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A new statistical thermodynamic model of inverse nonionic aggregates of surfactant molecules
in nonpolar solvents is considered. This model admits the fluctuation coexistence of inverse
spherical, globular, and spherocylindrical aggregates without activation barriers between them.
The model is based on the assumption of a uniform bulk density of the number of molecular
groups inside the core of an aggregate that can continuously transform into a sphere, a globule,
and a spherocylinder. In this model, for any aggregation numbers, the work of aggregation de-
pends not only on the aggregation numbers and the concentration of surfactant monomers, but
also on two independent geometric parameters characterizing, at the same aggregation numbers,
the deviation from the spherical form of the aggregate towards globular and spherocylindrical
forms. Even in the range of small aggregation numbers, this fact leads to a significant difference
between the equilibrium distribution function of aggregates, which depends on the aggregation
number and two form parameters, and the one-dimensional distribution function in terms of ag-
gregation numbers. It is shown that the optimal values of the form parameters, which minimize
the work of aggregation, are in good agreement for spherocylindrical aggregates with the predic-
tions of a purely geometric model of such aggregates under the additional assumption of a uni-
form surface density of molecular groups at the micelle core. The predictions of a new molecular
thermodynamic model for the degrees of surfactant micellization in inverse aggregates of various

forms at different surfactant concentrations are considered.

INTRODUCTION

The creation of a molecular thermodynamic model capable of explaining the mechanism of
surfactant aggregation in a nonpolar solvent in the absence of water, predicting the critical mi-
celle concentration (CMC), forms and characteristic numbers of aggregation of “dry” (i.e., with-
out water molecules in the micelle core) inverse micelles is an actual task. Experimental works
[1-3] and molecular dynamics and thermodynamic modeling of inverse micelles [4—6] show that

CMC and dry inverse nonionic and ionic micelles actually exist in nonpolar solutions, and their
1
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form may differ from a spherical one. Recently we have derived [7], based on the extended drop-
let model of micelles, an analytical expression for the minimal work of aggregation of inverse
spherical micelles. This expression was constructed taking into account the contributions due to
electrostatic interactions of the surfactant polar heads in the inverse micelle core, the effects of
the conformation of hydrocarbon tails in the micellar crown and polar heads in the micellar core,
the effects of the excluded area on the surface of the micelle core described by two-dimensional
equation of the theory of scaled particles [8]. In general terms, the constructed expression for the
work of aggregation did not depend on the form of the aggregates, and in the case of spherical
inverse micelles it predicted the existence of CMC and made it possible to find the equilibrium
distribution of micelles over the aggregation numbers.

It is usually accepted that various forms of micelles, among which spherical, globular, and
spherocylindrical micelles are distinguished, arise sequentially with an increase in the total sur-
factant concentration in a solution. In such a case, the first CMC is associated with spherical mi-
celles, the second CMC is associated with the accumulation of a significant proportion of surfac-
tants in spherocylindrical micelles. The first thermodynamic models for spherical, globular, and
spherocylindrical micelles were proposed in [9-11] and later expanded in [12-17]. Based on
these models, the micelle formation kinetics was considered taking into account transitions be-
tween different forms of micelles [18—-33]. There were studied situations when several potential
humps separated by potential minima appear in the aggregation work as a function of the aggre-
gation number with increasing total surfactant concentration, as well as situations where the ag-
gregation work has several separate branches corresponding to micelles of different forms.

In this paper, we consider a new statistical thermodynamic model of non-ionic inverse ag-
gregates of surfactant molecules in non-polar solvents, which allows for the fluctuation coexist-
ence of spherical, globular, and spherocylindrical aggregates without activation barriers between
them. According to this model, the minimal work of aggregation for any aggregation numbers
will depend not only on the aggregation numbers and concentration of surfactant monomers, but
also on two geometric parameters that characterize the deviation from the spherical form of the
aggregate towards globular and spherocylindrical aggregates. Thus, it is assumed that for the
same aggregation numbers, globular and spherocylindrical inverse aggregates can exist together
with spherical inverse aggregates. Below we will see that even in the range of small aggregation
numbers, this assumption leads to a significant difference between the equilibrium distribution
function of aggregates, which now depends on three internal variables, and the one-dimensional
distribution function in aggregation numbers only. Our task will be to investigate the optimal
values of the form parameters for globular and spherocylindrical aggregates and construct the

corresponding optimal one-dimensional aggregation work of inverse dry micelles, to consider
2



the integral one-dimensional aggregation work of micelles, which would determine the concen-
tration of surfactant aggregates of any form with the given aggregation number, to find the first
and second CMC within the framework of the proposed model and to calculate the relative frac-

tions of short and long micelles depending on the concentration of surfactant monomers.

1. FORMS OF MOLECULAR AGGREGATES AND INITIAL ASSUMPTIONS

Let us consider an aggregate of surfactant molecules, which, at various values of the form
parameters, continuously transforms into a sphere, a globule, and a spherical cylinder. The shape

of core of such an aggregate is shown

7L in Fig.1. Here, the form parameter A

s o expressed in units of the radius r of
Iy
‘ the spherical part of the aggregate

B shows the length of the cylindrical part

of the micelle. The parameter A

changes in the interval [O; oo), it is ze-

Fig.1. Shape of the inverse micellar core. ro for spheres and globules and strictly

greater than zero for cylinders.

Also expressed in units of radius r, the form parameter B shows the depth of entry of the
spheres into the cylindrical part of the aggregate. The parameter 3 varies in the interval (0,1],

B=1 for spheres and B is strictly less than 1 for globules. Parameters B and A will be im-
portant additional independent variables in the model what follows.

Figure 1 also shows the additional parameter o (also expressed in units of radius r), which
is equal to the radius of the excluded spherical segment, and which coincides with the cylinder
radius in the presence of a cylindrical part of the aggregate. The parameter o changes in the in-

terval (0,1] and is equal to 1 for spherical aggregates, o<1 for globules. This parameter is of

interest, since it was previously discussed in the literature [14] with certain fixed estimates. Fig-

ure 1 shows that this parameter can be expressed through the parameter 3 as

a=.B(2-B). (1.1)
With the help of parameters B and A it is possible to express the area S and the volume V
of the aggregate in the form

S=Sgn +Se» V =V +Veu

(1.2)

cyl



where S, and S, are the areas of the spherical and, respectively, the cylindrical part of the ag-
gregate, V,,, and V_, are the volumes of the spherical and, respectively, the cylindrical part of

the aggregate. For S and S, V,, and V,,, we find

cyl » cyl !

S, =4nr? (2-P), (1.3)

Sy = 2B (2-P) (1.4)
V,, :§Rr3(2—[3)2 (1+B), (1.5)
Voy =1 °B2-P). (1.6)

Let the total number of surfactant molecules in the aggregate be equal to n. Let us denote

the number of surfactant molecules in the spherical part of the aggregate as n_,, and that in the

sph !

cylindrical part as n,, so that n=n., +n., . Let us assume that the bulk density of the number

cyl 1 'sph

of head (polar) molecular groups inside the core of inverse micelle is uniform, i.e. the quantity

Noph zﬁzﬂzi (1.7)
Voo Voo V1,

has a fixed value, where v, is the volume of the head group of the surfactant molecule. Then

equalities (1.5) and (1.6) implies an expression for the relationship between the total aggregation
number and the radius r of the spherical part of the spherocylindrical core of the aggregate for

given parameters 3 and A in the form:

B.A)=n"3s
r(n,p,A)=n \/2

3vp/1t
(2-B)° (1+B)+3B(2-B)r

In particular, for spherical aggregates at B =1 and A =0 we find from eq.(1.8)

r(n)=n**33v, /4r, (1.9)

and for globular aggregates at A =0, we obtain

, 0<B<1, A>0. (1.8)

3v /n
r(n,p)=n*3; e , 0<B<1. (1.10)
(n.f) \/2(2—[3) (1+B)

We see that r(n)>r(n,B)>r(n,B,A).

2. AGGREGATION WORK AND OPTIMAL VALUES OF FORM PARAMETERS



Let us write the expression obtained in [7] for the minimal work of aggregation of inverse

micelles. In thermal units kT , kg is the Boltzmann constant, 7' is the absolute temperature of

the solution, taking into account egs.(1.2) and (1.7) at n>>1, we have

Lg_%ao]w (3_%@)]“0
)+

Sy + S, S, S, S, S,
B Ll_ nsphao J (1_ ncylao J
Ssph ScyI
n..a n
+l(b2+g—3jn—nsph In(l—M — Ny, In{l—Lao]. (2.1)
2 b Ssph Scyl

Here, vy is the interfacial tension at the boundary between the aggregate core and the solution,
B, is a positive dimensionless quantity characterizing the electrostatic interactions of bound
charges that make up the polar groups of surfactant molecules, c, is the bulk concentration of
surfactant monomers in the solution, a, is the cross-sectional area of that part of the surfactant

molecule that intersects the surface of the aggregate core, b is the extension parameter related to
the effective thickness of the aggregate crown [7]. Numerical estimates for the lattice model of a

“dry” inverse micelle in [34] and molecular dynamics modeling of C12E4 inverse micelles in hep-

tane in [6] showed that the quantity B, >>1, B, depends on temperature and tends to become

constant at n>>1. Taking into account egs.(1.3) - (1.8), expression (2.1) determines the dimen-

sionless work W of aggregation as a function of the aggregation number n, parameters 3, A
and concentration of surfactant monomers c,. Since the work on formation of an aggregate from
a single surfactant monomer is equal to zero, then the work of aggregation W must be addition-
ally defined as W (n=1,8,,c,)=0.

It is easy to check that for spherical aggregates with A =0 and =1 eq.(2.1) with the exten-
sion W(n=1,8,2,¢,)=0 transforms into
(3—a0n1/3/2ny032)a0/4nyoo2 s,

(1— a,n"? /4y’ )2

W (n,c,) :%mznz’3 —(Invpc1 + Bel)n+

+%(b2+§—3jn—nln(l—a0n1’3/4nym2), (2.2)

W(n=1c,)=0, (2.3)

where



0=(3v,/4n)". (2.4)
Let us choose the following values of the thermodynamic parameters of the problem (using
the data for a solution of C12E4 surfactant molecules in heptane [7]):

T =293K, y=0.030N/m, v, = 2.484x10%m3, ©=3.9-10""m,

B,=20, c,=135x10?m3 a,=21-10"m? b=2. (2.5)
We took in (2.5) the value of the
20 W( n) concentration of surfactant mono-
mers ¢, =¢,, insuch a way that, the

15 work W (n,c,), with the values
10 from eq.(2.5) substituted in
eq.(2.2), had a pronounced maxi-
5 mum at n=8 and a minimum at

n=28. The corresponding curve of

M| the aggregation work W (n,c,) as
0 10 20 30 40 50 60

Fig.2. Work of aggregation of a spherical inverse micelle, | a function of the aggregation num-

constructed from eq.(2.2) by substitution eq.(2.5). ber n is shown in Fig.2.

The optimal values of the form parameters A and B at minimizing the work W of aggrega-
tion of an inverse micelle with a spherical, globular, or spherocylindrical form (corresponding to
Fig. 1), given by eq.(2.1) together with eqgs.(1.2)—(1.7), can be sought for each value of the ag-
gregation number n from the conditions

oW (n,B,A,c
% _o, (2.68)
A=2opt (N).B=Bopt ()
oW (n,B,A,c
% _o. (2.6b)
p A=2.gpt (N).B=Bopt (M)

Let us consider the dependences of the optimal parameters B,, and A, on the aggregation

opt opt

number n, which follow from egs. (2.6). These dependencies are shown in Figs. 3 and 4. The
first vertical line in these figures at n =235 marks the point at which the “optimal” micelle grows

like a sphere. This is indicated by the values f3,, =1 and A,, =0 at n<35.

opt
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Fig.3. Dependence of B,,, on the aggregation numbern.

opt

C’:.O_kor)t

2.5
2.0
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0.5
----------------------------------------------- n
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Fig.4. Dependence of A, on the aggregation number n.

opt

F, nm
15
10 "
5 .
n
0 20 40 60 80

Fig.5. Dependence of the radius r of the spherical part of
the aggregate core on the aggregation number n at =

and A =2,

opt

As seen from Fig. 3, at the
very point n=35 the micelle
turns into a globule, and between
the first and second vertical lines
in Fig. 3 there is a decrease in the
until

parameter [, it finally

reaches a constant value, starting
from the second vertical line at
n=48.

As follows from Fig. 4, at the
point n=48 marked by the sec-
ond vertical line, the micelle turns
into a spherocylinder (begins to
increase the cylindrical part in Fig.
1) and further grows only due to
elongation of cylindrical part,

since B, in Fig. 3 at n>48 re-

opt

tains its value B,,, =0.32748. The

opt
above is confirmed by the depend-

ence on n of the radius

r(NBoprhon) OF the spherical

parts of the aggregate core, plotted
in Fig. 5 according to eq. (1.8)
with the optimal dependences of

and A__. cor-

the parameters (3, opt
responding to Figs. 3 and 4. Fig-
ure 5 shows that up to the first
vertical line at n=35, the radius

r of the aggregate increases as

n’® in agreement with (1.9), then
it falls slightly, and it reaches a
constant value after the second

vertical line at n=48.



Let us pay attention to the fact that a decrease in r at n>35 for globular aggregates can oc-

cur according to eq.(1.10) only with a sufficiently rapid decrease of B., with increasing n,

opt
which is observed in Fig. 3. Constancy of r at n>48 is ensured in accordance with eq.(1.8) by
linear growth of A

and fixation of B, as a function of n in Figs. 4 and 3. In Fig. 5, a horizon-

opt opt
tal line is drawn at r =16 nm, which corresponds to the maximal possible radius of the spherical
micelle core, determined by the full length of elongated polar head group of the surfactant mole-
cule C12E4. Note that this limit is not reached in Fig. 5.

According to (1.1), the constant value of the optimal parameter B, =0.32748 in Fig. 3,

opt
achieved for spherocylindrical aggregates at n>48, also corresponds to the constant value
o, =0.74 of the parameter o.. Note that other constant value o =2/3 was predicted in [14],
based on the additional assumption of a constant surface density of surfactants on spherical caps
and cylindrical bridge (see Fig. 1). In fact, under this additional condition, we have

Ny /Sepn = Neyt /Sey @Nd Vg, /S =V, /S, . From here, taking into account egs. (1.3)-(1.6), we

obtain a closed equation for f3:

(2-B)(1+B)=3{B(2-B) . 2.7)

The exact root of eq.(2.7), which corresponds to the condition <1 formulated at the beginning

of Section 1, is equal to B= =0.32748, which coincides with the found value of

1
1+3/§+]/§/§
the optimal parameter B,, (see Fig. 3). Accordingly, the corresponding value of the parameter

a=,/B(2—B) coincides with a.,, =0.74 but not with o =2/3. We can conclude that the opti-

mal values of the parameters B and o are realized for spherocylindrical aggregates at a constant
surface density. We emphasize that, calculating the found values B =0.32748 and o.=0.74, we
did not use now the thermodynamic model of the aggregation work, but relied on purely geomet-
ric egs. (1.3)-(1.6) and the additional assumption of a constant surface density of the surfactant

molecular groups.

Let us now plot the dependence of the “optimal” work W_, =W (n,B, A, ¢, )‘x=x (i) of

aggregation of inverse micelles on the aggregation number n. The physical meaning of the "op-

timal™ aggregation work W, of micelles is that it shows the line of the lowest values of the work

pt

W (n,B,k,Clo) when the aggregation number changes, including the saddle point and the



minimum point of W(n,B,?u,Clo). This line is shown in Fig. 6 as a solid curve. It is obtained after

substituting the optimal expressions

o0 W(n) for A, (n) and B, (n) (that satisfy

conditions (2.6)) in eq.(2.1) and using
15 the numerical values of the parame-
ters from eq.(2.5).

10 The dotted line in Fig. 6 shows
the dependence of the aggregation

work of spherical micelles from

n Fig.2. The vertical lines in Fig. 6
0 20 40 60 80 have the same meaning as in Figs. 3-

Fig.6. Dependence of the "optimal™ aggregation work
W, of inverse micelles of arbitrary form on the aggre-

gation number n in comparison with the aggregation | N=35 like a sphere, then changes
work W (n,c,,) of inverse spherical micelles. like a globule in the interval

5: the “optimal” micelle grows up to

35<n<48 and like a spherical cylinder at n>48.
We see that the curve of the “optimal” aggregation work of inverse micelles practically co-

incides with the work of aggregation of inverse spherical micelles at n <35, moreover, the sad-

dle point of work W(n,B,k,qO) coincides with the point of maximum of work W_, and maxi-

pt

mum of work W (n,c,,) at n=8, and the minimum of W (n,B,,c,,) coincides with the mini-

mum of W,

and minimum of work W (n,c,,) at n=28. At n>48, the curve of W, already

opt
significantly differs from the aggregation work W (n,clo) of spherical micelles, which is associ-

ated with the transition of aggregates first into globules, and then into spherocylinders.

3. EQUILIBRIUM DISTRIBUTION OF AGGREGATES AND FLUCTUATIONS OF THE
FORM PARAMETERS

The fact that the “optimal” aggregation work W_, of inverse micelles coincides with the

pt
work of aggregation of spherical micelles in Fig. 6 at n<35 does not at all mean that there are
no contributions to the equilibrium distribution of micelles from globular and cylindrical mi-
celles at n<35. According to the Boltzmann principle, the expression for the equilibrium distri-

bution p of aggregates should have the form

p(n,BA,c )= Ae W Pre), (3.1)



where A is the normalization coefficient, which, taking into account the appearance of form pa-
rameters, must be determined from additional considerations. For the distribution of spherical
micelles in a theory in which the aggregation number is the only variable characterizing the ag-
gregate, one can set A=c, [7]. It follows from eq.(3.1) that, for any aggregation number n>>1,
aggregates can have different forms. Accordingly, we must take into account the fluctuations of
the form parameters A and . The value of the normalization coefficient A changes in this
case.

Let us study in more detail the ag-

gregation work W (n,B,,c,) in two

regions: in the vicinity of the saddle
point at 5<n<15 and in the region
significantly to the right of the mini-
mum of the work at 70<n<80. We

begin with the first region. If it is im-

possible to construct a function of

Fig.7. Surface W =W (n,B,A =0) in the vicinity of the

three independent variables in one fig-
saddle point of the aggregation work W (n,B,4,¢,, ).

ure, we will proceed as follows. The

prediction of the optimal values of the form parameters gives us at 5<n<15 the values 1., =0

and B, =1, that is, the micelles in this region are predominantly spherical. Since the proportion

opt
of spherocylindrical micelles in this region is expectedly small, we can set A =0 and plot the

work surface W (n,,1.=0,c,,) according to egs.(2.1), (1.3), (1.4) and (1.7), (2.5). This surface
is shown in Fig. 7. We see from Fig. 7 that the value B =1 is indeed optimal, since it corresponds
to the smallest values of the work W (n,,1=0,c,,).

Taking into account eq.(3.1), we may define the average value of the parameter 3 in the vi-

cinity of the saddle point by the relation

1
. J' Be—W(n,B,k:O,cm)dB

(B) =325 ' 7
pr J‘ e—W(n,B,K:O'Cw)dB
p=0

Using egs.(2.1), (1.3), (1.4) and (1.7), (2.5), we find (B)=0.828. The corresponding standard

deviation for B is AB= <([3—(B))2> =0.129. We see that the average value (B) is not very

10



close to 1, and the fluctuations of form parameter B are quite noticeable in the vicinity of the

saddle point of the aggregation work. Similarly, considering the average value <x> of the param-

Fig.7a. The shape of the aggregate
core at n=8, (B)=0.828 and

(L)=0.415.

eter A in the same neighborhood of the saddle point at
B =1, we find

[’e]

frgersatinigy

11 - efw(n,B=BDp[=1v7»vC10)d}\’

r=0

The corresponding standard deviation for A is
AL = <(k—(k))2> =0.441. We see that the average value

() deviates quite noticeably from zero, which would be in

the complete absence of spherocylindrical micelles, and the

fluctuations of the parameter A are comparable with its average value. The aggregate core corre-

sponding to the calculated (B) and (1) at n=8 is shown in Fig.7a.

Consider now  the region

75

L F T
PEHTEE | ooe sover -
VA9 5 Since spherical and globular micelles

70<n<80 of aggregation numbers.

are expected to be virtually absent in
this region, we set =0.32748 and, us-
ing egs.(2.1), (1.3), (1.4) and (1.7),
(2.5), plot the surface of work
80 W =W (n,p=0.32748,4,c,,). This sur-

Fig8. Surface W =W (n,B=0327481,c,) at| face is shown in Fig.8. It is seen that the

70<n<80.

value A_ ., which corresponds to the

opt

"gorge" in Fig. 8, slowly rises along the gorge with the growth of the aggregation number n.

Since the average value of the parameter A will also grow with the growth of n, then we define

this value for a certain specific aggregation number n=75 by the expression

(4=

}Le—W(n:75,[3:0.32748,k,010)d 2z
=0 _ (3.4

o0

j o~ W(n=75,5-032748 1.c10) 4 o

A=0

| =8

>
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Using egs.(2.1), (1.3), (1.4) and (1.7), (2.5), we find <k> =2.61. This average value is close to

the optimal value A_,(n=75)=2.50. However, the corresponding standard deviation

opt
AL = <(x-<k>)2> = 0.65 is not small.

Since the value B, is constant in the interval 70<n <80, then we find the average value

opt

(B) of the parameter B at A, (n = 75) = 2.50 with the help of formula

W (1B, A=Agp (
80 JB B

(B) = Zﬁ 0 =0.332. (3.5)
1:= J’e—W(”:B'x:Kopt(”)"&o)dB

B=0

This value is close to the optimal value B, (n=75)=0.327. The corresponding standard devia-

opt

tion AP = <(B—<B>)2> =0.049 is not large.

Let us define the integral aggregation work W, (n,c,) as follows:

1 0
Aldp[dre ™) | 1
J dp { ¢ " (3.6)

W, (n.G.) = "”( )

0, n=1

As follows from egs.(3.1) and (3.6), the value e” (") determines the concentration of surfac-
tant aggregates of any form with the given aggregation number n. This allows us to solve the
problem of the normalization factor 4 by requiring in the region of initial spherical aggregates

(for example, in the range 1<n<5) the equality

1 0
A dp[dne™ " = e (3.7)

0 0

Figure 9 shows the dependences of the integral aggregation work W. Int( ,c1) on the aggrega-

tion number n in comparison with the work W(n,cl) of aggregation of spherical inverse mi-

celles, plotted according to egs.(3.6), (2.2) with using egs.(2.1), (1.3), (1.4) and (1.7), (2.5) at two
concentrations of surfactant monomers. The normalization parameter in accordance with (3.7)

was setto A=8.

12
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Fig.9. Dependence of the integral aggregation work W, (n,c,) on the aggregation number n at
A=8 (solid line), as well as the aggregation work W(n,cl)of inverse spherical micelles
(dashed line) at the monomer concentration c,, =1.35x10%* m™ (left figure (a)) and concentra-
tion ¢, =1.35¢c,, (right figure (b)).

4. THE DEGREES OF MICELLIZATION IN THE PRESENCE OF MICELLES OF
DIFFERENT FORM

Knowing the expression (3.1) for the equilibrium distribution p of aggregates as a function
of n, B, A and the normalization coefficient A, we can describe the fractions of surfactants in

micelles of different forms at different concentrations of surfactant monomers. Aggregates with
small aggregation numbers n and noticeably fluctuating parameters B and A (see Fig. 7a) are
practically impossible to identify as spheres, globules, or spherocylinders; therefore, in what fol-
lows, it is reasonable to speak about short and long micelles. We will call aggregates long mi-

celles, in which A >2f3, that is, the total length of micelles is at least 4r, and short aggregates

are all the rest.
For a given surfactant monomer concentration c,, we introduce the following definitions:

1

AT dnj dBT dane W(rpra)
asm = N - 0 : 0 - | (41)
¢, +Afdn[dB[ drne™ "%

0 0

Ne

A[ dnf dp] dane oo
Ao ’ (4.2)
C, + AI andBJ- d}\‘nefW(n,B,x,cl)

ne 0 0
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AT dn.l[ dBTdkne‘W(“'ﬁvw
ng _ 0 . 0 _ | (43)
“r A.[ dnJ.dBjane‘W(“'ﬁ'*m

0 0

O =

C

where ag, is the degree of micellization in short micelles, o, is the degree of micellization in

long micelles, and o, is the degree of micellization in micelles of any form and length. Since

cl+ATdnj‘dBTdkne‘W(”‘BM) is a total

n 0 0
concentration of surfactants in unit vol-
ume of the solution, o, characterizes
the fraction of surfactant molecules in
short micelles at a given total surfactant

concentration and o, sets the corre-

7 C%:m sponding fraction of surfactant molecules
1.00 1.05 1.10 115 120 1.25 1.30 135 | in  long  micelles.  Obviously,

Fig.10. The degree o, of micellization in short| o = +a,,.
micelles (red line), the degree a,, of micellization

in long micelles (blue line) and the relative fraction o
of surfactants in the form of monomers (dotted line) | Pendence of the micellization degrees

as a function of ¢, /c,, . o

Figure 10 shows the curves of de-

o,, and the fraction 1-a,, —a,, of

sm?

surfactant monomers per unit volume of the solution as a function of the equilibrium concentra-

tion c, of surfactant monomers. These curves are plotted with the help of egs. (4.1) and (4.2)

with using egs.(3.1), (2.1), (1.3), (1.4) and (1.7), (2.5) at A=8. The thin lines show the concen-

trations c, at which micellization degrees o, and o, reach the values o, =0.1 (at
¢, =1.117c,) and «,, =0.1 (at ¢, =1.187c,, ). These values correspond to the total concentra-

tion of surfactants in the solution at the first and second CMC, respectively. Figure 10 shows that
these total surfactant concentrations are spaced on the axis of monomer concentrations and are
actually described in terms of the proposed molecular thermodynamic model. It is seen that be-
tween the first and second CMC, surfactant is accumulated in short micelles, but above the sec-
ond CMC, the relative fraction of the substance in short micelles passes through a maximum and
then rapidly decreases compared to the fraction of surfactant in long micelles.

14



To illustrate the role of fluctuations of
form parameters, Fig. 11 shows the de-

pendence on c, for the degree of micelli-

zation for spherical inverse micelles

1
Oty = [ dnne™ ") (1+'[dnne‘w("‘°l)] ,

c c

plotted with the one-dimensional distri-

1.00 105 110 115 120 1.25

bution p(n,c,)=ce ™™, and the de-

Fig.11. Dependences on c, /c,, for the micellization
degree o, in spherical micelles (red line) in one-
dimensional theory, the total micellization degree | to eq.(4.3). The fact that the curve o
o, in micelles of any form (blue line) in three-

dimensional theory, the relative fraction of surfac-
tants in the form of monomers when there are only the curve a
spherical micelles (red dotted line) and micelles of sph !

pendence on ¢, for o, plotted according

grows with c; at first more slowly than

and then becomes ahead

any form (blue dotted line). of it, is in agreement with the behavior of

the curves of the integral aggregation work W, , (n,cl) in Fig.9.

CONCLUSIONS

In this communication, a new statistical thermodynamic model of inverse non-ionic aggre-
gates of surfactant molecules in non-polar solvents is substantiated. The model allows fluctuation
coexistence of spherical, globular, and spherocylindrical aggregates without activation barriers
between them. It is shown that for any aggregation numbers in this model, the work of aggrega-
tion depends not only on the aggregation numbers and the concentration of surfactant monomers,
but also on the parameters characterizing the deviation from the spherical form of the aggregate
towards globular and spherocylindrical aggregates. A method for estimating the normalization
factor for the distribution of aggregates by aggregation numbers and form parameters is pro-
posed, which makes it possible to find the degree of micellization of a surfactant solution in the
presence of micelles of different forms. It is shown that the optimal values of the form parame-
ters, which minimize the work of aggregation, are in good agreement for spherocylindrical ag-
gregates with the predictions of a purely geometric model of such aggregates under the addition-
al assumption of a uniform surface density of molecular groups on the micelle core. The consid-

ered molecular thermodynamic model can be extended to direct micelles.

15



DECLARATION OF COMPETING INTEREST
The authors declare that they have no known competing financial interests or personal relation-
ships that could have appeared to influence the work reported in this paper.

ACKNOWLEDGMENTS
This work was supported by the Russian Foundation for Basic Research (grant Ne 20-03-
00641 a) and by the Euler International Mathematical Institute (Agreement Ne 075-15-2022-
287).

REFERENCES

1. G.N. Smith, P. Brown, S.E. Rogers, J. Eastoe, Evidence for a Critical Micelle Concentration
of Surfactants in Hydrocarbon Solvents, Langmuir 29 (2013) 3252-3258.
https://doi.org/10.1021/1a400117s

2. G.N. Smith, P. Brown, C. James, S.E. Rogers, J. Eastoe, The Effect of Solvent and Counter-

ion Variation on Inverse Micelle CMCs in Hydrocarbon Solvents, Colloids Surf. A 494
(2016) 194-200. https://doi.org/10.1016/j.colsurfa.2016.01.020

3. T.G. Movchan, A.l. Rusanov, E.V. Plotnikova, Reverse Micelles and Protomicelles of

Tetraethylene Glycol Monododecyl Ether in Systems with Heptane and Nile Red. Russ. J .
Gen. Chem. 92 (2022) 650-658. https://doi.org/10.1134/S1070363222040065
. J.L. Bradley-Shaw, P.J. Camp, P.J. Dowding, K. Lewtas, Glycerol Monooleate Reverse Mi-

o~

celles in Nonpolar Solvents: Computer Simulations and Small-Angle Neutron Scattering, J.
Phys. Chem. B 119 (2015) 4321-4331. https://doi.org/10.1021/acs.jpcb.5b00213
. R. Urano, G.A. Pantelopulos, J.E. Straub, Aerosol-OT Surfactant Forms Stable Reverse
Micelles in Apolar Solvent in the Absence of Water, J. Phys. Chem. B 123 (2019) 2546-
2557. https://doi.org/10.1021/acs.jpcb.8b07847
6. N.A. Volkov, A.K. Shchekin, M.V. Posysoev, Yu.A. Eroshkin, L.Ts. Adzhemyan, Investiga-
tion of the Structural and Transport Properties of Micellar Solutions in Polar and Nonpolar

o1

Solvents by the Method of Molecular Dynamics, in Modern Chemical Physics at the Inter-
section of Physics, Chemistry and Biology. Abstracts of the International Scientific Confer-
ence. Chernogolovka, 2021, pp. 418-419. ISBN: 978-5-6044508-5-7 (in Russian).

. A.K. Shchekin, L.T. Adzhemyan, Yu.A. Eroshkin, N.A. Volkov, Work of Formation of Di-

\l

rect and Inverse Micelle as a Functions of Aggregation Number, Colloid J. 84 (2022) 109-
119. https://doi.org/10.1134/S1061933X22010124

16


https://doi.org/10.1021/la400117s
https://doi.org/10.1016/j.colsurfa.2016.01.020
https://doi.org/10.1134/S1070363222040065
https://doi.org/10.1021/acs.jpcb.5b00213
https://doi.org/10.1021/acs.jpcb.8b07847
https://doi.org/10.1134/S1061933X22010124

8. E. Helfand, H.L. Frisch, J.L. Lebowitz, Theory of the Two- and One- Dimensional Rigid

Sphere Fluids, J. Chem. Phys. 34 (1961) 1037-1042. https://doi.org/10.1063/1.1731629

9. C. Tanford, The Hydrophodic Effect: Formation of Micelles and Biological Membranes. 2-

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

nd Ed. J. Wiley & Sons, Toronto, 1980.

J.N. Israelachvili, D.J. Mitchel, B.W. Ninham, J. Chem. Soc., Theory of self-assembly of
hydrocarbon amphiphiles into micelles and bilayers, Faraday Trans. 11. 76 (1976) 1525-
1568. https://doi.org/10.1039/F29767201525

R. Nagarajan, E. Ruckenstein, Theory of Surfactant Self -Assembly: A Predictive
Molecular Thermodynamic Approach, Langmuir 7 (1991) 2934-29609.
https://doi.org/10.1021/1a00060a012

S. May, A. Ben-Shaul, Molecular Theory of the Sphere-to-Rod Transition and the Second
CMC in Aqueous Micellar Solutions, J. Phys. Chem. B 105 (2001) 630-640.
https://doi.org/10.1021/jp0030210

M.S. Kshevetskiy, A.K. Shchekin, The Aggregation Work and Shape of Molecular Aggre-

gates upon the Transition from Spherical to Globular and Cylindrical Micelles, Colloid J.
67 (2005) 324-336. https://doi.org/10.1007/s10595-005-0100-x
S. May, A. Ben-Shaul, Molecular Packing in Cylindrical Micelles, Ch. 2 in Giant Micelles.

Properties and Applications. Eds. By R. Zana, E. W. Kaler. Boca Raton: CRC Press,
Taylor & Francis Group, 2007.

A. G. Daful, J. B. Avalos, A. D. Mackie, Model Shape Transitions of Micelles: Spheres to
Cylinders and Disks, Langmuir 28 (2012) 3730-3743. https://doi.org/10.1021/1a204132c
X.Jia, S. Yu, Y. Ma, X. Li, W. Xu, J. Liu, Model of Cylindrical Micelles with Different
Endcaps, J. Dispersion Science and Technology 38 (2017) 621-625.
https://doi.org/10.1080/01932691.2016.1185016

K.D. Danov, P.A. Kralchevsky, S.D Stoyanov, J.L Cook, I.P. Stott, E.G. Pelan, Growth of
Wormlike Micelles in Nonionic Surfactant Solutions: Quantitative Theory vs. Experiment,
Adv. Colloid Interface Sci. 256 (2018) 1-22. https://doi.org/10.1016/j.cis.2018.05.006

F.M. Kuni, A.K. Shchekin, A.l. Rusanov, A.P. Grinin, Boltzmann Distributions and Slow
Relaxation in Systems with Spherical and Cylindrical Micelles, Langmuir 22 (2006) 1534-
1543. https://doi.org/10.1021/1a052136m

F.M. Kuni, A.K. Shchekin, A.l. Rusanov, A.P. Grinin, System of Relaxation Equations for

Materially Isolated Surfactant Solution with Spherical and Cylindrical Micelles, Colloid
J. 67 (2005) 32—40. https://doi.org/10.1007/s10595-005-0047-y

17


https://doi.org/10.1063/1.1731629
https://doi.org/10.1039/F29767201525
https://doi.org/10.1021/la00060a012
https://doi.org/10.1021/jp003021o
https://doi.org/10.1007/s10595-005-0100-x
https://doi.org/10.1021/la204132c
https://doi.org/10.1080/01932691.2016.1185016
https://doi.org/10.1016/j.cis.2018.05.006
https://doi.org/10.1021/la052136m
https://doi.org/10.1007/s10595-005-0047-y

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

F.M. Kuni, A.K. Shchekin, A.P. Grinin, A.l. Rusanov, Kinetic Description of the Relaxa-
tion of Surfactant Solutions Containing Spherical and Cylindrical Micelles, Colloid J. 67
(2005), 41-50 (2005). https://doi.org/10.1007/s10595-005-0049-9

F.M. Kuni, A.K. Shchekin, A.l. Rusanov, A.P. Grinin, Kinetic Description of the Relaxa-

tion of Surfactant Solutions in the Absence of Activation Barrier Between Spherical and
Cylindrical Micelles, Colloid J. 67 (2005) 146-158. https://doi.org/10.1007/s10595-005-
0074-8

M.S. Kshevetskii, A.K. Shchekin, F.M. Kuni, Kinetics of Slow Relaxation upon the Com-
petition between Globular and Small Spherocylindrical Micelles. Colloid J. 70 (2008) 455—
461. https://doi.org/10.1134/S1061933X0804008X

A.K. Shchekin, F.M. Kuni, A.P. Grinin, A.l. Rusanov, A Kinetic Description of the Fast
Relaxation of Coexisting Spherical and Cylindrical Micelles, Russ. J. Phys. Chem. A 82
(2008) 101-107. https://doi.org/10.1134/S0036024408010159

M.S. Kshevetskiy, A.K. Shchekin, Nonlinear Kinetics of Fast Relaxation in Solutions with
Short and Lengthy Micelles, J. Chem. Phys. 131 (2009) 074114;
https://doi.org/10.1063/1.3204699

I.A. Babintsev, L.Ts. Adzhemyan, A.K. Shchekin, Multi-Scale Times and Modes of Fast

and Slow Relaxation in Solutions with Coexisting Spherical and Cylindrical Micelles Ac-
cording to the Difference Becker-Doring Kinetic Equations, J. Chem. Phys. 141 (2014)
064901. https://doi.org/10.1063/1.4890531

A.K. Shchekin, ILA. Babintsev, L.Ts. Adzhemyan, N.A. Volkov, Kinetic modeling of self-

aggregation in solutions with coexisting spherical and cylindrical micelles at arbitrary initial
conditions, RSC Advances 4 (2014) 51722-51733. https://doi.org/10.1039/C4RA08683J
A.l. Rusanov, A.K. Shchekin, Micellization in Solutions of Surfactants, 2nd ed., St. Peters-
burg: Lan, 2016. ISBN 978-5-8114-2126-8 (in Russian)

A.K. Shchekin, L.Ts. Adzhemyan, I.A. Babintsev, N.A. Volkov, Kinetics of Aggregation
and Relaxation in Micellar Surfactant Solutions, Colloid J. 80 (2018) 107-140.
https://doi.org/10.1134/S1061933X18020084

I.A. Babintsev, A.K. Shchekin, L.Ts. Adzhemyan, Numerical Solution of Generalized
Smoluchowski Equations for Cylindrical Micelles, Colloid J. 80 (2018) 459-466.
https://doi.org/10.1134/S1061933X18050022

L.Ts. Adzhemyan, Yu.A. Eroshkin, A.K. Shchekin, I.A. Babintsev, Improved Kinetic De-
scription of Fast Relaxation of Cylindrical Micelles, Physica A 518 (2019) 299-311.
https://doi.org/10.1016/j.physa.2018.11.057

18


https://doi.org/10.1007/s10595-005-0049-9
https://doi.org/10.1007/s10595-005-0074-8
https://doi.org/10.1007/s10595-005-0074-8
https://doi.org/10.1134/S1061933X0804008X
https://doi.org/10.1134/S0036024408010159
https://doi.org/10.1063/1.3204699
https://doi.org/10.1063/1.4890531
https://doi.org/10.1039/C4RA08683J
https://doi.org/10.1134/S1061933X18020084
https://doi.org/10.1134/S1061933X18050022

31.

32.

33.

34.

L.V. Adzhemyan, Yu.A. Eroshkin, T.L. Kim, A.K. Shchekin, A Numerical Description of
Fast Relaxation in Micellar Solutions on the Basis of the Spherocylinder Model, Colloid J.
81 (2019) 205-210. https://doi.org/10.1134/S1061933X19030025

Yu.A. Eroshkin, L.Ts. Adzhemyan, A.K. Shchekin, A General Approach to Describing Fast
Relaxation with Regard to Specific Features of Micellar Models, Colloid J. 82 (2020) 513—
521. https://doi.org/10.1134/S1061933X20050051

L.Ts. Adzhemyan, Yu.A. Eroshkin, A.K. Shchekin, Localization and Transformation of

Physically Significant Modes in Relaxation of Ensembles of Spherical and Cylindrical Mi-
celles, Physica A 572 (2021) 125912. https://doi.org/10.1016/j.physa.2021.125912
I.A. Babintsev, L.Ts. Adzhemyan, A.K. Shchekin, The Role of Electrostatic Interaction of

Charges of the Polar Head Group of Surfactant Molecules in the Formation of Reverse Mi-
celles in the Absence of Water, in Science SPbU — 2020. Materials of International Confer-
ence on natural and humanitarian sciences on 25 December of 2020. St Petersburg: Skifia-
Print, 2021. P.439. ISBN 978-5-98620-509-0 (in Russian).

19


https://doi.org/10.1134/S1061933X19030025
https://doi.org/10.1134/S1061933X20050051
https://doi.org/10.1016/j.physa.2021.125912

-4

;Figure;fig1.pdf

Click here to access/download



https://www.editorialmanager.com/physa/download.aspx?id=1137885&guid=94e0ad5b-f188-49b2-ab01-7831e0ab4caf&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137885&guid=94e0ad5b-f188-49b2-ab01-7831e0ab4caf&scheme=1



https://www.editorialmanager.com/physa/download.aspx?id=1137884&guid=a3db636f-3c51-42cd-87d5-a5a44a4320bf&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137884&guid=a3db636f-3c51-42cd-87d5-a5a44a4320bf&scheme=1

‘210‘

14}0‘

60 80


https://www.editorialmanager.com/physa/download.aspx?id=1137879&guid=b98472d2-d804-47f4-9122-064a024519be&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137879&guid=b98472d2-d804-47f4-9122-064a024519be&scheme=1

3.0

2.5
2.0
1.5
1.0
0.5

opt

20

40

‘6KO‘


https://www.editorialmanager.com/physa/download.aspx?id=1137878&guid=9ae08918-207a-47de-a3f5-9dbd73874da6&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137878&guid=9ae08918-207a-47de-a3f5-9dbd73874da6&scheme=1

Click here to access/download;Figure;figs.pdf %

15

10



https://www.editorialmanager.com/physa/download.aspx?id=1137877&guid=0a25efcf-e307-4b07-b91a-4c8b5866888c&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137877&guid=0a25efcf-e307-4b07-b91a-4c8b5866888c&scheme=1

80


https://www.editorialmanager.com/physa/download.aspx?id=1137883&guid=7d213e80-5df3-467f-9e01-14e295e63dd3&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137883&guid=7d213e80-5df3-467f-9e01-14e295e63dd3&scheme=1

09 °
e
15.0 |

14.5 |

14.0 |

13.5 |

13.0°



https://www.editorialmanager.com/physa/download.aspx?id=1137882&guid=e53dec55-76f0-4331-8508-3198009cc00a&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137882&guid=e53dec55-76f0-4331-8508-3198009cc00a&scheme=1

access/download;Figiwg:fig7



https://www.editorialmanager.com/physa/download.aspx?id=1137880&guid=0fb84fd8-c409-4d54-a867-b5e78369c918&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137880&guid=0fb84fd8-c409-4d54-a867-b5e78369c918&scheme=1

22 | 17/
70

[£e

380


https://www.editorialmanager.com/physa/download.aspx?id=1137881&guid=bb6e11cd-5139-4c73-922e-eabd0d238f94&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137881&guid=bb6e11cd-5139-4c73-922e-eabd0d238f94&scheme=1

(@)

80 100


KK
Пишущая машинка
(a)

https://www.editorialmanager.com/physa/download.aspx?id=1137892&guid=8cdca364-75c8-4773-899a-4bf92e352604&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137892&guid=8cdca364-75c8-4773-899a-4bf92e352604&scheme=1

Click here to access/download;Figure;fig9b.pdf =

(b)

100 150


KK
Пишущая машинка
(b)

https://www.editorialmanager.com/physa/download.aspx?id=1137891&guid=6892dfc4-755f-436d-98fd-f349ca0e6b6a&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137891&guid=6892dfc4-755f-436d-98fd-f349ca0e6b6a&scheme=1

e,

1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.35



https://www.editorialmanager.com/physa/download.aspx?id=1137876&guid=6d5fb086-1c50-4f50-89d1-a7aed6ced0a1&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137876&guid=6d5fb086-1c50-4f50-89d1-a7aed6ced0a1&scheme=1

Click here to access/download;Figure;fig11.pdf 2

100 105 110 115 120 1.25


https://www.editorialmanager.com/physa/download.aspx?id=1137875&guid=10963a18-cbf2-4957-94ca-eef45f8bb4f5&scheme=1
https://www.editorialmanager.com/physa/download.aspx?id=1137875&guid=10963a18-cbf2-4957-94ca-eef45f8bb4f5&scheme=1

Declaration of Interest Statement

Declaration of interests

[IThe authors declare that they have no known competing financial interests or personal relationships
that could have appeared to influence the work reported in this paper.

XThe authors declare the following financial interests/personal relationships which may be considered
as potential competing interests:

All authors report financial support was provided by Russian Foundation for Basic Research. Yuri
Eroshkin reports financial support was provided by Euler International Mathematical Institute.




