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The magnetic properties of Fe3O4–Fe3 – xTixO4 composites synthesized by various methods were simulated
based on the model of an ensemble of magnetostatically interacting particles. The results are in good agree-
ment with the hysteresis characteristics of the samples calculated earlier in the framework of the model of
chemically heterogeneous two-phase particles. It is shown that the used approach is also applicable to the
samples consisting mainly of superparamagnetic particles in which the saturation remanent magnetization is
provided by the particles blocked due to the magnetostatic interaction.
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INTRODUCTION

Solid solutions of Fe2+(Fe3+, Fe2+, Ti)~2O4 iron
oxides (magnetite, maghemite, hematite, etc.) with
the presence of titanium are often called “titanomag-
netites” and denoted as Fe3–xTixO4. They can have sig-
nificant spontaneous magnetization and high catalytic
activity, so they are used as a renewable catalyst in
organic synthesis [1–5]. The number of titanium
atoms in the crystal lattice of titanomagnetites sets the
ratio of the content of divalent and trivalent iron cat-
ions. Therefore, the particles may be a regulated
reduction-oxidation system, which is used in the bio-
transformation of iron nanomaterials and production
of metalloenzymes [6, 7]. A considerable part of mag-
matic rocks contains exactly titanomagnetites, there-
fore, by studying them, it is possible to obtain data on
the evolution of the lithosphere and the Earth’s mag-
netic field, see, e.g., [8].

In a series of experiments presented in [9–11],
Fe3O4–Fe3–xTixO4 composites containing titanomag-
netite were synthesized by different methods under
thermodynamically different conditions. To study
their physicochemical properties, a comprehensive
approach was applied, including analysis of the struc-
ture, phase, and elemental composition, study of the
magnetic characteristics, and theoretical modeling.

It was shown in [9–12] that three groups of fer-
rimagnetic particles can be distinguished in all the
studied samples: the strongly magnetic fraction of

chemically heterogeneous particles (magne-
tite/maghemite-titanomagnetite), the weakly mag-
netic fraction (hematite, goethite, and other iron
hydroxides), and superparamagnetic particles belong-
ing to the first two fractions. The main contribution to
the remanent magnetization is made by few-domain
(pseudo-single-domain) chemically heterogeneous
particles.

The study of superparamagnetic magnetite
nanoparticles [13] showed that the critical size of the
transition to the single-domain state at room tempera-
ture is about 11 nm. However, for spherical particles,
this value is known to be about 30 nm [14]. The under-
estimation of the size may be due to the fact that the
authors of [13] assumed the particles to be non-inter-
acting, although their earlier works [15, 16] show that
the concentration of magnetite grains is large enough
and the magnetostatic interaction must be signifi-
cant. The situation is similar for hematite nanoparti-
cles [17].

In [11, 12], the model of two-phase particles (TP)
[18] was used to describe the magnetic states of chem-
ically heterogeneous particles, taking into consider-
ation their magnetostatic interaction. An ensemble of
cubic two-phase particles with characteristic size а
and phase volumes: (1–ε)а3—magnetite phase and
εа3—titanomagnetite phase was considered. It was
assumed that the easy magnetization axes of the
phases are parallel to the interphase boundary. Then,
in the absence of an external field, the magnetic
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moments in the phases are either opposite in direction
or their directions coincide. Applying an external field
along the easy axes does not increase the number of
possible states of a particle, but it changes the values of
their relative fraction. The number of particles in dif-
ferent states was calculated on the basis of the statisti-
cal Boltzmann distribution.

This allowed calculating the remagnetization fields
of the particles and estimating the hysteresis charac-
teristics of the first fraction, which agree well with the
experimental data (taking into consideration the con-
tributions of the other fractions). The possibility of
applying the same model to “superparamagnetic”
samples was demonstrated [12].

Since the magnetostatic interaction even at small
volume concentrations of the ferrimagnetic (~1%) can
significantly affect the magnetization processes [19], it
is necessary to consider the interaction parameters
more accurately. One can use the mean-field approx-
imation for which the random field distribution func-
tions are calculated [20].

In works [9, 10], the theoretical model of single-
domain magnetostatically interacting ferrimagnetic
particles with effective spontaneous magnetization
(SDEM) was verified. This parameter allowed us to
phenomenologically take into consideration the mag-
netic and chemical heterogeneity of the particles. The
model is described in more detail further in the section
“Theoretical Modeling”.

The purpose of this work is to bring the two consid-
ered models of TP and SDEM into agreement for all
synthesized samples and to substantiate more strictly
the applicability of the two-phase particle model for
superparamagnetic samples.

SYNTHESIS PARAMETERS 
AND HYSTERESIS CHARACTERISTICS 

OF THE SAMPLES
The samples of three series synthesized by different

methods are simulated. The synthesis of composites
based on the FemOn–TiO2 system (series T) was per-
formed by magnetite precipitation in a suspension of
submicron TiO2 [9, 10]. 4 g of FeCl3·6H2O and 2 g of
FeSO4·7H2O (molar ratio 2 : 1) were dissolved in
100 mL of distilled water and dispersed in a solution of
0.5, 1.0, or 2.0 g of TiO2 powder (samples
T05L/T05H, T10L, and T20L/T20R respectively).
10 mL of 25% aqueous ammonia solution was added
to the suspension. The resulting magnetic precipitate
was washed using a Nd–Fe–B permanent magnet
until pH 7 and no chloride and sulfate ions were pres-
ent. The powders were dried at room temperature and
subjected to hydrothermal treatment (Table 1).

The samples of the Cp series were obtained by joint
precipitation of salts (FeCl3∙6H2O and FeSO4∙7H2O in
the molar ratio of 2:1) and an aqueous solution of
TiCl4 [11]. The samples of the P series were obtained

by precipitation of the titanium-containing compo-
nent on previously obtained magnetite/maghemite
particles (we also used FeCl3∙6H2O, FeSO4∙7H2O in
the molar ratio of 2:1 and an aqueous solution of
TiCl4) [11]. Aqueous ammonia solution was used as a
precipitant. To remove residual chloride and sulfate
ions, the obtained precipitates were washed with dis-
tilled water using a permanent Nd–Fe–B magnet
until reaching рН 7. The powder was dried at 40°C and
subjected to hydrothermal (distilled water—samples
CpH4, CpH4Ar, and PH4) or solvothermal (dehy-
drated isopropanol – samples CpS24, CpS72, and
PS4) treatment (Table 1). When synthesizing the
CpH4Ar sample, in order to remove dissolved gases,
the water was treated with ultrasound and boiled, and
the autoclave volume not filled with water was purged
and then filled with inert gas (Ar 99.998%).

Table 2 shows the experimental hysteresis charac-
teristics of the studied samples [9–11]: saturation
magnetization Ms, saturation remanence Mrs, coercive
force Hc, remanence coercivity Hcr.

According to magnetic granulometry [21], two
groups of samples can be distinguished. For the first
nine samples in the upper part of the table, the Mrs/Ms
ratios are in the range of 0.11–0.23 and Hcr/Hc in the
range of 2–3. Consequently, the first group of samples
is dominated by single- and few-domain particles.
Sample T20R from the second group can be attributed
to the superparamagnetic type since the same ratios
for it are 0.012 and 3.7, respectively. For the last three
samples in the lower part of the table (P series), the
Mrs/Ms values are two orders of magnitude lower
(0.002–0.003) than in the first group and the hystere-
sis loop is very narrow, i.e. they also belong to the
superparamagnetic type. For these samples, it was not

Table 1. Sample treatment conditions: temperature, pres-
sure, medium, time

Series Sample Conditions

T T05L 240°C, 50 MPa, H2O, 4 h
T10L 240°C, 50 MPa, H2O, 4 h
T20L 240°C, 50 MPa, H2O, 4 h
T05H 470°C, 42 MPa, H2O, 4 h
T20R Untreated

Cp CpIn Untreated
CpH4 240°C, 50 MPa, H2O, 4 h
CpH4Ar 240°C, 30 MPa, H2O (Ar), 4 h
CpS24 250°C, 70 MPa, C3H8O, 24 h
CpS72 250°C, 70 MPa, C3H8O, 72 h

P PIn Untreated
PH4 240°C, 50 MPa, H2O, 4 h
PS4 250°C, 70 MPa, C3H8O, 4 h
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possible to determine the value of Hcr. experimentally.
However, knowing the value of Hc, the minimum
value of Hcr for these samples was accepted in the cal-
culations, taking into consideration the condition
Hcr/Hc ≥ 10 [21].

THEORETICAL MODELING
To bring the two models (TP and SDEM) into

agreement, let us give more detailed results of calcula-
tions using the TP model, since the works [11, 12] only
specified the ranges of values for some characteristics.

Tables 3 and 4 contain data for the samples of the
first group for which the best agreement with the
experiment was obtained with the following parame-
ters: the average size of the two-phase particles is
60 nm, the relative thickness of the titanomagnetite
phase is in the range of 0.05–0.20 depending on tita-
nium content, and the total volume concentration of
the ferrimagnetic is 0.5–0.6.

Table 3 shows that the main contribution to the
remanent magnetization is made by the first fraction,
which consists mainly of few-domain chemically het-
erogeneous particles. Therefore, we will further ana-
lyze and coordinate the magnetic properties of this
fraction.

The data in Table 4 generally correlates well with
the synthesis conditions. For example, the minimum
number of superparamagnetic particles in samples
T05H and CpH4 is associated with strong oxidation of
the magnetic material under the action of temperature
in the first case or exposure to a hydrothermal envi-
ronment in the second case.

Table 5 shows the calculated values of the sponta-
neous magnetizations of the magnetite Is11 and titano-
magnetite Is12 phases. The Is11 values are lower than for
the single-domain magnetite grain because of mag-
netic heterogeneity (grain size is 60 nm) and non-stoi-
chiometry of the first phase. The remanence coerciv-
ity values Hcr1 were calculated within the TP model.
The coercive force values of the first fraction Hc1 were
calculated from the Hcr1 values taking into consider-
ation the interaction between the particles and the
chaotization of their easy axes [11].

Tables 6 and 7 present the data for the samples of
the second group containing mainly superparamag-
netic particles for which the best agreement with the
experiment was obtained for the following parameters:
the average size of the two-phase particles for sample
T20R is 30 nm, for the P series samples is 13 nm, the
relative thickness of titanomagnetite phase is 0.05 and
0.10, respectively (the absolute thickness values are
approximately equal: 1.5 nm and 1.3 nm). In this
group, the first fraction with volume concentration
C1b, which determines the saturation remanence of the
sample, is represented by the particles blocked due to
magnetostatic interaction. The third fraction with

Table 2. Hysteresis characteristics of the samples

Sample
Ms, 

A m2/kg
Mrs, 

A m2/kg
μ0Hc, 

mT
μ0Hcr, 

mT

T05L 26.4 2.9 5.6 14.9
T10L 19.5 2.1 4.8 12.6

T20L 14.1 1.9 6.0 13.8
T05H 23.8 4.2 8.8 18.3
CpIn 26.1 3.3 5.4 15.6

CpH4 17.3 4.0 9.0 17.6
CpH4Ar 32.9 5.5 8.9 20.5

CpS24 33.7 5.4 8.0 18.8
CpS72 33.2 5.0 8.3 20.2

T20R 28.9 0.35 0.51 1.9
PIn 40.1 0.11 0.12 –

PH4 31.2 0.07 0.08 –
PS4 41.1 0.13 0.12 –

Table 3. Magnetizations Ms and Mrs of the corresponding
three fractions for the first group of samples

Sample
Ms1, 

A m2/kg
Mrs1, 

A m2/kg
Ms2, 

A m2/kg
Mrs2, 

A m2/kg
Ms sp, 

A m2/kg

T05L 10.1 2.9 0.3 0.07 16.0

T10L 7.3 2.0 0.2 0.05 12.0

T20L 6.2 1.8 0.3 0.08 7.6

T05H 22.1 3.8 0.6 0.36 1.1

CpIn 13.9 3.2 0.3 0.08 11.8

CpH4 15.7 3.5 0.8 0.50 0.8

CpH4Ar 27.1 5.1 0.6 0.35 5.3

CpS24 25.0 5.1 0.4 0.24 8.3

CpS72 22.6 4.8 0.4 0.18 10.2

Table 4. Concentrations C of the corresponding three frac-
tions for the first group of samples

Sample C1 C2 Csp

T05L 0.05 0.17 0.34
T10L 0.04 0.16 0.32
T20L 0.03 0.20 0.27
T05H 0.11 0.40 0.02
CpIn 0.07 0.20 0.22
CpH4 0.08 0.40 0.02
CpH4Ar 0.14 0.28 0.08
CpS24 0.11 0.27 0.12
CpS72 0.10 0.25 0.16
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concentration Cnb contains unblocked particles of the
first two fractions. As for the samples of the first
group, the total volume concentration of the ferrimag-
netic is in the range of 0.5–0.6.

We can see that the parameters of sample T20R
noticeably differ from the others. This is explained by
the fact that it is borderline between the single-domain
and superparamagnetic states in terms of the average
particle size (30 nm).

Table 8 shows the spontaneous magnetizations of
the magnetite Is11 and titanomagnetite Is12 phases
accepted in the calculation. Additionally, the concept
of spontaneous magnetization calculated from satura-
tion remanence (Irs11 and Irs12) was introduced, since in
a zero external field there is a significant decrease in
the magnetic moments of the phases due to the influ-
ence of thermal f luctuations [22]. Coercive forces Hcr1
and Hc1 were calculated similarly to the samples of the
first group.

In the TP model, magnetization of the sample was
calculated in the approximation of a uniform distribu-
tion of random fields of interaction Hi in the interval
from –Hmax to +Hmax:

(1)

Here, M (He, Hi) is determined by the number of par-
ticles in different magnetic states [11]. Then, in the
first approximation, the magnetization calculation is
reduced to the case of non-interacting particles, taking
into consideration the reduction of the critical fields
by the Hmax value. For conditionally weak and condi-
tionally strong magnetostatic interaction [19]:

(2)

where Is1 is the average spontaneous magnetization of
the two-phase grain. The characteristic interaction
field Hmax is mainly determined by the parameters of
the two-phase particle fraction, since the spontaneous
magnetization of the weakly magnetic fraction Is2 is
two orders of magnitude lower than Is1.

It is known that, at sufficiently high concentrations
of the ferrimagnetic, magnetization of the sample is
significantly affected by the magnetostatic interaction.
Besides, as indicated above, the interaction leads to
blocking the magnetic moments of a part of the super-
paramagnetic particles which contribute to the rema-
nent magnetization. Using the mean-field approxima-
tion, we can calculate the random field distribution
functions for any volume concentrations of the fer-
rimagnetic [20] and take these factors into consider-
ation more strictly.

Using the model of interacting single-domain par-
ticles [23] and the known values of magnetizations Ms
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Table 5. Spontaneous magnetizations of Is11 and Is12
phases, coercive force Hc1, and remanence coercivity Hcr1 of
the two-phase particle fraction for the first group of samples

Sample Is11, kA/m Is12, kA/m μ0Hc1, 
mT

μ0Hcr1, 
mT

T05L 400 380 14.6 52.0
T10L 400 380 9.8 35.1
T20L 400 380 13.6 45.8
T05H 400 380 4.8 28.2
CpIn 400 380 8.0 35.1
CpH4 400 380 7.8 35.1
CpH4Ar 400 380 6.6 35.1
CpS24 460 440 8.3 40.5
CpS72 450 430 8.7 40.7

Table 6. Magnetizations Ms and Mrs of the corresponding
three fractions for the second group of samples

Sample
Ms1 b, 

A m2/kg
Mrs1 b, 

A m2/kg
Ms2 b, 

A m2/kg
Mrs2 b, 

A m2/kg
Ms nb, 

A m2/kg

T20R 23.7 0.23 0.5 0.116 4.7

PIn 22.9 0.11 0.3 0.004 17.0

PH4 12.8 0.06 0.2 0.007 18.1

PS4 25.9 0.13 0.3 0.001 15.0

Table 7. Concentrations C of the corresponding three frac-
tions for the second group of samples

Sample C1b C2b Cnb

T20R 0.12 0.34 0.09
PIn 0.12 0.17 0.21
PH4 0.07 0.16 0.31
PS4 0.13 0.19 0.19

Table 8. Spontaneous magnetizations of Is11 and Is12 phases,
coercive force Hc1, and remanence coercivity Hcr1 of the two-
phase particle fraction for the second group of samples

Sample
Is11, 

kA/m
Irs11, 

kA/m
Is12, 

kA/m
Irs12, 

kA/m
μ0Hc1, 

mT
μ0Hcr1, 

mT

T20R 400 15 380 13 0.64 2.46

PIn 400 8 380 7 0.24 0.99

PH4 400 10 10 5 0.11 0.58

PS4 400 11 380 10 0.16 0.88
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and Mrs, effective spontaneous magnetization Ieff of
the particles can be calculated (SDEM model). Intro-
duction of the concept of Ieff is related to the heteroge-
neous distribution of magnetic moment over the grain
volume, which is determined by the formation of
domain and vortex-like structures, as well as by the
chemical heterogeneity of the grain [24–26].

To find the Ieff value of the first fraction, we solved
the inverse problem of matching the theoretical values
of magnetization MTPh and MSD calculated by the TP
and SDEM models, respectively. Dimensionless mag-
netization:

(3)

Here, N is the number of ferrimagnetic particles with
an average volume v and concentration C1 in a sample
of volume V. Magnetization of a system of uniaxial fer-
rimagnetic particles randomly distributed in a cylin-
drical volume is determined using a modified method
of moments and Gram–Charlier series [9, 20]:

(4)

In our calculations, x0 = (H0 + He + Hm)/σ, where
H0 is the particle remagnetization field, He is the exter-
nal field, and Hm and σ are the mean and RMS values
of the interaction field, respectively. Note that the
concentration values calculated within the TP model
were used in the SDEM model (Tables 4 and 7). The
average remagnetization field of an individual particle
H0 is determined from experiment as remanence coer-
civity Hcr. Function ϕu(x0) is the probability density of
the normal distribution, where γ1 is asymmetry, γ2 is
kurtosis, and H2, H3, H5 are Hermite polynomials of
2nd, 3rd and 5th order, respectively. Magnetization
ζSD depends on Ieff through the moments of the distri-
bution function.

The values of effective spontaneous magnetizations
Is eff and Irs eff are found from the condition of equality
of functions ζTPh(Ieff) and ζSD(Ieff) by substituting val-
ues Ms and Mrs for the first fraction from Tables 3 or 6.
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For the saturation magnetization, the results for all
samples when both models (TP and SDEM) were
applied coincide completely, since the external field is
large (He = 5570 kA/m). For the saturation remanent
magnetization, the Irs eff value obtained by the SDEM
model should be multiplied by the Hcr1/Hc1 ratio,
which takes into consideration the scattering of the
easy axes of the particles and the appearance of vortex
and domain structures in a zero external field [11].

For the samples of the first group, the value of Irs eff
is obtained equal to average spontaneous magnetiza-
tion Is1, which is close to Is11 (see Table 5), since the
thickness of the titanomagnetite phase is small.

For the blocked particles that contribute to the
remanent magnetization in the samples of the second
group, the time-averaged non-zero magnetic moment
is equal to (see, e.g., [11]):

(5)

where Is is the spontaneous magnetization of the fer-
rimagnetic at temperature T, vb(Hi) is the critical vol-
ume of the particle whose magnetic moment remains
stable when the Hi interaction field acts on the parti-
cle. In this case, the blocking volume

(6)

Remagnetization field H0 ≈ Hcr1, vb ≈ 50kT/(IsH0) is
the blocking volume at Hi = 0 [27].

Then, for the superparamagnetic samples (Table 9)
Irs eff is significantly smaller than for the samples of the
first group, because the magnetic moments of fewer
particles are blocked in the zero external field.

Comparison of the data in Tables 8 (TP model) and
9 (SDEM model) shows good agreement between the
values of Irs11 (the relative thickness of the titanomag-
netite phase is small, so its contribution to the mag-
netic moment of the particle is insignificant) and Irs eff,
which confirms the validity of using the TP model for
superparamagnetic samples.

CONCLUSIONS
Thus, this paper demonstrates the consistent appli-

cability of the two theoretical models that take into
consideration the magnetostatic interaction between
ferrimagnetic particles to describe the magnetic
properties of the synthesized Fe3O4–Fe3 – xTixO4
composites.

The advantage of the two-phase model is the
explicit consideration of chemical heterogeneity and
magnetostatic interaction between phases using the
method of magnetic rectangles [28], which allows cal-
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Table 9. Effective spontaneous magnetizations Irs eff of sam-
ples of the second group

Sample Irs eff, kA/m

T20R 15.1
PIn 7.9
PH4 9.5
PS4 10.9
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culating the number of particles in different magnetic
states and remagnetization fields.

The advantage of the model of single-domain par-
ticles with effective spontaneous magnetization is a
more strict consideration of magnetostatic interaction
at any concentration of ferrimagnetic particles, as well
as less complicated calculations if the expansion of the
random interaction field distribution function is lim-
ited to the first few terms (Gram-Charlier or Edge-
worth series) [20].

It has been demonstrated that both models can be
applied not only to samples containing mainly single-
domain and few-domain chemically heterogeneous
ferrimagnetic particles, but also to samples consisting
mainly of superparamagnetic, including chemically
heterogeneous, particles in which the saturation rema-
nent magnetization is provided by blocked particles
due to magnetostatic interaction.
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