæåíèÿ íà ñóììó ïðîñòåéøèõ äðîáåé?

Åñëè àâòîð çàäà÷è ïîçàáîòèëñÿ î åå êîððåêòíîñòè (òî åñòü êîðíè çíàìåíàòåëÿ íå íà-
õîäÿòñÿ íè âíóòðè ïðîìåæóòêà èíòåãðèðîâàíèÿ, íè ñîâïàäàþò ñ îäíîé èç åãî ãðàíèö), òî
íèêàêèõ îñîáåííîñòåé íåò.

Ïðèìåð 2.4.
1∫
0

1
(x+1)(x−3) dx.

1

(x+ 1)(x− 3)
=

A

x+ 1
+

B

x− 3

1 = A(x− 3) +B(x+ 1)

1 = Ax− 3A+Bx+B{
1 = −3A+B

0 = A+B
⇔


A = −1

4

B =
1

4

Ïîýòîìó

1∫
0

1

(x+ 1)(x− 3)
dx =

1∫
0

(
− 1

4(x+ 1)
+

1

4(x− 3)

)
dx =

(
− ln |x+ 1|

4
+

ln |x− 3|
4

)∣∣∣∣1
0

=

= − ln |1 + 1|
4

+
ln |1− 3|

4
−
(
− ln |0 + 1|

4
+

ln |0− 3|
4

)
= − ln 2

4
+

ln 2

4
− ln 3

4
= − ln 3

4

Âîïðîñ 2.7. Ìîæåò ëè îïðåäåëåííûé èíòåãðàë èãðàòü ðîëü ïåðâîîáðàçíîé ôóíêöèè?

Ìîæåò, åñëè îäèí èç ïðåäåëîâ a èëè b ñ÷èòàòü ïåðåìåííîé âåëè÷èíîé.

Ïóñòü â èíòåãðàëå
b∫
a

f (x) dx âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ èçìåíÿåòñÿ íà íåêîòîðîì

ïðîìåæóòêå.

Çàïèøåì èíòåãðàë â âèäå Φ (x) =
x∫
a

f (t) dt. Çàìåòèì, ÷òî ïîñêîëüêó ïåðåìåííàÿ x îêà-

çàëàñü àðãóìåíòîì ôóíêöèè Φ(x) è ïîýòîìó áûëà èñïîëüçîâàíà â çàïèñè îïðåäåëåííîãî
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èíòåãðàëà â âèäå âåðõíåãî ïðåäåëà, òî îíà óæå íå ìîæåò áûòü âòîðîé ðàç èñïîëüçîâàíà â
çàïèñè îïðåäåëåííîãî èíòåãðàëà êà÷åñòâå àðãóìåíòà ïîäûíòåãðàëüíîé ôóíêöèè (ðàçóìå-
åñòÿ, åñëè òàêîãî íå áûëî â ïëàíàõ àâòîðà çàäà÷è). ×òîáû íå áûëî ïðîòèâîðå÷èÿ ñ ëîãèêîé
çàïèñè âûðàæåíèÿ, â êà÷åñòâå àðãóìåíòà ïîäûíòåãðàëüíîé ôóíêöèè èñïîëüçîâàíà áóêâà
îòëè÷íàÿ îò x.

Ïî ôîðìóëå Íüþòîíà�Ëåéáíèöà Φ (x) =
x∫
a

f (t) dt = F (x)−F (a). Çàìåòèì, ÷òî ôóíêöèÿ

Φ (x) òîæå ïåðâîîáðàçíàÿ.
Äåéñòâèòåëüíî, Φ′ (x) = (F (x)− F (a))′ = F ′ (x)− (F (a))′ = f(x)− 0 = f(x).

Âîïðîñ 2.8. Êàê áû èçìåíèëàñü ñèòóàöèÿ, åñëè áû ïåðåìåííûì îêàçàëñÿ íèæíèé
ïðåäåë èíòåãðèðîâàíèÿ?

Φ (x) =
b∫
x

f(t)dt = −
x∫
b

f(t)dt. Ïîýòîìó Φ′ (x) = −
(

x∫
b

f(t)dt

)′
= −f(x).

Âîïðîñ 2.9. ×òî äåëàòü, åñòü ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå ÿâëÿåòñÿ íåïðåðûâíîé
ôóíêöèåé?

Íå èñêëþ÷åíî, ÷òî â ýòîì ñëó÷àå îïðåäåëåííîãî èíòåãðàëà íå ñóùåñòâóåò (íå ïóòàéòå
ñ ñèòóàöèåé, êîãäà ïåðâîîáðàçíàÿ íå âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè!).

Äëÿ ïðàêòèêè âàæíî, ÷òî åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ êóñî÷íî íåïðåðûâíà, òî
îïðåäåëåííûé èíòåãðàë ìîæåò áûòü íàéäåí ñ ïîìîùüþ ñâîéñòâà àääèòèâíîñòè.

Ïðèìåð 2.5. I =
2∫
0

f(x)dx, ãäå f(x) =

{
arctg x, åñëè x < 1,

x2, åñëè x > 1.

I =

2∫
0

f(x)dx =

1∫
0

f(x)dx+

2∫
1

f(x)dx =

1∫
0

arctg x dx+

2∫
1

x2dx.

Âîñïîëüçóåìñÿ çíàíèåì ïåðâîîáðàçíîé èç ïðèìåðà 1.13.

I =

(
x arctg x− ln (1 + x2)

2

)∣∣∣∣1
0

+
x3

3

∣∣∣∣2
1

= arctg 1− ln 2

2
+

9

3
− 1

3
=
π

4
− ln 2

2
+

8

3
.

Âîïðîñ 2.10. Ñóùåñòâóþò ëè îïðåäåëåííûå èíòåãðàëû, êîòîðûå ìîæíî âû÷èñëèòü,
íî ïðè ýòîì ñîîòâåòñòâóþùèå èì íåîïðåäåëåííûå èíòåãðàëû íå âûðàæàþòñÿ ÷åðåç
ýëåìåíòàðíûå ôóíêöèè?

Ïðèìåð 2.6. I =
π∫
0

x sinx
1+cos2 x

dx. Ïðåäîñòàâèì ÷èòàòåëþ ñàìîñòîÿòåëüíî óáåäèòüñÿ â òîì,

÷òî ñîîòâåòñòâóþùèé íåîïðåäåëåííûé èíòåãðàë
∫

x sinx
1+cos2 x

dx ÷åðåç ýëåìåíòàðíûå ôóíêöèè
íå âûðàæàåòñÿ.

Ñäåëàåì çàìåíó ïåðåìåííîé t = π − x, dx = −dt, x = π − t, ïðè x = 0 t = π,
à ïðè x = π t = 0.

I =

0∫
π

(π − t) sin(π − t)
1 + cos2(π − t)

(−dt) =

π∫
0

(π − t) sin t

1 + cos2 t
dt =

π∫
0

π · sin t
1 + cos2 t

dt−
π∫

0

t sin t

1 + cos2 t
dt

Âòîðîé îïðåäåëåííûé èíòåãðàë ôàêòè÷åñêè ñîâïàäàåò ñ òåì, êîòîðûé íóæíî áûëî
íàéòè. Ïîëó÷àåòñÿ, ÷òî äàííûé â óñëîâèè îïðåäåëåííûé èíòåãðàë, ñâîåãî ðîäà âîçâðàò-
íûé. Ïåðâûé èç ïîëó÷èâøèõñÿ îïðåäåëåííûõ èíòåãðàëîâ âû÷èñëèì ñ ïîìîùüþ çàìåíû
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ïåðåìåííîé u = cos t, du = − sin t dt, ïðè t = 0 u = cos 0 = 1, à ïðè t = π
u = cosπ = −1.

I =

−1∫
1

−π du
1 + u2

− I = π

1∫
−1

du

1 + u2
− I = 2π

1∫
0

du

1 + u2
− I = 2π arctg u

∣∣∣∣1
0

− I =

= 2π(arctg 1− arctg 0)− I = 2π · π
4
− I =

π2

2
− I.

Îêîí÷àòåëüíî èìååì

2I =
π2

2
⇔ I =

π2

4
.

Âîïðîñ 2.11. Ãäå ïðèìåíÿþòñÿ îïðåäåëåííûå èíòåãðàëû?

1. Âû÷èñëåíèå ïëîùàäè â ïðÿìîóãîëüíûõ êîîðäèíàòàõ.
Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé íåïðåðûâíîé êðèâîé y = f (x)

(
ãäå

f(x) íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ
)
, ïðÿìûìè x = a è x = b è îòðåçêîì [a; b]

îñè OX, âû÷èñëÿåòñÿ ïî ôîðìóëå S =
b∫
a

f (x) dx.

Åñëè ôóíêöèÿ f (x) íåïðåðûâíà è f(x) 6 0 íà îòðåçêå [a; b], òî
b∫
a

f(x)dx 6 0 .

Àáñîëþòíàÿ âåëè÷èíà ýòîãî èíòåãðàëà ðàâíà ïëîùàäè êðèâîëèíåéíîé òðàïåöèè, îãðà-
íè÷åííîé ñâåðõó îòðåçêîì [a; b] îñè OX, ñëåâà è ñïðàâà � ïðÿìûìè x = a è x = b, ñíèçó �
êðèâîé y = f (x). Åñëè ôóíêöèÿ f (x) íåïðåðûâíà íà îòðåçêå [a; b] è íå çíàêîïîñòîÿííà íà

ýòîì îòðåçêå, òî
b∫
a

f (x) dx ÷èñëåííî ðàâåí àëãåáðàè÷åñêîé ñóììå ïëîùàäåé êðèâîëèíåé-

íûõ òðàïåöèé, ëåæàùèõ íàä è ïîä îñüþ OX.
Ïëîùàäü ôèãóðû, îãðàíè÷åííîé ñëåâà è ñïðàâà � ïðÿìûìè x = a è x = b, ñíèçó è

ñâåðõó � íåïðåðûâíûìè êðèâûìè, çàäàííûìè ðàâåíñòâàìè y = f1 (x) è y = f2 (x), ìîæíî
âû÷èñëèòü ïî ôîðìóëå

S =

b∫
a

∣∣f2 (x)− f1 (x)
∣∣dx .

Ïëîùàäè ôèãóð áîëåå ñëîæíîãî âèäà âû÷èñëÿþòñÿ ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà
ïîñëå ðàçáèåíèÿ íà ÷àñòè óêàçàííîãî âûøå âèäà.

Ïðèìåð 2.7. Âû÷èñëèòü ïëîùàäü ñåãìåíòà, îòñåêàåìîãî ïðÿìîé y = −x îò ïàðàáîëû
y = 2x− x2.

Ðåøåíèå. Ïðåîáðàçóåì óðàâíåíèå ïàðàáîëû.

y = −
(
x2 − 2x

)
y = −

(
x2 − 2x+ 1

)
+ 1

y = −(x− 1)2 + 1

Âåðøèíà ïàðàáîëû èìååò êîîðäèíàòû (1; 1), âåòâè íàïðàâëåíû âíèç. Íàõîäèì òî÷êè ïå-
ðåñå÷åíèÿ ïàðàáîëû ñ ïðÿìîé y = −x:

{
y = −x
y = 2x− x2

−x = 2x− x2 ⇔ 3x− x2 = 0 x1 = 0, x2 = 3
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Âû÷èñëÿåì èñêîìóþ ïëîùàäü

S =

3∫
0

((
2x− x2

)
− (−x)

)
dx =

3∫
0

(
3x− x2

)
dx =

(
3x2

2
− x3

3

)∣∣∣∣3
0

=
9

2
.

2. Âû÷èñëåíèå ïëîùàäè, îãðàíè÷åííîé êðèâîé, çàäàííîé ïàðàìåòðè÷åñêèìè óðàâíåíè-
ÿìè.

Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé, çàäàííîé óðàâíåíèÿìè â ïà-
ðàìåòðè÷åñêîé ôîðìå: x = ϕ (t), y = ψ (t), äâóìÿ âåðòèêàëüíûìè ïðÿìûìè x = a è x = b
è îòðåçêîì îñè OX, âû÷èñëÿåòñÿ ïî ôîðìóëå

S =

t2∫
t1

ψ (t)ϕ′(t)dt,

ãäå t1 è t2 îïðåäåëÿþòñÿ èç óðàâíåíèé a = ϕ(t1), b = ϕ(t2) íà îòðåçêå [t1; t2].

Ïðèìåð 2.8. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îñüþ OX è îäíîé àðêîé öèêëî-
èäû x = a (t− sin t), y = a (1− cos t), 0 6 t 6 2π.

Ðåøåíèå.

S =

2π∫
0

a (1− cos t)
(
a (t− sin t)

)′
dt =

2π∫
0

a2(1− cos t)2dt =

= a2
2π∫
0

(
1− 2 cos t+ cos2 t

)
dt = a2

2π∫
0

(
1− 2 cos t+

1 + cos 2t

2

)
dt =

= a2
(

3

2
· t− 2 sin t+

1

4
sin 2t

)∣∣∣∣2π
0

= 3πa2.

3. Âû÷èñëåíèå ïëîùàäè, îãðàíè÷åííîé êðèâîé, çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ.
Ïëîùàäü ñåêòîðà, îãðàíè÷åííîãî äóãîé êðèâîé, çàäàííîé óðàâíåíèåì â ïîëÿðíûõ êîîð-

äèíàòàõ ρ = ρ(ϕ) è äâóìÿ ïîëÿðíûìè ðàäèóñàìè ϕ = α è ϕ = β, âûðàæàåòñÿ èíòåãðàëîì:

S =
1

2

β∫
α

ρ2(ϕ)dϕ.

Ïðèìåð 2.9. Íàéòè ïëîùàäü, çàêëþ÷åííóþ âíóòðè ëåìíèñêàòû Áåðíóëëè

ρ2 = a2 cos(2ϕ).

Ðåøåíèå. Â ñèëó ñèììåòðèè êðèâîé îòíîñèòåëüíî îáåèõ êîîðäèíàòíûõ îñåé âû÷èñ-
ëèì äëèíó åå ÷åòâåðòîé ÷àñòè, ðàñïîëîæåííîé â ïåðâîé ÷åòâåðòè. Îïðåäåëèì ãðàíèöû
èçìåíåíèÿ ïîëÿðíîãî óãëà. ×òîáû ðàâåíñòâî, çàäàþùåå ëåìíèñêàòó Áåðíóëëè, èìåëî âîç-
ìîæíîñòü âûïîëíèòüñÿ, íåîáõîäèìî âûïîëíåíèå óñëîâèÿ cos(2ϕ) > 0. Äëÿ ýòîãî äîëæíî
áûòü 2ϕ ∈

[
−π

2
+ 2πk; π

2
+ 2πk

]
, ãäå k öåëîå ÷èñëî. Ïîýòîìó ϕ ∈

[
−π

4
+ πk; π

4
+ πk

]
, ÷òî äëÿ

ïåðâîé ÷åòâåðòè îçíà÷àåò ϕ ∈
[
0; π

4

]
S

4
=

1

2

π
4∫

0

a2 cos(2ϕ) dϕ =
a2

2

π
4∫

0

cos(2ϕ) dϕ =
a2

2
· sin(2ϕ)

2

∣∣∣∣π4
0

=
a2

4
.

S = a2.
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4. Âû÷èñëåíèå äëèíû äóãè ïëîñêîé êðèâîé.
Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè: x = x (t), y = y (t) (ãäå x (t),

y (t) � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè), t1 6 t 6 t2, äëèíà äóãè êðèâîé, ñîîòâåò-
ñòâóþùàÿ èçìåíåíèþ ïàðàìåòðà t îò t1 äî t2, âû÷èñëÿåòñÿ ïî ôîðìóëå:

l =

t2∫
t1

√(
dx

dt

)2

+

(
dy

dt

)2

dt.

Åñëè êðèâàÿ çàäàíà óðàâíåíèåì âèäà y = f (x), ãäå a 6 x 6 b, òî, ïðèíÿâ x çà ïàðàìåòð,
èç ôîðìóëû, ïîëó÷èì

l =

b∫
a

√
1 +

(
dy

dx

)2

dx.

Åñëè êðèâàÿ çàäàíà óðàâíåíèåì âèäà x = g (y), ãäå p 6 y 6 q, òî, ïðèíÿâ y çà ïàðàìåòð,
èç ôîðìóëû, ïîëó÷èì

l =

q∫
p

√
1 +

(
dx

dy

)2

dy.

Ïðèìåð 2.10. Âû÷èñëèòü äëèíó àñòðîèäû

x = a cos3 t, y = a sin3 t

Ðåøåíèå. Â ñèëó ñèììåòðèè êðèâîé îòíîñèòåëüíî îáåèõ êîîðäèíàòíûõ îñåé âû÷èñëèì
äëèíó åå ÷åòâåðòîé ÷àñòè, ðàñïîëîæåííîé â ïåðâîé ÷åòâåðòè.

dx

dt
= −3a cos2 t sin t ,

dy

dt
= 3a sin2 t cos t .

Ñëåäîâàòåëüíî, ïî ôîðìóëå l =
t2∫
t1

√(
dx
dt

)2
+
(
dy
dt

)2
dt, èìååì

1

4
· l =

π
2∫

0

√
9a2 cos4 t sin2 t+ 9a2 sin4 t cos2 t dt =

= 3a

π
2∫

0

√
sin2 t cos2 t dt = 3a

π
2∫

0

sin t cos t dt =
3a

2

π
2∫

0

sin(2t) dt =

=
3a

2
· − cos(2t)

2

∣∣∣∣π2
0

=
3a

4
· (− cos π + cos 0) =

3a

4
· (1 + 1) =

3a

2

l = 4 · 3a

2
= 6a .

Ïðèìåð 2.11. Âû÷èñëèòü äëèíó äóãè êðèâîé y = ln sin x îò x = π
3
äî x = π

2
.

Ðåøåíèå. Íàõîäèì ïðîèçâîäíóþ dy
dx

= cosx
sinx

è ïîäñòàâëÿåì åå â ôîðìóëó

l =
b∫
a

√
1 +

(
dy
dx

)2
dx :

l =

π
2∫

π
3

√
1 +

(cosx

sinx

)2
dx =

π
2∫

π
3

√
sin2 x+ cos2 x

sin2 x
dx =

π
2∫

π
3

1

sinx
dx = ln

∣∣∣tg x
2

∣∣∣∣∣∣∣π2
π
3

=

= ln
(

tg
π

4

)
− ln

(
tg
π

6

)
= ln 1− ln

1√
3

= − ln
1√
3

= ln
√

3 =
1

2
ln 3.
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Åñëè êðèâàÿ çàäàíà óðàâíåíèåì âèäà ρ = ρ(ϕ) â ïîëÿðíûõ êîîðäèíàòàõ, ãäå:
α 6 ϕ 6 β, òî, ïðèíÿâ ϕ çà ïàðàìåòð, ïîëó÷èì x = ρ(ϕ) cosϕ, y = ρ (ϕ) sinϕ,
dx
dϕ

= dρ
dϕ

cosϕ− ρ sinϕ, dy
dϕ

= dρ
dϕ

sinϕ+ ρ cosϕ ; ôîðìóëà â ýòîì ñëó÷àå ïðèìåò âèä:

l =

β∫
α

√(
dρ

dϕ
cosϕ− ρ sinϕ

)2

+

(
dρ

dϕ
sinϕ+ ρ cosϕ

)2

dϕ =

=

β∫
α

√(
dρ

dϕ
cosϕ

)2

− 2ρ
dρ

dϕ
cosϕ sinϕ+ (ρ sinϕ)2 +

(
dρ

dϕ
sinϕ

)2

+ 2ρ
dρ

dϕ
sinϕ cosϕ+ (ρ cosϕ)2 dϕ =

=

β∫
α

√
ρ2 +

(
dρ

dϕ

)2

dϕ.

Ïðèìåð 2.12. Íàéòè äëèíó äóãè êðèâîé ρ = sin3 ϕ
3
îò ϕ = 0 äî ϕ = π

2
.

Ðåøåíèå.
dρ

dϕ
= sin2 ϕ

3
cos

ϕ

3

Ïî ôîðìóëå l =
β∫
α

√
ρ2 +

(
dρ
dϕ

)2
dϕ, èìååì

l =

π
2∫

0

√
sin6 ϕ

3
+ sin4 ϕ

3
cos2

ϕ

3
dϕ =

π
2∫

0

sin2 ϕ

3
dϕ =

=
1

2

π
2∫

0

(
1− cos

2ϕ

3

)
dϕ =

1

2
·
(
ϕ− 3

2
· sin 2ϕ

3

)∣∣∣∣π2
0

=
1

2
·
(
π

2
− 3

2
· sin π

3

)
=

=
1

4
·

(
π − 3 ·

√
3

2

)
=

1

8

(
2π − 3

√
3
)
.

5. Âû÷èñëåíèå îáúåìîâ. Îáúåì ïðîèçâîëüíîãî òåëà.
Ïóñòü S = S(x) � ôóíêöèÿ, çàäàþùàÿ ïëîùàäü ñå÷åíèÿ òåëà ïëîñêîñòüþ, ïåðïåíäè-

êóëÿðíîé îñè OX â òî÷êå x. Îáúåì òåëà, îãðàíè÷åííîãî ïëîñêîñòÿìè x = a è x = b,
âû÷èñëÿåòñÿ ïî ôîðìóëå:

V =

b∫
a

S(x)dx.

Ïðèìåð 2.13. Íàéòè îáúåì ýëëèïñîèäà ñ öåíòðîì â íà÷àëå êîîðäèíàò è ïîëóïñÿìè
a, b, c.

Ðåøåíèå. Êàíîíè÷åñêîå óðàâíåíèå ýëëèïñîèäà èìååò âèä:

x2

a2
+
y2

b2
+
z2

c2
= 1.

Òàêèì îáðàçîì, ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ýëëèïñîèäà ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé
îñè OX, èìååò âèä:

S (x) = π · b ·
√

1− x2

a2
· c ·

√
1− x2

a2

S (x) = π · b · c ·
(

1− x2

a2

)
.
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Îáúåì ýëëèïñîèäà ðàâåí

V =

a∫
−a

S(x)dx = πbc

a∫
−a

(
1− x2

a2

)
dx = 2πbc

a∫
0

(
1− x2

a2

)
dx =

= 2πbc

(
x− x3

3a2

)∣∣∣∣a
0

= 2πbc

(
a− a3

3a2

)
=

4

3
· πabc.

6. Âû÷èñëåíèå îáúåìà òåëà âðàùåíèÿ.
Îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX êðèâîëèíåéíîé òðàïåöèè, îãðà-

íè÷åííîé êðèâîé, çàäàííîé ôîðìóëîé y = f(x), îñüþ OX è äâóìÿ ïðÿìûìè x = a è
x = b,

âû÷èñëÿåòñÿ ïî ôîðìóëå:

Vx = π

b∫
a

y2dx = π

b∫
a

f 2(x)dx.

Îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åííîé êðèâîé
x = ψ(y), îñüþ OY è äâóìÿ ïðÿìûìè y = p è y = q, âû÷èñëÿåòñÿ ïî ôîðìóëå:

Vy = π

q∫
p

x2dy = π

q∫
p

ψ2(y)dy.

Ïðèìåð 2.14. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì ôèãóðû, îãðàíè÷åííîé
ëèíèÿìè: y = 2x− x2 è y = 0 âîêðóã îñè OX.

Ðåøåíèå. Êîðíÿìè ôóíêöèè y = 2x− x2 ÿâëÿþòñÿ x1 = 0 è x2 = 2 .

Vx = π

2∫
0

(
2x− x2

)2
dx = π

2∫
0

(
4x2 − 4x3 + x4

)
dx =

= π

(
4

3
· x3 − x4 +

x5

5

)∣∣∣∣2
0

= π

(
4

3
· 8− 16 +

32

5

)
= π · 160− 240 + 96

15
=

16

15
· π.

Ïðèìåð 2.15. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû,
îãðàíè÷åííîé ïàðàáîëîé y = x2, îñüþ OY è ïðÿìûìè y = 0 è y = 1.

Ðåøåíèå.

Vy = π

1∫
0

x2dy = π

1∫
0

y dy = π

(
y2

2

)∣∣∣∣1
0

=
π

2
.

Ïðèìåð 2.16. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû,
îãðàíè÷åííîé îäíîé àðêîé öèêëîèäû x = a(t− sin t), y = a(1− cos t) è ïðÿìîé y = 0.

Ðåøåíèå.

Vx = π

b∫
a

y2dx

y2 = a2 (1− cos t)2

dx = a (1− cos t) dt.
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Ïåðâîé àðêå öèêëîèäû
ñîîòâåòñòâóåò èçìåíåíèå t îò 0 äî 2π, ïîýòîìó

Vx = π

2π∫
0

a3(1− cos t)3dt = πa3
2π∫
0

(
1− 3 cos t+ 3 cos2 t− cos3 t

)
dt =

= πa3
2π∫
0

(
1− 3 cos t+ 3

(
1

2
+

cos(2t)

2

)
− cos2 t cos t

)
dt =

= πa3

(t− 3 sin t+
3

2
· t+

3

4
· sin(2t)

)∣∣∣∣2π
0

−
2π∫
0

(
1− sin2 t

)
cos t dt

 =

= πa3

5

2
· 2π −

0∫
0

(
1− u2

)
du

 = 5π2a3.

Â ïîñëåäíåì ñëàãàåìîì áûëà ñäåëàíà çàìåíà ïåðåìåííîé èíòåãðèðîâàíèÿ u = sin t , du =
cos t dt , ïðè t = 0 è ïðè t = 2π îäèíàêîâîå çíà÷åíèå u = 0.

7. Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ.
Ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã îñè OX äóãè êðèâîé y = f(x)

ìåæäó òî÷êàìè ñ àáñöèññàìè x = a è x = b, âûðàæàåòñÿ ôîðìóëîé:

S = 2π

b∫
a

y

√
1 +

(
dy

dx

)2

dx,

ãäå ds =
√

(dx)2 + (dy)2 =

√
1 +

(
dy
dx

)2
dx � äèôôåðåíöèàë äóãè êðèâîé.

Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè x = x (t), y = y (t), òî

S = 2π

t2∫
t1

y(t)

√(
dx

dt

)2

+

(
dy

dt

)2

dt,

ãäå t1 è t2 � çíà÷åíèÿ ïàðàìåòðà t, ñîîòâåòñòâóþùèå êîíöàì äóãè.

Ïðèìåð 2.17. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé ïðè âðàùåíèè âîêðóã îñè
OX îäíîé àðêè öèêëîèäû x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π.

33



Ðåøåíèå.

S = 2π

2π∫
0

a(1− cos t)

√
a2 (1− cos t)2 + a2 sin2 t dt =

= 2πa2
2π∫
0

(1− cos t)
√

1− 2 cos t+ cos2 t+ sin2 t dt =

= 2πa2
2π∫
0

(1− cos t)
√

2 (1− cos t) dt = 2
√

2πa2
2π∫
0

√
(1− cos t)3 dt =

= 2
√

2πa2
2π∫
0

√(
2 sin2 t

2

)3

dt = 8πa2
2π∫
0

sin3 t

2
dt = 8πa2

2π∫
0

sin2 t

2
sin

t

2
dt =

= 8πa2
2π∫
0

(
1− cos2

t

2

)
sin

t

2
dt = 8πa2

−1∫
1

(
1− u2

)
(−2du) = 16πa2

1∫
−1

(
1− u2

)
du =

= 32πa2
1∫

0

(
1− u2

)
du = 32πa2

(
u− u3

3

)∣∣∣∣1
0

= 32πa2 · 2

3
=

64πa2

3
.

Â êîíöå ðåøåíèÿ áûëà ñäåëàíà çàìåíà ïåðåìåííîé èíòåãðèðîâàíèÿ: u = cos t
2
,

du = − sin t
2
dt, ïðè t = 0 u = cos 0 = 1 , à ïðè t = 2π u = cosπ = −1 .

8. Ìîìåíòû. Öåíòð òÿæåñòè.
Ñòàòè÷åñêèå ìîìåíòû Mx è My äóãè ïëîñêîé êðèâîé y = f(x) (a 6 x 6 b), ñî-

åäèíÿþùåé òî÷êè A
(
a, f(a)

)
è B

(
b, f(b)

)
, îòíîñèòåëüíî îñåé OX è OY âû÷èñëÿþòñÿ ïî

ôîðìóëàì

Mx =

b∫
a

y

√
1 +

(
dy

dx

)2

dx ,

My =

b∫
a

x

√
1 +

(
dy

dx

)2

dx ,

ñîîòâåòñòâåííî. Êîîðäèíàòû öåíòðà òÿæåñòè òîé æå äóãè âû÷èñëÿþòñÿ ñëåäóþùèì îáðà-
çîì:

X =
My

L
=

b∫
a

x

√
1 +

(
dy
dx

)2
dx

b∫
a

√
1 +

(
dy
dx

)2
dx

,

Y =
Mx

L
=

b∫
a

y

√
1 +

(
dy
dx

)2
dx

b∫
a

√
1 +

(
dy
dx

)2
dx

,

ãäå L � äëèíà äóãè AB.
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Ñòàòè÷åñêèå ìîìåíòû Mx è My êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé
y = f(x), îñüþ OX è äâóìÿ ïðÿìûìè x = a è x = b, âû÷èñëÿþòñÿ ïî ôîðìóëàì

Mx =
1

2

b∫
a

y2dx, My =

b∫
a

xy dx .

Êîîðäèíàòû öåíòðà òÿæåñòè òîé æå òðàïåöèè âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

X =
My

S
=

b∫
a

xy dx

b∫
a

y dx

Y =
Mx

S
=

1
2

b∫
a

y2dx

b∫
a

y dx

(S � ïëîùàäü òðàïåöèè).

Ãëàâà III. Íåñîáñòâåííûå èíòåãðàëû

Âîïðîñ 3.1. ×òî òàêîå íåñîáñòâåííûå èíòåãðàëû?

Íåñîáñòâåííûìè èíòåãðàëàìè íàçûâàþò:
I. èíòåãðàëû ñ áåñêîíå÷íûìè ïðåäåëàìè èíòåãðèðîâàíèÿ;
II. èíòåãðàëû íåîãðàíè÷åííûõ ôóíêöèé.
Íåñîáñòâåííûå èíòåãðàëû I òèïà:

+∞∫
a

f (x) dx = lim
A→+∞

A∫
a

f (x) dx, (a)

a∫
−∞

f (x) dx = lim
A→−∞

a∫
A

f (x) dx. (b)

Èíòåãðàë (b) ñâîäèòñÿ ê èíòåãðàëó (a) çàìåíîé x íà (−x).
Åñëè ïðåäåë â ôîðìóëàõ (à) è (b) ñóùåñòâóåò è êîíå÷åí, òî íåñîáñòâåííûé èíòåãðàë

íàçûâàþò ñõîäÿùèìñÿ; åñëè æå ïðåäåë íå ñóùåñòâóåò èëè ðàâåí áåñêîíå÷íîñòè � ðàñõîäÿ-
ùèìñÿ.

Äëÿ ôóíêöèè f(x), íåïðåðûâíîé íà âñåé ÷èñëîâîé îñè, íåñîáñòâåííûé èíòåãðàë

+∞∫
−∞

f(x)dx

îïðåäåëÿåòñÿ ðàâåíñòâîì

+∞∫
−∞

f(x)dx =

a∫
−∞

f(x)dx+

+∞∫
a

f(x)dx,
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ãäå a � ëþáîå ÷èñëî, åñëè êàæäûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè ðàâåíñòâà ñõîäèòñÿ. Ïðè

ýòîì íåñîáñòâåííûé èíòåãðàë
+∞∫
−∞

f(x)dx íàçûâàåòñÿ ñõîäÿùèìñÿ.

Åñëè õîòÿ áû îäèí èç èíòåãðàëîâ
a∫
−∞

f (x)dx è
+∞∫
a

f (x)dx ðàñõîäèòñÿ, òî íåñîáñòâåííûé

èíòåãðàë
+∞∫
−∞

f (x)dx íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

Åñëè a1 > a, òî
+∞∫
a

f(x)dx è
+∞∫
a1

f(x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî (íàïîì-

íèì, ÷òî ðàññìàòðèâàåòñÿ íåïðåðûâíàÿ ôóíêöèÿ f(x)).
Ñïðàâåäëèâà ôîðìóëà Íüþòîíà�Ëåéáíèöà:

+∞∫
a

f (x)dx = F (+∞)− F (a),

Ãäå F (x) � ïåðâîîáðàçíàÿ, à F (+∞) = lim
A→+∞

F (A)

Ïðèìåð 3.1. Èññëåäîâàòü ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà
+∞∫
a

dx
xp
, a > 0, p > 0.

Ðåøåíèå. Ðàññìîòðèì p 6= 1:

+∞∫
a

dx

xp
= lim

A→+∞

A∫
a

x−pdx = lim
A→+∞

(
1

−p+ 1
· x−p+1

)∣∣∣∣A
a

=
1

−p+ 1
· lim
A→+∞

A−p+1 − 1

−p+ 1
· a
−p+1

.

Ïóñòü p > 1; òîãäà lim
A→+∞

A−p+1 = 0. Çíà÷èò, ïðè p > 1 íåñîáñòâåííûé èíòåãðàë ñõîäèò-
ñÿ.

Ïðè p < 1 lim
A→+∞

A−p+1 =∞. Çíà÷èò, ïðè p < 1 íåñîáñòâåííûé èíòåãðàë ðàñõîäèòñÿ.

Òåïåðü èññëåäóåì ñëó÷àé p = 1:

+∞∫
a

dx

x
= lim

A→+∞

A∫
a

dx

x
lim

A→+∞
ln |x|

∣∣∣∣A
a

= lim
A→+∞

lnA− ln a = +∞.

Ñëåäîâàòåëüíî, ïðè p = 1 íåñîáñòâåííûé èíòåãðàë òîæå ðàñõîäèòñÿ.
Îêîí÷àòåëüíî èìååì: ïðè p > 1 íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ, à ïðè p 6 1 ðàñõî-

äèòñÿ.

Ïðèìåð 3.2. Èññëåäîâàòü ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà
+∞∫
0

eµxdx .

Ðåøåíèå. Ðàññìîòðèì µ 6= 0:

+∞∫
0

eµxdx = lim
A→+∞

A∫
0

eµxdx = lim
A→+∞

(
1

µ
· eµx

)∣∣∣∣A
0

=
1

µ

(
lim

A→+∞
eµA − e0

)
=

1

µ

(
lim

A→+∞
eµA − 1

)
.

Ïóñòü µ > 0; òîãäà lim
A→+∞

eµA = +∞. Çíà÷èò, ïðè µ > 0 íåñîáñòâåííûé èíòåãðàë ðàñõî-
äèòñÿ.

Ïðè µ < 0 lim
A→+∞

eµA = 0. Çíà÷èò, ïðè µ < 0 íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ.
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Òåïåðü èññëåäóåì ñëó÷àé µ = 0:

+∞∫
0

e0·Adx =

+∞∫
0

1 dx = lim
A→+∞

A∫
0

1 dx = lim
A→+∞

x

∣∣∣∣A
0

= lim
A→+∞

A = +∞.

Ñëåäîâàòåëüíî, ïðè µ = 0 íåñîáñòâåííûé èíòåãðàë òîæå ðàñõîäèòñÿ.
Îêîí÷àòåëüíî èìååì: ïðè µ < 0 íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ, à ïðè µ > 0 ðàñõî-

äèòñÿ.

Ïðèìåð 3.3. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
+∞∫
5

dx
x2−1 èëè äîêàçàòü åãî ðàñõîäè-

ìîñòü.

Ðåøåíèå. Èñïîëüçóÿ ôîðìóëó XIV òàáëèöû íåîïðåäåëåííûõ èíòåãðàëîâ, èìååì:

+∞∫
5

dx

x2 − 1
= lim

A→+∞

A∫
5

dx

x2 − 1
= lim

A→+∞

(
1

2
· ln
∣∣∣∣x− 1

x+ 1

∣∣∣∣)∣∣∣∣A
5

=

= lim
A→+∞

(
1

2
· ln
∣∣∣∣A− 1

A+ 1

∣∣∣∣− 1

2
· ln
∣∣∣∣5− 1

5 + 1

∣∣∣∣) = lim
A→+∞

(
1

2
· ln

1− 1
A

1 + 1
A

− 1

2
· ln 6

4

)
=

=
1

2
· ln 1− 1

2
· ln 3

2
= −1

2
· ln 3

2
=

1

2
· ln 2

3
.

Âîïðîñ 3.2. Êàêèìè ñâîéñòâàìè îáëàäàþò íåñîáñòâåííûå èíòåãðàëû?

1) Åñëè èíòåãðàë
+∞∫
a

f (x)dx ñõîäèòñÿ è ðàâåí I, òî èíòåãðàë
+∞∫
a

cf (x)dx, ãäå c � ÷èñëî

(c 6= 0), òàêæå ñõîäèòñÿ è ðàâåí cI.

2) Åñëè èíòåãðàëû
+∞∫
a

f (x)dx è
+∞∫
a

f1 (x)dx ñõîäÿòñÿ è ñîîòâåòñòâåííî ðàâíû I è I1, òî

èíòåãðàë
+∞∫
a

(
f(x) + f1(x)

)
dx òàêæå ñõîäèòñÿ è ðàâåí I + I1.

Âîïðîñ 3.3. Êàê ãåîìåòðè÷åñêè èëëþñòðèðóåòñÿ íåñîáñòâåííûé èíòåãðàë?

Ýòî ïëîùàäü ïîäãðàôèêà ôóíêöèè f(x), êîãäà f(x) � íåîòðèöàòåëüíàÿ ôóíêöèÿ,
è, âçÿòàÿ ñ ïðîòèâîïîëîæíûì çíàêîì, ïëîùàäü íàäãðàôèêà ôóíêöèè f(x), åñëè f(x) 6

0

Âîïðîñ 3.4. Êàêèå åñòü ñïîñîáû ñðàâíåíèÿ äëÿ èññëåäîâàíèÿ íåñîáñòâåííîãî èíòå-
ãðàëà íà ñõîäèìîñòü/ðàñõîäèìîñòü?

Òåîðåìà 1. Åñëè ñóùåñòâåò ÷èñëî M , òàêîå ÷òî äëÿ âñåõ x > M âåðíî íåðàâåíñòâî

0 6 f (x) 6 ϕ(x), òî èç ñõîäèìîñòè
+∞∫
a

ϕ (x)dx ñëåäóåò ñõîäèìîñòü
+∞∫
a

f (x)dx.

Åñëè ïðè òåõ æå ïðåäïîëîæåíèÿõ èíòåãðàë
∫ +∞
a

f (x)dx ðàñõîäèòñÿ, òî ðàñõîäèòñÿ

è èíòåãðàë
+∞∫
a

ϕ (x)dx.

Òåîðåìà 2. Ïóñòü 0 6 f (x), 0 < α 6 ϕ(x) 6 β . Òîãäà
+∞∫
a

f (x)ϕ(x)dx ñõîäèòñÿ

òîãäà è òîëüêî òîãäà, êîãäà ñõîäèòñÿ
+∞∫
a

f (x)dx .
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Äîêàçàòåëüñòâî. à) Ïóñòü
+∞∫
a

f (x)dx ñõîäèòñÿ. Òîãäà ñõîäèòñÿ
+∞∫
a

βf (x)dx. Òîãäà ïî

òåîðåìå 1 ñõîäèòñÿ
+∞∫
a

f (x)ϕ(x)dx.

á) Ïóñòü ñõîäèòñÿ
+∞∫
a

f (x)ϕ(x)dx. Òîãäà ñõîäèòñÿ
+∞∫
a

1
α
f (x)ϕ(x)dx, îòêóäà ñõîäèòñÿ

+∞∫
a

f (x)dx, ò.ê. ϕ(x)
α

> 1. Òåîðåìà äîêàçàíà.

Òåîðåìà 3. Ïóñòü lim
x→+∞

f(x)
g(x)

= c > 0, ãäå c êîíå÷íîå ÷èñëî, f(x) è g(x) íåïðåðûâ-

íûå ôóíêöèè è ñóùåñòâåò ÷èñëî M , òàêîå ÷òî äëÿ âñåõ x > M âåðíî, ÷òî f(x) > 0 è

g(x) > 0 . Òîãäà íåñîáñòâåííûå èíòåãðàëû
+∞∫
a

f (x)dx è
+∞∫
a

g (x)dx ñõîäÿòñÿ èëè ðàñõî-

äÿòñÿ îäíîâðåìåííî.

Äîêàçàòåëüñòâî. Îáîçíà÷èì: ϕ (x) = g(x)
f(x)

, lim
x→+∞

ϕ(x) = 1
c
> 0 .

Ñëåäîâàòåëüíî, ñóùåñòâóþò êîíå÷íûå ÷èñëà α è β, òàêèå ÷òî: 0 < α 6 ϕ(x) 6 β,
ïðè÷åì g (x) = ϕ (x) f(x).

Ïðèìåíÿÿ òåîðåìó 2, ïîëó÷àåì, ÷òî
+∞∫
a

f (x)dx è
+∞∫
a

g (x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ

îäíîâðåìåííî.

Íåñîáñòâåííûå èíòåãðàëû II òèïà:
b∫
a

f (x)dx ãäå f(x) � ôóíêöèÿ, íåîãðàíè÷åííàÿ íà

[a; b).
Ïðåäïîëàãàåì, ÷òî lim

x→b−0
f (x) = +∞, à â îñòàëüíûõ òî÷êàõ ïðîìåæóòêà [a; b) íåïðå-

ðûâíà.
Âûïîëíèì çàìåíó: b−x = 1

t
, x = b− 1

t
, dx = dt

t2
, t = 1

b−x , ïðè x = a t = 1
b−a , à

ïðè x→ b− 0 t→ +∞ . Òîãäà

b∫
a

f (x)dx =

+∞∫
1
b−a

f

(
b− 1

t

)
dt

t2
.

Òàêèì îáðàçîì èíòåãðàë II òèïà ñâîäèòñÿ ê èíòåãðàëó I òèïà.

Ïðèìåð 3.4. Èññëåäîâàòü ñõîäèìîñòü èíòåãðàëà
a∫
0

dx
xp
, a > 0, p > 0.

Ðåøåíèå. Âûïîëíèì çàìåíó: x = 1
t

dx = − 1
t2
dt , ïðè x → +0 t → +∞ , à ïðè

x→ a t = 1
a
. Òîãäà

a∫
0

dx

xp
=

1
a∫

+∞

(
−tp · 1

t2

)
dt =

+∞∫
1
a

dt

t2−p
.

Ñì. ïðèìåð 3.1.
Åñëè 2− p > 1⇔ p < 1, òî èíòåãðàë ñõîäèòñÿ.
Åñëè 2− p 6 1⇔ p > 1, òî èíòåãðàë ðàñõîäèòñÿ.

Ïðèìåð 3.5. Èññëåäîâàòü ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà
1∫
0

dx√
1−x4

.
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Ðåøåíèå. Âûïîëíèì çàìåíó: 1− x = 1
t
, x = 1− 1

t
= t−1

t
dx = dt

t2
, t = 1

1−x , ïðè x = 0
t = 1 , à ïðè x→ 1− 0 t→ +∞ . Èìååì:

1∫
0

dx√
1− x4

=

+∞∫
1

dt

t2
√

1−
(
t−1
t

)4 =

+∞∫
1

dt

t2
√

t4−(t−1)4
t4

=

+∞∫
1

dt√
t4 − (t− 1)4

=

=

+∞∫
1

dt√
t4 − t4 + 4t3 − 6t2 + 4t− 1

=

+∞∫
1

dt√
4t3 − 6t2 + 4t− 1

.

Ïî òåîðåìå 3
(
ïðè g (t) = 1

t
3
2

)
è ñîãëàñíî ïðèìåðó 3.1

(
òàê êàê 3

2
> 1
)
íåñîáñòâåííûé

èíòåãðàë ñõîäèòñÿ.

Ïðèìåð 3.6. Èññëåäîâàòü ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà

π
2∫
0

(tg x)pdx, p > 0.

Ðåøåíèå. Ïîñëå çàìåíû 1
t

= π
2
− x, x = π

2
− 1

t
, dx = dt

t2
, t = 1

π
2
−x , ïðè x = 0 t = 2

π
,

à ïðè x→ π
2
− 0 t→ +∞ . Èìååì:

π
2∫

0

(tg x)pdx =

+∞∫
2
π

sinp
(
π
2
− 1

t

)
t2 cosp

(
π
2
− 1

t

)dt =

+∞∫
2
π

cosp 1
t

t2 sinp 1
t

dt .

Ïðèìåíÿÿ òåîðåìó 3
(
ïðè g(t) = 1

t−p+2

)
è âûâîä èç ïðèìåðà 3.1, çàêëþ÷àåì, ÷òî óñëîâèå

ñõîäèìîñòè èíòåãðàëà èìååò âèä: −p+ 2 > 1 èëè 0 < p < 1.

Çàäàíèÿ íà ñàìîñòîÿòåëüíóþ ðàáîòó

Âàðèàíò 1

Íàéäèòå èíòåãðàëû:

1)
∫
x3
√

5x4 − 3 dx

2)
∫

arccosx dx

3)
∫

x2+x−1
x3+x2−6x dx

4)
∫

(sin 2x+ cos 2x)2dx

5)
∫

cosx+1
sin2 x

dx

6)

π
2∫
0

x2 sin 2x dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x2, y = 6− 5x.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
−∞

xexdx.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè àáñöèññ ôèãóðû, îãðàíè-
÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y2 = x .
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Âàðèàíò 2

Íàéäèòå èíòåãðàëû:

1)
∫ √

x lnx dx

2)
∫

lnx
x
√
1+lnx

dx

3)
∫

11x+16
(x−1)(x+2)2

dx

4)
∫

cos2 x sin 2x dx

5)
∫ 1+ 1

2
√
x

(
√
x+x)

2 dx

6)
9∫
4

(x+3)2√
x
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = 6x− x2 è îñüþ OX.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
3

dx√
2+x

.

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè îðäèíàò ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: x2 + y2 = 64, y = −5, y = 5, x = 0.

Âàðèàíò 3

Íàéäèòå èíòåãðàëû:

1)
∫

dx
arcsin3 x

√
1−x3

2)
∫
ex(x+ 5)dx

3)
∫

1

(x−1)2(x2+2)
2 dx

4)
∫

cosx
3√sinx

dx

5)
∫

x2√
x−1 dx

6)
1∫
0

xe−2xdx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = −x2 + 7x− 10 è y = x2 − x− 10.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
1∫

3/4

dx
5√3−4x .

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè àáñöèññ ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y =

√
x, x = 4, y = 0.
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Âàðèàíò 4

Íàéäèòå èíòåãðàëû:

1)
∫

arcsin(x− 7) dx

2)
∫

x5√
9−x6 dx

3)
∫

x
(x+1)(x+2)(x+3)

dx

4)
∫

sin 2x
1+cos2 x

dx

5)
∫

x+
√
1+x

3√1+x dx

6)
9∫
1

(x+2)2

x
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: xy = 2 è y = 7− 7x

5
.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
1/e∫
0

dx
x ln4 x

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè àáñöèññ ôèãóðû, îãðàíè-
÷åííîé ëèíèåé, çàäàííîé ðàâåíñòâîì: y = 2x− x2 .

Âàðèàíò 5

Íàéäèòå èíòåãðàëû:

1)
∫
x2ex

3
dx

2)
∫
x cosx dx

3)
∫

x
9+8x−x2 dx

4)
∫

sin5 x
cos4 x

dx

5)
∫

x√
x+3

dx

6)
4∫
1

(x+
√
x)

2

x2
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèåé y = lnx, îñüþ OX è ïðÿìîé y + x = 4.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
1

dx
(3+x)3

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè îðäèíàò ôèãóðû, îãðà-
íè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = 2x− x2, y = 0 .
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Âàðèàíò 6

Íàéäèòå èíòåãðàëû:

1)
∫

x
sin2 x

dx

2)
∫
x cos (x2 + 5) dx

3)
∫

x2

x3−x2−6x dx

4)
∫

dx√
2x−1− 4√2x−1

5)
∫

sin 2x
1+cos 2x

dx

6)
3∫
0

ln(x+ 3)dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè: x+ y − 6 = 0 è y = 7
x
.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
0∫
−1

e
1
x

x3
dx.

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åííîé
ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y = x3.

Âàðèàíò 7

Íàéäèòå èíòåãðàëû:

1)
∫

sinx−cosx√
sinx+cosx

dx

2)
∫
x arctg x dx

3)
∫

x
(x+1)(x2−4) dx

4)
∫ √

x−1
3√x+1

dx

5)
∫

cos 3x
5+3 sin 3x

dx

6)
1∫
0

1
ex+e−x

dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèåé: y = x2

8
è ïðÿìîé y = 3.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
0

xe−x
2
dx.

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åííîé
ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y =

√
x.
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Âàðèàíò 8

Íàéäèòå èíòåãðàëû:

1)
∫
x6
√
x7 − 8 dx

2)
∫

ln(2x− 7)dx

3)
∫

x+6
(x+21)(x+3)2

dx

4)
∫ √

x
x+2

dx

5)
∫

sin 2x
3 sin2 x+4

dx

6)
1∫
0

x
1+x4

dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = 4x2 è x− y + 3 = 0.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
2∫
0

x3dx√
16−x4 .

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè îðäèíàò ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = ex, x = 0, x = 1, y = 0.

Âàðèàíò 9

Íàéäèòå èíòåãðàëû:

1)
∫
x lnx dx

2)
∫

x
3√2−x2

dx

3)
∫

x−7
x2−5x+6

dx

4)
∫

1−
√
x√

x(x+1)
dx

5)
∫

sin 3x
2

cos 3x
2
dx

6)
9∫
3

lnx
x
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y2 = 4x è x2 = 4y.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
2∫
0

x2
3√8−x3

dx.

Íàéäèòå îáúåì òåëà, ïîëó÷àåìîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åííîé
ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x, y = 2x− x3 (x > 0).
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Âàðèàíò 10

Íàéäèòå èíòåãðàëû:

1)
∫
exx2dx

2)
∫

lnx−3
x
√
lnx

dx

3)
∫

sinx
(1−3 cosx)3 dx

4)
∫

x
(x−1)2(x2−2) dx

5)
∫

dx√
6−4x−2x2 dx

6)

π
2∫
0

sin2 x dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x2

4
è y2 = 4x.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
2

2e−3xdx.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y2 = 4x, y = x.

Âàðèàíò 11

Íàéäèòå èíòåãðàëû:

1)
∫ ln(x−25)

x−25 dx

2)
∫

(x+ 9)2xdx

3)
∫

x+5
x2−8x+7

dx

4)
∫

sinx√
cos2 x+2

dx

5)
∫

x√
x+4

dx

6)
9∫
3

lnx
x
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x3 è y = 2x.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:

1
2∫
0

dx
(2x−1)2 .

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y =

√
x.
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Âàðèàíò 12

Íàéäèòå èíòåãðàëû:

1)
∫

arcsin5 x√
1−x2 dx

2)
∫
x7 lnx dx

3)
∫

x−1
(x+1)(x+2)

dx

4)
∫ cos(3x)

5+3 sin(3x)
dx

5)
∫

1+ 4√x
x+
√
x
dx

6)
1∫
0

1
ex+e−x

dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x2 − x è y2 = 2x.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
0

x dx
4
√

(16+x2)3
.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y = x3, x = 1, x = 3.

Âàðèàíò 13

Íàéäèòå èíòåãðàëû:

1)
∫
ex

7
x6dx

2)
∫

arcctg(4x− 7)dx

3)
∫

x2+5
x3+6x2+8x

dx

4)
∫ sin(2x)√

cos2 x+3
dx

5)
∫

1−
√
x√

x(1+x)
dx

6)
1∫
0

xex
2
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x2 − 3x è y + 3x− 4 = 0.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
1

dx√
x
.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè îðäèíàò ôèãóðû, îãðà-
íè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = ex, x = 0, y = 0.
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Âàðèàíò 14

Íàéäèòå èíòåãðàëû:

1)
∫
x5
√

5x6 + 9 dx

2)
∫

arccos(3x− 6)dx

3)
∫

x−6
(x+1)2(x−4) dx

4)
∫

sin3 x cos8 x dx

5)
∫

1√
2x−1− 4√2x−1 dx

6)

π
2∫
0

sin2 x dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x3, y = 8 è x = 0.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
0

dx
9x2+1

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè îðäèíàò ôèãóðû, îãðà-
íè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y =

√
x, x = 4, y = 0.

Âàðèàíò 15

Íàéäèòå èíòåãðàëû:

1)
∫

x5√
9−x12 dx

2)
∫

(x− 6) cos(x− 6)dx

3)
∫

x+3
x2−7x+12

dx

4)
∫

tg3 x dx

5)
∫ √

x−1
3√x+1

dx

6)
1∫
0

x
1+x4

dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y2 = 2x+ 4, y = 0 è y = −x+ 2.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
1∫
1
2

ln 2 dx
(1−x) ln2(1−x) .

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x, y = 2x− x3 (x > 0).
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Âàðèàíò 16

Íàéäèòå èíòåãðàëû:

1)
∫

2x
2
x dx

2)
∫

arcctg x dx

3)
∫

x−4
9+8x−x2 dx

4)
∫

sin2 x cos2 x dx

5)
∫

1−
√
x√

x(1+x)
dx

6)
1∫
0

xex
2
dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: xy = 4 è y = −x+ 5.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:

π
4∫
0

cosx dx
sin2 x

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = x2, y = x+ 4, x = 0, x = 2.

Âàðèàíò 17

Íàéäèòå èíòåãðàëû:

1)
∫ x+arctg(2x)

1+4x2
dx

2)
∫
e−xx dx

3)
∫

x
x2−6x−7 dx

4)
∫

sin5 x dx

5)
∫

x3√
1−x2 dx

6)
1∫
0

x
√

1− x2 dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = 3x− x2 è y = −x.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
0

e−xx2 dx .

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y2 = 4x, y = x.
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Âàðèàíò 18

Íàéäèòå èíòåãðàëû:

1)
∫

3xx dx

2)
∫
x4 sin (x5 + 5) dx

3)
∫

x−1
x3+6x2−7x dx

4)
∫

cos5 x dx

5)
∫

1√
6−4x−2x2 dx

6)
1∫
0

tg2 x dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x2 + 4x è y = x+ 4.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
1∫
0

x dx
1−x4 .

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = sin x

2
, y = cos x

2

(
0 6 x 6 π

2

)
.

Âàðèàíò 19

Íàéäèòå èíòåãðàëû:

1)
∫

2x(x+ 9)dx

2)
∫

x2

x6+4
dx

3)
∫

x−7
(x+1)2(x2−9) dx

4)
∫

sin3 x
√

cosx dx

5)
∫

x+
√
1+x

3√1+x dx

6)
1∫
0

x
√

1− x2 dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = 3− 2x− x2 è y = −x− 9.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
e∫
0

ln5 x dx
x

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OY ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = 4 +

√
x, y = 4−

√
x, y = −x+ 6.
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Âàðèàíò 20

Íàéäèòå èíòåãðàëû:

1)
∫

7x
7
x6dx

2)
∫

ln (x2 + 1) dx

3)
∫

11x+16
(x+3)(x−4)2 dx

4)
∫ sin(2x)

3 cos2 x+4
dx

5)
∫

1√
4x−x2 dx

6)

π
2∫
0

x cosx dx

Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâà-
ìè: y = x, y = x2 è x = 2.

Âû÷èñëèòå íåñîáñòâåííûé èíòåãðàë èëè óñòàíîâèòå åãî ðàñõîäèìîñòü:
+∞∫
0

x2 dx√
7+2x6

.

Âû÷èñëèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè÷åí-
íîé ëèíèÿìè, çàäàííûìè ñëåäóþùèìè ðàâåíñòâàìè: y = − lnx, x = 3, y = 0.
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