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SCHRODINGER OPERATOR IN A HALF-PLANE

WITH THE NEUMANN CONDITION ON THE BOUNDARY AND
A SINGULAR 46-POTENTIAL SUPPORTED BY TWO HALF-LINES,
AND SYSTEMS OF FUNCTIONAL-DIFFERENCE EQUATIONS

M. A. Lyalinov*

We study the asymptotics with respect to distance for the eigenfunction of the Schrédinger operator in
a half-plane with a singular -potential supported by two half-lines. Such an operator occurs in problems
of scattering of three one-dimensional quantum particles with point-like pair interaction under some addi-
tional restrictions, as well as in problems of wave diffraction in wedge-shaped and cone-shaped domains.
Using the Kontorovich—Lebedev representation, the problem of constructing an eigenfunction of an oper-
ator reduces to studying a system of homogeneous functional-difference equations with a characteristic
(spectral) parameter. We study the properties of solutions of such a system of second-order homoge-
neous functional-difference equations with a potential from a special class. Depending on the values of
the characteristic parameter in the equations, we describe their nontrivial solutions, the eigenfunctions
of the equation. The study of these solutions is based on reducing the system to integral equations with
a bounded self-adjoint operator, which is a completely continuous perturbation of the matrix Mehler oper-
ator. For a perturbed Mehler operator, sufficient conditions are proposed for the existence of a discrete
spectrum to the right of the essential spectrum. Conditions for the finiteness of the discrete spectrum
are studied. These results are used in the considered problem in the half-plane. The transformation from
the Kontorovich—Lebedev representation to the Sommerfeld integral representation is used to construct
the asymptotics with respect to the distance for the eigenfunction of the Schrédinger operator under

consideration.
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functions
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1. Introduction

The main goals of this paper are to study the problem of constructing the eigenfunction and its asymp-
totics for the Schrodinger operator of a special type and to consider the relation between this canonical
problem and some spectral properties of a system of functional-difference (FD) equations with a meromor-
phic matrix potential. An important auxiliary fact is the recently discovered possibility of studying the
spectral properties of systems of FD equations by reducing them to integral equations with the so-called
perturbed Mehler operator. In addition, our study is motivated by numerous applications, some of which
are discussed below.

*St. Petersburg State University, St. Petersburg, Russia, e-mails: lyalinov@yandex.ru, m.lyalinov@spbu.ru.
This work is supported in part by the Russian Science Foundation (grant No. 22-11-00070,
https://rscf.ru/project/22-11-00070/ ).

Translated from Teoreticheskaya i Matematicheskaya Fizika, Vol. 213, No. 2, pp. 287-319, November, 2022.
Received June 1, 2022. Revised July 15, 2022. Accepted July 19, 2022.

1560 0040-5779/22/2132-1560 (C) 2022 Pleiades Publishing, Ltd.


https://www.doi.org/10.1134/S0040577922110058
https://rscf.ru/project/22-11-00070/

We note the interest in the Schrédinger operators with a singular d-potential supported by surfaces
in R? (see [1]-[3] and the references therein), as is manifested in the possibility of efficient qualitative study
of the spectra of the corresponding self-adjoint operators. The general approaches of spectral theory [4], [5]
are used, and the corresponding self-adjoint operators are traditionally defined by semibounded sesquilinear
closed forms. However, if the surface of the potential support (for example, a circular cone or a wedge)
admits an incomplete separation of variables, then the eigenfunction and eigenvalue problem can be reduced
to studying the spectral properties of FD equations [6]-[8]. A remarkable fact is that it is then possible
not only to describe the spectrum qualitatively but also to obtain efficient integral representations for the
eigenfunctions and to describe the asymptotics of eigenfunctions at long distances.

In [6], the eigenfunctions and their asymptotic behavior at long distances are studied for the Laplace
operator with a singular potential supported by a conical surface in three-dimensional space. In the frame-
work of incomplete separation of variables, an integral Kontorovich-Lebedev-type representation for the
eigenfunctions is obtained in terms of the solution of an auxiliary FD equation with a meromorphic poten-
tial. Solutions of the FD equation are studied by reducing it to an integral equation with a bounded
self-adjoint integral operator. This integral operator is a perturbation of the scalar Mehler operator.

In [7], we studied the eigenfunctions that describe the natural oscillations of acoustic waves in angular
domains with “semitransparent” boundary conditions. For some values of the spectral parameter in the
boundary value problem, we studied the essential and discrete spectra of the equation and described the
properties of the corresponding solutions. The study is based on the reduction of FD equations to integral
equations of Mehler type with a symmetric kernel.

In contrast to [6], [7], where scalar FD equations are considered, to construct eigenfunctions in this
paper, we study a system of two FD equations with a meromorphic potential, and the class of considered
matrix potentials is motivated by various applications. One such application is discussed in detail in this
paper. We note that it is not difficult to generalize our approach to the case of systems of FD equations of
an arbitrary dimension.

The properties of solutions of FD equations have been studied in recent decades along various
avenues, and this study was related to the development of new approaches and methods in this field,
as well as to numerous applications. Among the most interesting and promising ones, we mention
the monodromization method [9], [10], which was used, for example, to describe the geometry of the
spectrum of the Harper FD equation. It is also interesting to consider the semiclassical constructions
related to difference equations (see [11] and the references therein). Among numerous applications, we
point out the problems of (acoustic or electromagnetic) wave scattering in wedge-shaped or cone-shaped
domains [12]-[18]. In connection with this work, we note the use of various integral representations
(Kontorovich-Lebedev, Sommerfeld-Maliuzhinets, Mellin, Fourier), leading to various FD equations with
meromorphic coefficients. Waves on the water surface in a coastal wedge are studied in [19], [20] by
the reduction to functional equations of Maliuzhinets type [9]. As an efficient research tool, the FD
equations are also known in quantum theory, in particular, when studying the processes of particle decay,
many-particle quantum scattering, etc. [21]-[24].

In Sec. 2, we discuss a basic example related to the self-adjoint Schrodinger operator A with a singular
potential and leading to the study of a system of FD equations. The results in Secs. 3-6 are used to construct
the eigenfunctions of Ag and to study their behavior at long distances. For this, in particular, the integral
representations for solutions in the form of Kontorovich-Lebedev and Sommerfeld integrals are used. It is
useful to note that the operator As can be related to the quantum mechanical problem of scattering of
three neutral particles with pair interaction given by a J-function moving along a straight line with some
additional restrictions on the character of their interaction. A similar operator also arises in the problem
of wave diffraction on a system of semitransparent screens in acoustics or electrodynamics.
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Fig. 1. Domain and support of the potential in Ri.

We consider the formulation of the problem on the spectrum and eigenfunctions (including generalized
ones) for a system of two FD equations and describe the class of potentials under consideration. The system
is reduced to integral equations on a closed interval. The relevant matrix integral operator K is bounded
and self-adjoint but not completely continuous. We represent this operator as the sum of the so-called
matrix Mehler operator M and its compact perturbation V. Thus, the study of the spectral properties of
a system of two FD equations is reduced to describing the spectral properties of a matrix integral operator.

In Appendix A, we investigate the simplest matrix analogue M of the scalar self-adjoint Mehler opera-
tor M, discuss its spectrum and eigenfunctions, and calculate the resolvent and the partition of unity. The
properties of the kernel of the resolvent are studied and the estimates necessary for the further analysis are
obtained. (The results directly follow from Mehler’s classic formulas of 1881.) These auxiliary results are
used below to study systems of FD equations with a characteristic parameter.

In Sec. 4, we show that the essential spectrum of the perturbed Mehler operator K coincides with the
interval [0, 1]. The operator K is positive, and hence the discrete component of the spectrum can be located
to the right of unity. Sufficient conditions for the existence of a discrete component of the spectrum of the
operator are written in terms of the potential. With the help of the Birman—Schwinger principle, a criterion
for the finiteness of the discrete spectrum is proposed, which is similar to the criterion obtained in [25] for
the perturbation of the Carleman operator by Hankel operators.

The results concerning the spectrum of K are used to describe the spectral properties of FD equa-
tions. We introduce the concept of a set of characteristic numbers of a system of equations and of the
essential characteristic set. Estimates are obtained that describe the behavior of meromorphic solutions
(“eigenfunctions”) at infinity along the imaginary axis.

Finally, we construct efficient formulas for the asymptotics of eigenfunctions. For this, we use the
Sommerfeld integral representation and traditional asymptotic methods such as the saddle-point method
and its “uniform” version.

2. Problem of constructing eigenfunctions of the Schrodinger
operator with a singular potential

2.1. Problem statement. We define a self-adjoint Schrodinger operator Ag, which is considered
as an example, by its sesquilinear form ag in Lg(Rﬁ_) that is semibounded, densely defined, and closed.!
We consider the partition of the half-plane Q = R? (z = (X,Y) € Q) into three parts Q;, j = 1,2,3, by

LWe recall that under certain conditions, as was mentioned in Sec. 1, this operator can be related to the problem of quantum
scattering of three one-dimensional particles with point-like pair interaction.
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the half-lines I; and Iy (see Fig. 1). We introduce polar coordinates X = rcosp, Y = rsinp and

Q1 ={(r,p):r>0,0< p <Py},
Qa={(r,@):r>0,01 < p < Do},
Qs ={(r,p):r>0,03 < p <7},

where 0 < ®; < &3 < 7. The corresponding quadratic form becomes

agaUp:/KRLVde—m \U|2ds —~o [ |U*ds,
Q A la
where 71 > 0 and 72 > 0 are Robin parameters, Dom[as] = H'(2), Q = Q; Ul; UQy Ul U Q3.

The operator A generated by the form ag is self-adjoint and semibounded. It is realized as a Laplacian
with a singular §-potential supported by [ =13 Uls, i.e., A; = —A — ~vd6;(z) [1]. In what follows, we use its
classical realization in terms of equations and boundary conditions. We study the equation

AU = EU,

where the spectral parameter E is assumed to be negative, £ < 0. It is well known that the essential
spectrum o,(As) of the operator As coincides with [—v2/4, 00), where v = max{v1,72} (we further assume
that v1 > 72). The spectrum also has a discrete part o4(As). Our goal is to propose integral representations
for eigenfunctions of the discrete spectrum o4 (As) of As and to illustrate the use of the results in Secs. 3-6,
in particular, to find the values o4(As) and to verify that the discrete spectrum is nonempty under certain
conditions. We formulate these conditions in terms of the potential of FD equations related to the considered
example.

2.2. Classical statement and main results. We seek the classical solution v = u; in 2, 7 = 1,2, 3,
satisfying the equations (E < 0)

—Auy(r,9) — Eui(r,p) =0, (r,p) € Qu,
—Auy(r, ) — Bus(r,p) =0, (r,¢) € D, (1)
—Aus(r, ) — Eus(r,¢) = 0, (r,p) € Qs,

and the boundary conditions
Ju
only_, =0, 2)
ouq Oug
onl, “onl, " vy,  wily =iy, 5
Oug Ous
on |, on|, =Youaly,,  uz2li, = usli,

where the unit normal n is directed counterclockwise. The condition « € H'(Q) implies that
u(r,p) =C+0(*),  6.>0,r—0, (4)

uniformly in ¢. We assume that nontrivial solutions (eigenfunctions) of problem (1)—(4) decrease exponen-
tially as r — oo and the integral
|262dr

5 |u(r, @) rdrdp < 0o (5)

is bounded for some positive d. We note that such solutions satisfying (1)—(4) exist for some E < —v?/4,
but if £ > —+2/4, then the corresponding nontrivial solutions (those on the continuous spectrum) violate
condition (5).
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The main new results that we discuss in detail in this paper consist in the following. First, we study
sufficient conditions for the existence of the discrete component of the spectrum of the operator Ay, whose
analysis via the Kontorovich-Lebedev integrals reduces to the description of characteristic values A = A,,
of the corresponding FD equations of the form h(v + 1) — h(v — 1) — 2iAW . (v)h(v) = 0 related to the
problem under consideration (here, W, (v) is a meromorphic matrix potential defined explicitly in Sec. 2.3
in terms of sine-to-cosine ratios). The FD equation corresponds to the integral equation r(z) = A(Kr)(x)
with the following operator (which we call a perturbed Mehler operator):

(Kr)(z) = | / W fw@aywy)ry),

™ r+y

where w(z) = W(it)|,_, In(1/ay/1/a%—1) 0,t >0, and a is a constant diagonal matrix.
Sufficient conditions for the existence of the discrete spectrum g, = A;,,! of this operator (and hence

also of the spectrum E,, = —[y1/2A,,)? of As) are described in the following theorem.

Theorem 2.1. Let V be a self-adjoint compact operator in the space H = Lo((0,1);C?), and for
some n, let the inequality

! ! w(z)ay/w(y) —a
7::'/0 dx/o dy\/ (z) \/ ) u, (y)u,(x) > e, (6)

Y+

be satisfied. Then the perturbed Mehler operator K = M + V has a nontrivial discrete spectrum to the
right of 0e(K) = [0, 1] (we can take ,, = 1/n in the inequality).

In this theorem, u,(z) is a singular Weyl sequence that can be constructed explicitly for the unper-
turbed operator M = K — V and which corresponds to the end of the essential spectrum g = 1 of this
operator. A simpler sufficient condition is given by inequality (21).

Second, using the Birman—Schwinger principle, we obtain a condition for the finiteness of the discrete
component of the spectrum in terms of the potential in the system of FD equations. Namely, the following
assertion holds.

Theorem 2.2. Let o > 3/2, let the operator V. > 0, V € Sa, be of Hilbert—Schmidt class and,
in addition, let the operator Q*VQ®* € S, be compact. Then the total number N (1) of eigenvalues of the
operator K = M + V that are greater than p = 1 is finite and satisfies the estimate

N(1) < (V]2 + GallQ*VQ™)?, (7)

where G, is a constant, Q := QI, [Qf](t) := (Int) f(t), and (Int) = In(2/t), f € L2(0,1).
If in addition sufficient conditions (6) or (23) (or (21)) are satisfied, then the discrete spectrum of K
located to the right of u =1 is not empty.

Finally, the asymptotic behavior of the eigenfunction is calculated and its exponential decrease is
shown.

Lemma 2.1. The eigenfunction u,, exponentially decreases as r — oo (in accordance with (44), (45)
outside the singular directions in 1 ); otherwise, in a neighborhood of singular directions, the asymptotics
has form (46) (in Q1) and depends on a Fresnel-type integral. The asymptotics has a similar structure in
the domain €3 3.

This also proves the existence of so-called singular directions near which the character of the exponential
decrease of the eigenfunction changes.
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2.3. Kontorovich—Lebedev integrals and reduction to FD equations. We seek the classical
solution of Egs. (1) with 0 < ¢ < 7 in the form of integrals

)= o [ sinm ) S0 me) s, pe o]

e . . cos(v[®2 — ¢]) v
ua(r, ) = iw/ (mv) K ( )(Cos(y[q)2 - <I>1])H( )+
sin(v[®1 — ¢])
sin(v[®, — P2))

—100

ﬁ(u)) dv, p € [Py, Do,

us(r, ) = ;_ /100 sin(mv) K, (k) C(;OSS((VU[EZT__gZ]])) Hs(v)dy, p € [®g, 7],

where k = v/—E. Kontorovich-Lebedev representation (8) separates the variables r and ¢, and v is the
separation variable. If the integrals converge uniformly and rapidly, then the equations are satisfied, because
it can be verified that

d? 1 d 2 d?

2 2
— (1 K, v v K, =0,
P gt = (14 ) Rt + (4 o))

where u, (p) = cos(vy) or u,(p) = sin(ry). We choose the integrands in (8) so as to satisfy Neumann
condition (2). Now we consider boundary conditions (3). First, we proceed formally to formulate sufficient
conditions for the unknowns Hy (), H(v), h(v), and Hs(v), i.e., to describe an appropriate class of functions.
The conditions for the continuity of w on l42 in (3) imply the relations

Hyi(v) = H(v),
1
cos(v[P2 — P1])

3 (9)
H(v) + h(v) = Hs(v),

and hence only two functions are independent, for example, H(v) and H3(v), while the other functions can
be expressed in terms of them, see (9). From Robin-type conditions (3), we have
- 71u1|@:q>1 =

1 8u1 _ 8UQ
kr\0p  0p )|, s,

1 ico . K, (kr) 5 —vsin(v[®y — @4]) - , _y -
B W/ dv sin( ){ Kr [H( ) cos(v[®2 — ®4]) +h( )Sin(u[cbg—CI)l])

- - H(V)Vtan(fblu)} - ’:Hl(y)K,,(m)} =0.

We use the identity

to find
1 oo . Ky1(kr) — Ky—1(kr) sin(v[®y — ®4])
dv (— bln(?Tl/)){ + ) [H(V) (cos(u[cI>2 )

~ 1 271 K, (kr) B
+ h(y)sin(u[fﬁg - @1])] + K Hv) 2 } B

. + tan((bw)) +
1T — 100

1 pico+l
=i /ioo+1 dv sin(mv)K, (kr)hi(v — 1) —

i00—1
! / dv sin(mv) K, (kr)hi(v + 1) —

20T J oo

2’_)/1 1 700 . B
- 2i7r/ dv sin(mv)H(v)K, (kr) =0,

—100
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where we replaced the integration variables as v + 1 — v and introduced

h(v)

hi(v) := H(v)(tan(v[®y — ®1]) + tan(P1v)) + sin(v[®y — @1])

Here, h(v) is expressed in terms of H(v) and Hs(v) due to (9). Deforming the integration contours to the
imaginary axis in the first two integrals given above, we obtain

1

2im /”O dv sin(mv) K, (k1) [hi(v — 1) —ha(v + 1) — 271H(u) —0.

K

—100
As a result, we conclude that if the equation

hi(v+1) —hy(v—1) + 2211{(1/) =0

is satisfied, then the Robin condition holds on /; in (3). Similarly, from the boundary condition on I,
taking the above consideration into account, we obtain the system of equations

w4 1) = (v —1)+ 2 H @) =0,
" (10)

2
ho(v+1) —ho(v — 1) + Z2H3(1/) =0,

where
H(v)

ha(v) := Hz(v)(tan(v[r — ®3]) — cot(v[Py — D4])) + Sin(v[®s — 1))’

We write system (10) in terms of an unknown 2-vector h(v) = (h1(v), h2(v))T. We obtain an equation
of form (11), which we study in Sec. 3,

h(r +1) —h(r —1) — 2iAaW(v)h(v) = 0, (11)
where we introduce the notation A = v;/(2k) and H(v) = (H(v), H3(v))T,

an(v[®q — an(®v) — sec(v[®2 — 1) 1
o) tan(v[®q — ®q]) + t (;1’1 ) in(u[®s — @) Sin(v[@y — B1])

tan(v[m — ®2]) — cot(v[®2 — @1])
(10
a=1{, .|

a:=7y/v1 <1, and

)

sin(v[®2 — 1))

W) =2T 'v) = D) X
tan(v[r — @3]) — cot(v[P2 — €1]) sin(u[q’_zl— ®4])
-1

_ an(Pry) — sec(v[®2 — ®1])\ |’
sin(v[®y — @) (tan(V[% ®1]) + tan(®yv) >

Sin(u[@z — (I)l])
where
D(v) := det T(v) = (tan(v[®3 — 4]) +

2tan(v[r — ®s])

+ tan(®yv)) (tan(v[r — ®3]) — cot(v[P2 — @1])) — sin(20[®s — @)
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We say that a vector h(v) is of class M of meromorphic vectors if its components h;(v), j = 1,2,
satisfy the conditions

o hy(v) = hy(—v);
e h; is holomorphic in 145 \ {£1}, 115 = {r € C: |Rev| < 1+ §} for some ¢ > 0;
o |h;(v)| < const|exp(iv[m/2 + do))|, v — ioo, v € 145 for &y € (0,7/2).

We further assume that h(v) is of class M, and hence WV satisfies the estimate W (v) = I+ O(e*%") (with
¢x = 2min{®s — &1, Py, ™ — P35} > 0 in our case). The explicit description of the class of potentials W is
discussed in Sec. 3.

Solutions from the class M ensure the uniform convergence of integrals in (8) due to the asymptotics

v1/2 cos(v[m/2 + | arg(2)]])

Kl/ ~ t .
(z) ~ cons sin(mo)

as v — i00 with Re(v) =0, |arg z| < 7/2, and a fixed |z|. We arrive at the following assertion.

Proposition 2.1. Assume that h(-) is of class M and provides a nontrivial solution of Eq. (11) for
some A. Then the Kontorovich-Lebedev integrals in (8) determine a classical solution of problem (1)—(3)
for the corresponding E = —~2 /4A%.

We note that condition (4) can be verified using the Kontorovich-Lebedev representations (see 5.2.2
in [18]). But the verification of estimate (5) is more difficult and follows from the asymptotics for the
eigenfunction that we obtain below.

3. FD equations with a characteristic parameter and reduction
to integral equations

We study systems of two coupled FD equations (11) for the unknown vector h(v) = (hy(v), ho(v))* € M;
A is a characteristic (in general, complex) parameter,? and W(-) is a potential, that is, a matrix with
meromorphic coefficients.

It turns out that under certain conditions on the potential W, the equation has nontrivial solutions
from the above class, and these solutions exist only for some real values of A that form a discrete set Cy,
finite or infinite. By definition, this discrete set is called the set of characteristic values A,,, m =1,2,...,
of Eq. (11). The corresponding solutions from M are called the vector eigenfunctions h,, of the equation.
In what follows, we also define the set of essential values C, of the characteristic parameter A. But the
focus of our attention is on the set of characteristic values Cyq. The description of the set of characteristic
values Cq4 and the essential characteristic set C. for Eq. (11), as well as of the corresponding solutions,
is called the description of the spectral properties of Eq. (11). It turns out that these sets are naturally and
canonically related to the spectrum of some self-adjoint integral operator K.

We consider the class W of meromorphic potentials W (- ) such that

v)=—-W(—v) is odd,;

e W(v)
e W(v) =I+0(1) as v — +ioco along the imaginary axis;
e W(v) ~Cr~!asv— 0, where C is a constant matrix;
e W(it) >0 for t > 0.

2With applications in mind, it is convenient to separate the constant matrix a multiplying the matrix potential.
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It is significant in what follows that the potential W is positive on the positive part of the imaginary axis.
In applications, the sharper estimate W () = I+ O(e~**l) (or W(r) =TI+ O(1/v)) holds as v — ico along
the imaginary axis, b > 0. The following lemma is used to obtain integral equations (see the proof in [7])
from FD equations.

Lemma 3.1. Suppose that q(v) is holomorphic for v € Tl for § > 0 and |q(v)| < c,e™™ |, [v] — oo,
K« > 0 in this strip, the function q is odd, q(v) = —q(—v), and meromorphic. Then the even solution s(-)
of the equations

s(vx1l)—s(—v+£1)==2ig(v)

that is regular (holomorphic) in the strip v € ;45 \ {£1} (v = 0 is a simple pole of q) and exponentially
decreases in it as |v| — 0o, is given by the expression

s(v) = — / drq(1) smr vellys,

3
P COS T + Ccos TV

and s(v) can be extended as a meromorphic function by means of FD equations.

Applying Lemma 3.1 to Eq. (11) and taking the properties of W and h into account, we obtain

h(v) = _A /ZOO dr sin T aW(7)h(7), vells. (12)

COSTT + cos TV

Because the integrand in (12) is even, we reduce the integration to the semiaxis [0,400), introduce a new
unknown vector

a(v) = VW (@)h(v), W(v) > 0, v € [0,i00), (13)

and obtain the sought equation

a(v) = —A /Ode ST W ()ay/ W (r)a(r), (14)

COSTIT + COS TV

where v € [0,700).

The procedure of reconstructing the unknown meromorphic vector h(v) from class M from its value
on the semiaxis [0,i00) is as follows. Let there be an integrable (and hence continuous) solution q(v) of
integral equation (14) on [0, i00) for some A, which exponentially decreases at infinity. We use the oddness
and define q(v) on the entire imaginary axis. Defining h(r) on the imaginary axis by (14), we continue it
into the strip Il for some § > 0. Integral representation (12) allows calculating the values of h(v) in the
regularity strip II145. Indeed, calculating h(r) in some neighborhood of the imaginary axis, we see that
the integral in the right-hand side of (12) defines a holomorphic function in the strip II; 15, because the
denominator has no zeros in this strip and the integral converges exponentially and uniformly in v. (Indeed,
we shift the contour iR to the strip II5 such that h(v) in the left-hand side of (12) is holomorphic in the
strip II;45.) The vector h(v) can be continued as a meromorphic function to the whole plane C by means
of FD equation (11).

Lemma 3.2. Let, for some A, q be a solution of integral equation (14) that is integrable on [0,i0c0)
and exponentially decreases at infinity. Then the corresponding nontrivial solution h(-) € M of FD
equation (11) exists.
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Lemma 3.2 shows that nontrivial solutions of integral equation (14) for some characteristic value of the
parameter A must be studied. For this, it is convenient to transform the equation to some form involving
integration over a finite interval. We introduce a new integration variable and a new unknown function as

1 1

= ) = ) 6 0717
* cos(mv) Y cos(7T) z€[0.1]

r(@) =d@), 1 yjor 1jaeoyy £ 0
and then obtain the equation

r(z) = A(Kr)(z), (15)
where K is an integral operator in Lz([0, 1]; C?),
1
K@) = [V w@avw)

w(z) = W(it)] t>0.

t=1 ln(l/z+\/l/z2—l)’

Together with the characteristic parameter A, we introduce the spectral parameter © = A~! and the
equation
(Kr)(z) = pr(z) (16)
in Ly([0,1];C?).
It is now natural to study the properties of the operator K with a symmetric kernel that can be
represented as

Vw(@)ayw(y) =a+o(l),  (z,y) = (0,0),
where, in applications, instead of o(1), a sharper estimate holds in the form O(z?+y"), where (z,y) — (0,0),

b > 0, i.e., the matrix has elements decreasing like O(x® + ) as (z,y) — (0,0). We also note that w(z)
behaves like O(1/y/1 — ) as & — 1. This shows that the following assertion is true.

Lemma 3.3. The operator K : Ly([0,1]; C?) — Ly([0, 1];C?) in (16) is bounded and self-adjoint.

The operator K is called a perturbation of the bounded self-adjoint matrix operator M, where M is
the so-called Mehler operator® defined in Lo([0, 1]; C?) by the expression

@) = [ Y e,

Indeed, the operator K can be represented as
K=M+V (17)

according to the kernel representation

Vw@ayw) _ a |, v)

r+y r+y x+y’
where v(z,y) := /w(z)ay/w(y) — ao(1) (in our case, O(z® + 1)) as (z,y) — (0,0), b > 0. The integral
operator V in (17) is defined in Lg([O, 1];C?) as
1 Y dy
Vi = .
Vo = [V v

In what follows, we assume that this operator V belongs to the Hilbert—Schmidt class S5, which is ensured
by the properties of the function v(z,y), in particular, if v(z,y) \/w a\/w(y) —a = Oz +¢*)
asz,y — 0.

3Here, we follow the terminology proposed by D. R. Yafaev.
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In Appendix A, we study the spectral properties of the unperturbed Mehler operator M and explicitly
diagonalize it. The content of the Appendix actually follows the well-known Mehler formulas obtained
in 1881 [26]. The scalar operator M,

(Mu)(z) = / W uy)

™ r—+vy

has a simple absolutely continuous spectrum o,(M) = [0,1], and the eigenfunctions of the continuous
spectrum have been obtained explicitly (see [27] and [28]):

V/ptanh(mp)

Pp(z) := Pyp_1/2(1/2),
where P;,_1/5(-) is the Legendre function.

The operator K is a complex perturbation of the Mehler operator, which permits studying its spectral
properties needed in investigating the FD equations by traditional methods.

4. Spectrum of the perturbed Mehler operator K =M + V,
discrete component of the spectrum of K, and its finiteness

We recall that we assumed the perturbation V to be of the Hilbert—Schmidt class Sz and oo(M) = [0, 1].
We use the Weyl theorem on the preservation of the essential spectrum under compact perturbations;
as a result, we obtain the following assertion.

Lemma 4.1. The essential spectrum o.(K) coincides with the interval [0, 1] if the perturbation V is

compact.

It follows from the properties of the kernel that the operator K is positive. Hence, it can have a discrete
component of the spectrum only to the right of o.(K). The existence of a discrete component K is of special
interest because each point u, of this component corresponds to the existence of a nontrivial solution from
a given class for FD equation (11) for the corresponding A, = 1/u.. In this section, we consider some
sufficient conditions formulated in terms of the perturbation V and, possibly, also with the help of the
spectral characteristics of the operator M. These sufficient conditions ensure that the discrete part of the
spectrum oq(K) is not empty.

4.1. Simple sufficient condition for o4(K) #@. We find u such that (u,u)y =1 (H=L2([0,1],C?))
and
(Ku,u)y > 1. (18)

Inequality (18) means that the discrete component of the spectrum is not empty. The strategy to verify
the inequality is simple: we present a simple two-dimensional normalized vector for which inequality (18)

holds under certain conditions on the potential. The choice of such a vector is directly related to a special

1/2

form of the kernel of the integral operator K. We take the normalized vector u = C(aw)~/?u®, where

1/240|| =1 and u® € C? is a constant vector. We recall that w > 0. Noting that

Vw(z)ay'w(y) = (vaw(z))"Vaw(y)

(Ku,u) / d;v/ >17
x—!—y

C = |[(aw)~

we then find
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where u® € C? is a constant vector with complex coordinates u’® = (r1 +1ig1,7r2 + igg)T, and hence the

above inequality becomes

2In2
P2+ g2 +r2+¢2) > 1. (19)

The normalization condition takes the form
1
(w, u)y = ((aw) " Lu®, u0)y = / dz {(aw) ™ (2)u®, u®) = (Bu®, u)cz = 1,
0

where the elements b, of a positive symmetric matrix B > 0 are

1
bi == / dx {(aw) ™ () }i.
0
Finally, we write this condition in the form
bii(r] + g1) + 2b12(r172 + g1g2) + baz (13 + g3) = 1. (20)

It is natural to seek a vector (r1, g1, 72, gg)T € R* that provides the absolute maximum of the left-hand
side of (19) under condition (20). This is the classical problem for a conditional extremum, which is solved
by using Lagrange multipliers, one multiplier L in our case, and by introducing the Lagrange function

L(r1,g1,7r2,92) = (17 + g1 + 75 + g5) — Lb11(r} + g7) + 2b12(r1r2 + g1g2) + baa(r3 + g3) — 1].

Using the necessary condition for the extremum of £ (i.e., VL = 0) that takes the form of a system of
linear equations

LBr =r, LBg =g,

we necessarily conclude that r = (r1,79)T and g = (g1, 92)" must coincide with an eigenvector of the
symmetric matrix B > 0 in R?, with L~! =: w being a spectral parameter. An eigenvector corresponds to
each of the two positive eigenvalues w = wpin(B) and w = wpax(B). We consider the minimal eigenvalue
W = Wnin and the corresponding eigenvector e. To obtain the largest value in the left-hand side of (19),
we take r = e and g = e and then substitute it in condition (20). From normalization condition (20),

we then have 2(Be,e) = 1 or

wanin(B) (1] + g7 + 75 + g3) = 1.
As a result, sufficient condition (19) becomes

21:2 > Wmin(B). (21)

Condition (21) is determined by the matrix B, and is therefore in fact controlled by the potential W.
An analogue of this condition in the “scalar” case of one equation was used in [7], where it was verified
numerically for a specific potential in the problem under study. In what follows, we apply condition (21) in
the example of a meromorphic potential depending on the parameters of the considered problem and verify
it numerically.
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4.2. An alternative sufficient condition for o4(K) # &. As in Sec. 4.1, we start with condi-
tion (18) and substitute a normalized sequence u,,, assuming that this condition is satisfied for some n
and u = u,,. This would imply that the discrete component is not empty. To construct such a sequence,
we consider a singular (Weyl) sequence u,, € H, n = 1,2,..., corresponding to the point u = 1 of the
essential spectrum of the Mehler operator M. For example, ||u,|| = 1, u, is an orthonormal sequence, i.e.,
u, — 0 (weakly) such that |Mu, — u,| — 0 as n — co. Obviously, we obtain

(M + V]ug, u,) = up]* + (M +V —Tu,,u,) =14 (M + V = Tu,, u,,),
and we conclude from (18) that the inequality
(M +V —Tu,,u,) >0, (22)

which holds for some n, is a sufficient condition for the discrete spectrum to be nonempty for p > 1.
Importantly, the partition of unity E; for the Mehler operator M allows constructing a singular sequence
explicitly.

We consider a numerical sequence €, > 0 (e > €11), €, — 0 (for example, &, = 1/n) and

O0n=1—¢en, 1 —ept1), 00| = €n — Ent1-

We choose an orthonormal sequence u,, such that u, € E(d,)H, noting that dimE(é,)H = oo, where
E(§) = Ep_o — Eq10, § = (a,b). Using the spectral theorem, we then obtain

oo

(M —TJup,u,) = / (t —1)d(Eup,u,) = / (t —1)d(Epup,uy),

—o0 on
because Equ,, = E;E(d,)h/||E(d,)h| = 0for h € H and §,N(—o0,t) = &. We also recall that o(M) = [0, 1].
We have

([V+M-Tu,,u,) > 7::_ /0 dx un(x)/o dy ‘;/(i’ Z) u,(y) — en(E(dn)un, u,),

because 1 —t < g, for t € [1 — ey, 1 — £,41] and

—/ (t — 1) d(Etun, u'n,) é €n(E(5n)un7 u'n,) = 8?1(“?17 u’n«) = En-
On

With (22) taken into account, we now obtain Theorem 2.1 in Sec. 2.2.
We introduce

Qn(z,y) = v(z,y)un(y) — enm(z + y)us ().
Condition (6) can be equivalently written in the form
1 1 . .
T Jo 0 y+w

for some n = 1,2,..., where u, is the Weyl sequence corresponding to u = 1, with ||u,|| =1 and &, — 0
as n — oo. Conditions (22), (21), or (19) are sufficient for the existence of a discrete component of
the spectrum to the right of [0,1]. We note that these conditions depend on the perturbation potential
V/Ww(z)a,/w(y) — a and on the singular sequence u,, while it can be efficiently constructed because the
spectral measure of the Mehler operator M is known. After some calculations, we obtain the sequence

u, = 2,/ |24l
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which is orthonormal, and z,, = E(J,)h, h = (h!,h?)T € H and

where
szff"@mmmW@, (24)
1 [Pn/a
22(x) = dp Py(z)(h*)*(p), 25
() AMMp (2)(h2)" () (25)
and

1 1 1
“:wmQrﬁ4+¢u—%P‘Q:OW%)

and h*(-) is a modified Mehler—Fock transform of h(-) (see Appendix A).

We note that sufficient conditions are determined by the potential w, which depends on parameters of
the problem. In our example, these are a = 73/71, ®1, and P5. It is natural to expect (and this is verified
numerically) that there exists a range of these parameters such that the discrete spectrum of K indeed
exists. In a similar “scalar” problem [7], we also numerically verified a similar sufficient condition for some
range of parameters.

4.3. Birman—Schwinger principle and the finiteness of the discrete spectrum. We now
discuss the problem of the finiteness of the discrete spectrum. The approach used in this section is quite
similar to that proposed for perturbations of the Carleman operator by Hankel operators in [25] and is
based on the application of the Birman—Schwinger principle. In our case, this principle takes the form of
the following theorem.

Theorem 4.1. Let My be a bounded self-adjoint operator such that My < 1. Let Vo > 0, and
let Vo € So (i.e., compact). Then the total number of eigenvalues (counted with multiplicities) of the
operator Ko = My + V, that are greater than p (u > 1) is equal to the total number of eigenvalues of
the operator B(p) = Vol/z[u - Mo]’lVol/Z.

Using representation (50) for the resolvent, we obtain
B(p) = p ' (V + VA, VY2, (26)

We introduce the operator

where (Int) = In(2/t), f € L2(0,1). It is natural to define Q° = Q”I, B € R.
By (50), A is an integral operator with the kernel a(z,y;1) admitting estimate (51) with u = 1.
The following assertion holds.

Lemma 4.2. Let oo > 3/2. Then

lim [[Q7*(A, = A1)Q [l2 =0 (27)

p—1
in the Hilbert—Schmidt operator norm.

1573



To prove this lemma, we have to verify that

1ol
lim / / (Int)~2“||a(z,t, u) — a(w,t,1)||22_ce(Inx) " 2* dx dt = 0.
o Jo

pn—1

By Lebesgue’s dominated convergence theorem, it suffices to prove that there exists an integrable majorant
of the integrand. By estimate (51), the majorant has the form

~20 (Int)?*(log z)*

C(Int) by

(Inz)—2

and obviously belongs to L1((0,1) x (0,1)) for 2« > 3.
Lemma 4.2 implies the following assertion.

Lemma 4.3. Let a > 3/2 and let a self-adjoint operator V > 0, V € Sy, be of Hilbert—Schmidt class;
in addition, let the operator Q*VQ® € S, be compact. Then the operator B(u) in (26) has the limit

B(1) =V + V/2A,V1/2 (28)
in the Hilbert—Schmidt norm || - ||2 as p — 1.
The proof follows from the chain of relations

IB(u) —B(1)]3 = [VY2Q Q™ *(A, — A1)Q “QVY/?|2 =
=Q*VQ*Q *(A, — A1)Q™“|3,

where ||A||3 = (A4, A)g,, the relation (A, B)g, := Tr(B*A) = Tr(AB*), and Lemma 4.2.

Let N(u) be the total number of eigenvalues of the operator K = M+V located to the right of p, u > 1.
It follows from the Birman—Schwinger principle that N(u) < |[|B(u)||3, and then Lemma 4.3 implies the
estimate

N(1) < B

Using (28), we further obtain
B(Dll2 < (IVI2 +1Q*VQ Q™A1 Q™).

Using the properties of the kernel a(z, t,1), we introduce

1 1
G? ::/ / (Int)2*(|a(z,t,1) |22, ce (Inz) > da dt.
o Jo
This leads to the estimate
N(1) < (IV]2 + GallQVQ?|)? (29)

and to Theorem 2.2 in Sec. 2.2.
We note that if we replace the condition o > 3/2 in Theorem 2.2 with o < 3/2, then the spectrum to
the right of ;=1 is infinite.
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5. Spectral properties of FD equation (11)

We apply the results obtained above for the perturbed Mehler operator M + V to the system of
FD equations. We now assume that one of sufficient conditions (23) or (21) (also see (6)) is satisfied and
pm = At € 04(M+V) is the eigenvalue corresponding to an eigenfunction r,,(z). Then the corresponding
solution hp, (v) = WY2(1) £, (@) 421/ cos(rw) (see (13)) satisfies Eq. (12) for A = A,,. Moreover, as was
described above, the solution h,, can be extended as a meromorphic function, is a solution of Eq. (11), and
admits the estimate

/0100 | sin 77| H\/W(T)hm(7')||%2 |d7| < 0. (30)

Here, we also show that together with estimate (30), the solution h,, satisfies the following estimate on the
imaginary axis:

h,, (v) = O(e™IF=ml), v — 100, (31)

where 7, € (0,7/2) can is uniquely defined by the equation sin7,,, = A,,. Asymptotic estimate (31) is used
in what follows to obtain the asymptotics of an eigenfunction of As.
We use the Fourier transformation along the imaginary axis

= [ denwan n) == [ e

and take Eq. (11) into account. For the Fourier transform H(-) of h(-), we obtain
[sin¢I — AaJH(C) + A/ ¢“v[aW (v) + a]h(v) dv = 0,
iR
and then recalling that A = A,,, € (0,1), we introduce 7, € (0,7/2), sin 7, := A, and obtain the relation

H(¢) = — sin 7y, [sin ¢T — sin 7,,,a] / e’ [aW (v) + a]h(v) dv. (32)
iR

Representation (32) allows defining a strip on the complex ¢ plane where H(() is holomorphic. We know
that h(v) admits the estimate |h(v)| < Ce~™"I/2 on the imaginary axis as v — #ioco, which means that
the function H(() is holomorphic in the strip II(—7/2,7/2) := {¢ € C: —7/2 < Re(¢) < 7/2}. Our
goal is to show that it is holomorphic in a wider strip, namely, in II(—7 + 74,,, ™ — 74, ), Where 7,,, € (0,7/2)
is defined above. We note that H(() is even because h(v) is even. As a result, it suffices to define the
regularity strip of the integral in the right-hand side of (32) only for Re(¢) > 0. We consider the right-hand
side of representation (32). Obviously, the matrix [sin (I — sin 7,,a]~! has simple poles at ( = 7 — 7, in
the first row, and at ( = 7 — ¢, in the second row, where sint,, = asint,, and t,, € (0,7/2), t;, < 7.
We note that these poles are the nearest to the imaginary axis for this factor in the right-hand side of (32).
We now consider the integral in the right-hand side of (32). It turns out to be holomorphic in a strip wider
than II(—[m — 73], ™ — 7). To verify this, we use the representation (Re(¢) > 0) for

/R ¢ [aW () + alh(v) dv = /R ¢ [aW (1) + ia tan(bw)]h(v) dv +
+ / eV [—iatan(bv) 4 asign(iv)|h(v) dv +
1R

+ / ! e’ [—~asign(iv) + alh(v) dv.
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In the last term, the integral is taken along iR, because [—asign(iv)+a] = 0 on the negative part of the axis
and hence the integral is holomorphic for Re(¢) > 0. Assuming that the asymptotics W (v) = I + O(e*%-7)
(¢+ = 2min{®y — &1, P, 7 — P3} > 0 in our example below) as v — =ioco holds on the imaginary
axis, we see that the first integral is regular in the strip II(—7 + 70, — 4, ™ — Tin + @+); We assume
that b > q.. If we take b > 0 sufficiently large, we can conclude that the second integral is holomor-
phic in II(—[2b+ 7 — 7,,],2b + 7 — 73,). We see that H( ) is a holomorphic function in II(—7 + 7y, 7 — 71, );
using the inverse Fourier transformation, we then obtain the following assertion.

Lemma 5.1. The vector H( ) is holomorphic in the strip II(—7 + Ty, T — T1,) and h(v) then has the
asymptotics
h(v) = O(e™lm=mml), v — 100,

in a neighborhood of the imaginary axis if W(v) = I+ O(e**"), g, > 0.

We note that Lemma 5.1 is also true if the constraints on the behavior of the potential at infinity are
weaker, for example, if W(v) = I+ O(1/v). The estimate ||[H(¢)|| < Ce~l¢l| oy > 1 and Im(¢) — oo, is
also true because the function h is holomorphic in the strip II(—1 — 6,1 + 9).

We now describe the characteristic set Cq U Ce of the values of A for Eq. (11), i.e., those values of A
for which the equation has a nontrivial solution from the corresponding class. The set of characteristics
values Cy is nonempty and finite if and only if this is true for o4(K). The statements from the preceding
sections describe conditions sufficient for this.* By definition, A,, = 1/u,, belongs to the set Cq of charac-
teristic values of Eq. (11) if pim = (sin 7)™t € 04(K). Obviously, Cyq C [0, 1]. Similarly, A € C, = [1,0),
i.e., by definition, it belongs to the essential characteristic set if u = A=! € 0.(K) = [0, 1], where M + V is
a perturbation of the Mehler operator related to Eq. (11) with the potential W € W. In this case, we have
|H(v)| < const |[e™/?| v — ico, v € Tl145. Using the results in the preceding sections, we obtain the
following assertion.

Proposition 5.1. The set Cy formed by characteristic values of Eq. (11) is nonempty if the potential
w(2) = W/|,21/ cos rv (and the potential v(z,y) := Vw(z)a\/w(y) — a) satisfies sufficient conditions (21)
or (23), (6). Under the conditions of Theorem 2.2, this set is finite. Estimates (31) hold for the corresponding
solutions, and the solutions are of class M.

5.1. Solvability of an FD equation for characteristic values and eigenvalues of the oper-
ator As. We now use the sufficient condition obtained above for the existence of characteristic numbers
of Eq. (11) and verify this condition for a domain of parameters. Condition (21) is determined by the
matrix B and hence in fact by the potential W. An analog of this condition in the “scalar” case is used
in [7], where it was verified numerically for some domain of parameters of the problem.

Table 1. Values F(®1) = 2In2/7 — wmin(B[®1]). The discrete spectrum exists for F(®1) > 0 in
accordance with condition (21). For example, a := y2/v1 = 0.5, 2 = 27/3 = 2.094 (see Fig. 1)
1 2 3 4 5 6 7 8 9
d, 1.885 1.676  1.466 1.257 1.047 0.8378  0.5236  0.3142 0.1047
F(®:) 0.0506 0.0299 0.0125 —0.0008 —0.0092 —0.012 —0.0043 0.0092 0.029

A similar verification of sufficient condition (21) for the potential W (v) is presented in Table 1, which
shows the results of calculations of F(®1) = 2In2/7 — wiin(B[®1]) depending on ®;; positive values then
correspond to the case where the discrete component o4(K) is nonempty. The parameter ®o = 27/3 is

4Solutions (11) corresponding to A = p~! and p € oe(M + V), i.e., to the essential spectrum, can also be described.
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Fig. 2. Integration contour vy = 'ya' U~y and singularities.

fixed and a = 0.5. Obviously, we have the range of ®; values for which condition (21) is not satisfied,
ie., F(®1) < 0. Thus, there exists a set of A, values, m = 1,2,..., N; (which is finite in our case by
Theorem 2.2 applied to the potential W (r)), and the eigenvalues E,, of the operator Ag are given by

7]
B, =— .
o)

We now proceed to studying the asymptotics of the eigenfunction of Ay corresponding to the eigen-
value E,,.

6. Asymptotics of the eigenfunction

6.1. Sommerfeld integral representations for the eigenfunctions of Ag. To verify that repre-
sentation (8) is an eigenfunction, we study its behavior as r — oo. Calculating the asymptotics, we show
that it decreases exponentially. But the direct replacement of the MacDonald function with its asymptotics

T 87KT

in the integrand K, (kr) ~ /7 ¢~ makes the integral divergent, and hence this direct way does not lead
to the desired result. Instead, we use the Sommerfeld integral representation

1 s
Z7T Yo

sin v

with the integration contour shown in Fig. 2, substitute it in the integral, and then change the order of
integrations. In 2y, 9, and 3, we obtain

1 .
() =y [ TR (),
Yo

1

U (1, @) = 9ir d¢ e"mT eSS Fy (¢, ), (33)
Yo
1 .
wam(r @) = o | dCeTCE(C ).

Yo
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The angles have the respective values ®;, &5 — @1, and m — ®o, and

Fy (C’ S0) _ 212 /Z:O sin(Cy) Ccooss(gipy)) Hlm(”) dv,
Paco) = g [ sinten( S 2 )+

) 4
( (34)

sin(v[®1 — ¢]) -
sin(v[®; — s)) hm(u)) v,

100

F3(¢, ) = 212 / sin(¢v) cos(v[r — ) Hs,, (v) dv.

ico cos(v[m — ®3])

We omit the index m in the notation unless this leads to a confusion.

We study the asymptotic behavior of Sommerfeld integrals (33) under the assumption that the inte-
grands in (34) are known after solving FD equations (11). The idea of such an investigation is traditional.
In the framework of the saddle-point method, the integration contour -y in (33) must be deformed into the
steepest descent contour '*/Oi” = {¢: Re(¢) = £7}. In the process of such a deformation, some singularities
of the integrand (poles) can be captured, which then contribute to the asymptotics along with the saddle
points ( = 4. It is therefore necessary to investigate the behavior of the functions Fy, Fb, and F3 on the
complex ( plane and, in particular, to determine the singularities that are captured in the process contour
deformation.

6.2. Analytic properties of Fi((, ), F2(¢,¢), and F3({, ). It is convenient to transform
integral representations (34) starting with Fy (¢, ¢),

1 00 q sin(v[¢ +¢]) | sin(v[¢ — ¢])
Fi(C ) = 22-/ 2( cos(P1v) * cos(Pyv)

= fi([(+¢) + f1(C = »),

)Hl(u) dv =

—100

where

i gin(v oo e
no=, YO pwyde = ! / Hy(v) dv (36)

- 4i ). cos(®yv) 4i | ;oo icos(Pyv)

and the function fi(z) is odd, f1(z) = —f1(—2). In the same way, we obtain

1 ™ 1 sin([C+ (m—@)]) | sin(v[( — (7 —¢)]) _
F(C,0) = 2i/ < cos(vm — Ba]) + cos(v[rm — @) >H3(V)d1/_

= fa(C+ 1 —@]) + f3(C = [ — ¢]), (37)

—100 2

where

700 iIlV 700 eiyg
G VO Hyw)dy = / Hy(v) dv (38)

4 oo COS(v[T — D3]) 4i J_,; oo icos(v[m — D3])

and the function f3(z) is odd, f3(z) = —f3(—z2). We also have

F(C, ) = 2ll /joo dv sin(v¢)(cos(vp)Q1(v) + sin(ve)iQ2(v)) =
1 100

= / dvsin(v¢)e™?(Q1(v) + Q2(v)), (39)

2i —100
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where

_ cos(v®s) . sin(v®y) ”
Qi) = cos(v[®y — @1]) sin(v[®1 — @2])}1( )

1 sin(v®2) cos(v®y) -
Q=)= (cos(y[<1>2 _2<1>1])H(”)  sin(v[®, _1<1>2])h(”)>'

It follows from (39) that
B(Ge) = f2(C+ @) = fa(=C+9);

where

RO= 4, [ @)+ @) v (10)

4i —100

Obviously, it follows from representations (35)—(40) that the functions fi, fo, and f3 are the Fourier trans-
forms along the imaginary axis of some meromorphic functions on the complex v plane and are meromorphic.
As a result, the asymptotics of Hy, H, Hs, and h as v — ioco are related to the location of singularities
(poles) of the functions f1, fo, and f3. As was noted above, the poles of f1, f2, and f3 can contribute to
the asymptotics. From (33), we have

wlre) =y [ AT o) - A+ pelD el
Yo

us(r, ) = dC e S (fo(C + @) — fa(—C + ), @ € [P1, P2, (41)

2 o

uz(r, @) = e (f3(C+Im =) = fs(—C+[r—¢]), @€ [Pl

241 Jy,

To describe the singularities of the functions f1, f2, and f3 in (36), (38), and (40), we first find the
corresponding strips on the complex plane, where these meromorphic functions are holomorphic. We first
calculate the higher-order terms of the asymptotics of Hy, H, Hs, and h as v — ico. This can be done
using the asymptotics of hy and hs, which are solutions of Eq. (11). We recall that these solutions directly
determine Hy, H, Hs, h by explicit linear relations (9). From these formulas we obtain the v — ico

asymptotics in the strip II(—4, §) for some 6 > 0:

Hp(v) = O(e™m=mml),
Hipm(v) = O(e
Hapm(v) = Oe
B (V) = O(e 7= ml)y,

Ww[m—Tm] )
)

v Ww[m—Tym] )

)

Because the meromorphic functions fi, fo, and f3 are related to Hy, H, Hs, and h by Fourier-type trans-
formations (36), (38), and (40), it follows from Lemma 5.1 that the following assertion holds.

Lemma 6.1. The meromorphic functions f, f2, and f3 are holomorphic in the respective strips
I(—[m— T+ P1], 7 — T, + 1), (= [ — Ty + P1], m — T + P2), and I(—[r — 7, + 7 — Po], ™ — Topy + 7 — D3)
on the complex ( plane.

We note that fo has the following representation in the strip I(—[r — 7] + ®1, [ — 7] + P2):

fa(€) =

1/“01 H(v)eli=22] N ih(v)e[¢—®1] p
4i J_;oo i \cos(v[®y — ®1])  sin(v[P; — Do) v
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We conclude from Lemma 6.1 that f1(¢) has poles at the points ( = +[r — 7,, + 1] and f3(¢) has poles at
¢ = £[r — Ty + 7 — P3|, which are the singularities closest to the imaginary axis, while f2(¢) has the same
poles at the points ( = —[7 — 7] + ®1 and { = [7 — 7] + P2. We recall that in the strips located between
these poles and parallel to the imaginary axis, the functions f1, fo, and fs3 are regular (holomorphic).
The other poles are also real.

The further constructions and derivations of Maliuzhinets functional equations in our problem are
completely similar to those proposed in [7]. In particular, the Maliuzhinets equations given in Appendix B
allow continuing the transforms of f1, fo, and f3 from the holomorphy strips into the complex plane and
verifying that their poles are real.

6.3. Poles of the Sommerfeld transforms of f;, f2, and f3 and the asymptotics of integrals.
To calculate the asymptotics of Sommerfeld integrals in (41), according to the well-known procedure,
we deform the integration contour 7o in Fig. 2 into the steepest descent contour vi™ = {¢: Re(¢) = +7} that
passes through the respective point +7. In the process of deformation, the poles of the integrands in (41)
are captured. The location of the poles depends on the observation angle ¢, but they are located outside the
closed strip II(—7/2,7/2). This means that the captured poles generate exponentially small terms in the
asymptotics as 7 — oo. This is so because e"" ¢ in the integrand in (41) decreases if 7/2 < |Re(¢)| < 37/2
and all the poles captured inside this strip generate decreasing exponentials. An additional fast decreasing
contribution (of the order O(e™*"/4/r)) is made by the saddle points at ¢ = £7 (see [29]). But for some
observation angles ¢, some poles (,(¢) of the transforms can be located in a narrow neighborhood of
saddle points and cross them as ¢ varies. This means that the asymptotic estimate of the integral must be
modified. In this case, the asymptotics is expressed in terms of a Fresnel-type integral. The directions ¢ for
which such a collision of a saddle point and a pole occurs are said to be singular. In these directions, the
asymptotically decreasing regime is switched over from one to another. We now consider the corresponding
calculations in more detail.

We consider u; in (41) (0 < ¢ < ®1) and rewrite it as

1

u(r,e) =,

pin | AT+ ).
1T

Yo

Near the pole at —¢ + [ — 7,,, + ®1], the transform f; becomes

Al

4+ ...
<‘+'¢‘_[ﬂ'_'rm/+'¢ﬁ]

fil¢+ ) =

This pole intersects the saddle point m and is captured if ¢ ranges the interval [0, ®1] and 7,,, < ®;. This
means that, by the residue theorem, a contribution appears if

T C
2<—<P+[7T—Tm+<1>1]<7r—(HT)1/2+E, C >0, kr — oo.
We have (¢ + 7, — @1 > C/(kr)Y/2F)
ur(r, @) = 24T e oS EETm =P Lyt (e ) 4 - (42)

where the contribution due to the saddle points 47 has the form

i) =2h-m+o =t 50 (1+0( ) ):

RT
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We note that this pole is not close to , i.e., ¢ is outside the domain

1
|tp+Tm—<I>1|<O((m)l/2+e>, (43)

which describes a neighborhood of the singular direction ¢ = ®; —7,,, for a small ¢ > 0 and for 7,,, € (0, ®1).
But if 7/2 > 7, > @1, then the corresponding pole does not cross the saddle point 7 and there is no singular
direction related to this pole. The dots in (42) mean that there can be a contribution from other poles
that can be captured in the process deforming 7y into the saddle point contours 73”. Obviously, the set of
captured poles also depends on @1, ®2. The transform f; can thus be represented as
Ay
_|_ i _|_ PN
O S S
in a neighborhood of the pole ( = —¢ — [ — 7,,, + ®1]. This pole contributes to the asymptotics if

C

N o] >
- > —p— [T =T+ D1 > -7+ ()12

9 C >0, kr — o0,

or ¢ — Ty + ®1 < —C/(kr)'/2+<. This inequality holds for 7,,, > ®; and for some ¢ € (0,®1). We have
u1(7'7 (,0) = QH((p + T — (I)l)A-li'efnrcos(g;Jr-,—m,q)l) i

e—rm“ 1
+2[f1(—7r+</))—f1(7r+<P)]\/27Tm(1+O<m)>+... (44)
for 7, < ®; and | + 7, — 1| > O(1/(kr)V/?Fe).
For 7,,, > ®1, we obtain

wr(r,p) = 2H(~[ip — i + 1)) Aj 7 CONE AR

e

ant-mte) - A 5 (10( L))+ (45)

for | — T + ®1| > O(1/(kr)Y/?%€), H(-) is the Heaviside function. The dots in asymptotics (44)
and (45) corresponds to the contribution of other possibly captured poles, which decreases faster than
the terms calculated explicitly. The asymptotics in (44) and (45) are not uniform in . If the inequalities
| + T — ®1| = O(1/ (k1) /2+€) for (44) or | — T + ®1| = O(1/(rkr)/?7€) for (45) are violated, then the
asymptotic expressions must be modified by using Fresnel-type integrals, as was mentioned above.

6.4. Asymptotics near singular directions. For definiteness, we assume that 7,,, < ®; and con-
sider a neighborhood of singular directions ¢ = ®; — 7, i.e., domain (43). In this case, the pole of f; at
¢ = Cmlp) := —p+[m—Tm+P1] can cross the saddle point m when ¢ ranges [0, ®1] (also see Sec. 4.2 in [7] for
a similar situation). We consider the disk By ([x7]~1/2%¢) centered at ¢ = 7 of a small radius O([rr]~1/?%¢).
The pole ¢, (¢) lies in this disk, and we see that the representation (|¢ + 7, — ®1| < O(1/(kr)*/?*€) holds
under the assumption that —p + 7 — 7,,, + ®1 > 7)

ehT cos ¢

1
/ d¢ f1(C+9)(C — Cml(9)) -
Br([sr]=1/2t)nyT

ur(r, @) = i

¢ —Gm(p)
—2fi(—7+¢) \/62_7:; <1 + O(;» + dui(r, @),
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where

1 ,

sutre) = - | ACe T fy(C + )
VT JAg\Br (] =1/2+¢)

is the remainder that can easily be estimated. We now estimate the integral along an asymptotically small

part of the contour 7§ in the disk By ([xr]~*/2T¢) N 4Z. The function D(C,¢) := f1(C + ©)(C — Cm(p)) is

regular in this disk. In the disk, we use the approximation cos( = —1 + [( — 7]?/2 + - -+ and, introducing

a new variable ¢t = i({ — ), obtain

y ©nie) O =
i J B, ((nr] =1/ 24 )y i ¢ = Gmlp)
D(m,p)e="" /°° et/ —1/2+
=— k dt ) 1+ O([kr ),
i i) - m OO

where we pulled D((, ¢) outside the integral by setting ¢ = 7 and replacing the integration limits with +oo,
which gives an exponentially small relative error. In the last integral, the pole in [( (¢) — 7] is bypassed
by the contour from below. In particular, if Im([(m (@) — 7]) < 0, then the integration contour bypasses
the pole from below along a small-radius arc. The obtained integral is expressed in terms of a Fresnel-type
integral in accordance with § 6.3.1 in [29] as

[ee] —2t? 5
U(z;s) ::/ dti_S =mie ** [1 — F(—isv/2)],

where
2 (¢
.7-'(@“):\/77 ; e " dt.

As a result, in a neighborhood of the singular direction, i.e., if [p + 7, — 1| < O(1/(k7)/?1€), we obtain

wlrg) = -Dimp) (g sl o= 7)) -
—2fi(~m+ ) \/G;MT <1+0(:T>) + dus (1, ), (46)

where duqi(r, ) is the contribution of other possibly captured poles. In a neighborhood of a singular
direction, the Fresnel-type integral ¥ in (46) plays the role of a transition function that switches the
asymptotic regimes of exponential decrease of the eigenfunction in the domain ;. It is worth noting that
the asymptotics in the domains {23 and 25 can be studied similarly. In €3, we then consider the poles
¢ =%t —71m + ®1] and ( = £[r — 7, + ™ — D3] and calculate the asymptotics; in Q3, we consider the
“leading” pole at ¢ = +[r — Ty, + 7 — ®3]. The corresponding calculations are very similar to those described
above for the domain ;. We obtain the assertion of Lemma 2.1.

In Fig. 1, the singular directions are shown symbolically. In €4, the angle ¢ ranges [0,®1]. The
number of singular directions is determined by the parameters ®1, ®o, and 1, 72 via 7,. If ¢ varies and
crosses a saddle point, then each pole generates the corresponding singular direction. If ¢ is small and we
consider €y, the asymptotics is determined by the contribution of the saddle points £ (see (44)), where
H(p + 7y — ®1) = 0, whence w1, ~ e " /y/kr. As ¢ increases, the pole at ¢ = (,,(¢) approaches the
saddle point 7 from the right; if [ +7,, — ®1] < O(1/(rkr)'/?%€), i.e., near a singular direction (shown in Q,
Fig. 1), then the asymptotics is described by expression (46) with a Fresnel-type integral. The pole crosses
the saddle point 7 as ¢ increases and is captured inside the contour, which leads to asymptotics (44), where
H(p+Tm —®1) =1, p+ 7 — &y = C/(kr)Y/?+<. The captured pole ¢ = (n(¢) generates a contribution in
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the form of a decreasing exponential 24 e="" cos(¢+7m—®1) while the contribution of the saddle points is
of O(e=*"/y/kr). Lemma 2.1 implies that the solutions u,, are square-integrable and satisfy estimate (5).
Using the Sommerfeld integral representation, we can also show that wu,,(r,¢) = Cy, + O(r%) as r — 0,
8. > 0, and hence u,, € H'(w), which completes the construction of the eigenfunction in our example.

Appendix A: Diagonalization of a matrix Mehler operator M.
Spectral properties of the scalar Mehler operator

The results in the appendix are based on well-known formulas related to the classical Mehler—Fock
transformation, which is underlain by the Mehler formulas of 1881 [27].
By definition, a matrix Mehler operator M has the form

where M is the “scalar” Mehler operator,’

1
(p)a) = L [

T r+y’

which is bounded and self-adjoint in L2([0,1]), 0 < a < 1. Obviously, the spectral properties of M are
determined by the properties of its “scalar” components, M = M & (aM). The operator M is called the
scalar Mehler operator, and its properties are discussed in [28].

Operator M and its resolvent. With the information about the scalar Mehler operator M available,
we now consider its matrix analog M. We begin with expression (56) (see below). We write

o [YPy) , _ aP)
TJo T+Y cosh(mq)’
and relate the parameter p in (57) and ¢ in the last equation by the formula

cosh(mq) = a cosh(mp), a= 2 < 1. (47)

g4l

Transcendental equation (47) has the solution

1
q(p) :=  arcosh(a cosh(mp)),
71'

whose branch is determined as follows. We consider the set of cuts b, + i¢m, m = 0,£1,+2,..., where
be = [~a./m, a./7] (a, = arcosh(a~!)) on the complex plane p. We introduce a holomorphic function g(p)
defined in (47), which takes the domain outside this periodic system of cuts to the complex plane of the
variable ¢ with a periodic system of cuts along b* + im, m = 0,+1,+2,..., where b* = [—ia*/7,ia* /7]
(a* = arccos(a)). The map ¢(-) has the following properties:

e q(p+im) = q(p) +im;

e g(p)=p+ ‘Ina+0(p7"), p— .

5A similar operator was studied in [27] in different terms. The operator M was considered in connection with the Dixon
integral equation in monograph [30].
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We then find a (generalized) eigenfunction of the operator M

_ [ Pola)
P,(z) = <7Dq(,,) (@7) : (48)
corresponding to p(p) = 1/ cosh(np):
MP,,(z) = u(p)Pp(). (49)

When the parameter p ranges all nonnegative values, the spectral parameter p(p) = 1/cosh(mp) takes
) = [0,1] of M has
multiplicity 2 because the operator can be represented by the orthogonal sum M @ (aM). Obviously, eigen-
)T and (Py(x),0)T.

all values on the interval [0,1]. The essential (absolutely continuous) spectrum o.(M

vector (48) can be represented by an orthogonal sum of vectors of the form (0, Py, (x)
The formula for the resolvent of M follows directly from the results in [28],

(o) = (M= ] f(a) = = T+ A, }8(a), (50)

where

1
Af(r) = / a(z, y: j)E(y) dy,

™

(e ) — @) 0
(z,y; 1) ( 0 a#/a(x,y)>’

[ P(a)Pyy)
a“/a(ffay) - 71—‘/0 a—llucosh(ﬂ'Q) -1

Using an estimate from [28], we obtain

In(2/x)In(2/y
e erscs < 01T ) 1)
uniformly in x4 assuming that p € By, i.e., near the end of the spectrum p = 1.
The partition of unity E; has the form
Etg(x) = 07 t < 0)
1 1
Eigle) = g(0) + | [ eloyitigdy. € (0.1) 62)
0
Eig(z) =g(z), t>1,
where
;T
e(e.yst) = (OB 0 ) (53)
0 ea(,y3t)

eq(z,y; 1) = e(z,y; p/a) for pu/a € (0,1], and eq(x, y; ) = 0 for p/a > 1. The kernel e(z, y; 1) has the form

e(z, y; p) = —/0 dTT il/(lT__Ti) Po) (@) Ppry (y), 1€ (0,1), 0

T2

p(T):11H<i+\/1 —1>, p(T) >0, p(t) 00 as T—0+.
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With the necessary information about the unperturbed operator M available, we use traditional meth-
ods to describe its perturbation by a compact self-adjoint operator V. In our case, a relatively smooth
perturbation V is an integral operator.

Using these results and some additional considerations, it is easy to diagonalize the scalar Mehler
operator M. It is known that M has a simple absolutely continuous spectrum oq(M) = [0,1] and the
continuous spectrum eigenfunctions have been determined explicitly (see [28]):

Py(z) = V/p tanh(mp) Py 1o C;)

X

with the asymptotics (see [31], 8.772(1))

Pole) = ma;lh(wp) (e H/+

riimls] ) (e o)

z — 04+, p > 0, and Pp(z) = O(1) for p — 00, 1 > = > 0. The functions P,(x) are real for p > 0,
in particular, Po(z) > 0. We use the following assertion [28].

Theorem A.1. The modified Mehler—Fock transformation defined by the formulas

2 = / Py (@) F* (p) d. (55)

1
(n) = / Py(a) () da, (56)

is unitary, U: L2(0,00) — L2(0,1). The Mehler—Fock transformation diagonalizes the Mehler operator M,

! Poly) . Ppla)
TJo z+y dy = cosh(mp) (57)

Appendix B: Maliuzhinets functional equations for f;, f2, and f3

The integral representations for solutions (41) of the eigenfunction problem satisfy the equation
—Au = Fu in  and can be substituted in the boundary conditions. In this way, we obtain functional
equations called the Maliuzhinets equations for the Sommerfeld transforms fi, fs, and f3. In particular,
they allow continueing f1, f2, and f3 from the regularity strips described in Lemma 6.1 to the whole complex
plane. Moreover, it turns out that all poles are located on the real axis. From the Neumann condition on
the half-lines ¢ = 0 and ¢ = m, we necessarily obtain

f1(Q) = = f1(=¢), f3(¢) = = f3(=(), (58)

which has already been established above. The continuity condition for I; implies (see for details of calcu-
lations in a similar situation in [7])

[i(C+ @1) = fi(=C+ P1) = fa(C+ 1) — fo(=C + P1). (59)



We now consider the second condition on 1,

1 8u1 _ 8UQ
kr\ 0y  0p )|, g,

1 enrcos( , , , ,
[ e+ B0 — g @)~ G+ @) — Fi(=C+ @) -
Yo

Al
- ®) =
. u(r, 1)

= 2in

- P:[fl(C-F ®1) = fi(=C+ @1)]) =0.
Integrating by parts, we obtain

1
2m

dC e e (sin C(f1(C + D1) + f1(—C + D1) — [f1(C+ P1) + fr(—C + B1)]) —

Yo

—2A[f1(C+ @1) — fi(—=C+@y)]) = 0.

By the theorem on the inversion of the Sommerfeld integral (see [17], Sec. 3.4), Eq. (59) gives

(sin¢ = sin7p) f1(¢ + @1) — (=sin¢ = sin 7 ) f1 (=C + 1) =
= (sin ¢ + sin 7 ) f2(C + ®1) — (= sin¢ +sin 7y ) fo(—¢ + @1). (60)

Similarly, from the boundary condition for ls, we obtain

[2(C+ P2) = fo(=C+ P2) = f3(C+ 7 — P2) — f3(—(+ 7 — Do) (61)

and

(sin¢ — asinty,) fo(C+ P2) — (—sin¢ — asinty, ) fo(—C + P2) =
= (sin¢ + asinty,) f3((+ 7 — P2) — (—sin¢ + asiny,) fs(—C + 7 — D). (62)

We recall that a = v2 /71, asin 1, =: sint,,. Maliuzhinets functional equations (58)—(62) allow extend-
ing the transforms to the whole complex plane as meromorphic functions. They also allow asserting that all
poles are located on the real axis. This follows from the fact that translations in the arguments in the equa-
tions are directed along the real axis, while the poles of f1, f3 that are closest to the imaginary axis are real
and located symmetrically at the respective points ¢ = |7 — 7, + ®1], ( = |7 — 70, + 7 — $3]. This is also
true for fo(z) with respect to the line J(®1+®2)+iR for the poles at = —[7—7p,,]+®1 and { = [1— 7] +P2.
We note that the transforms fi, f2, f3 are bounded at +ico + Re(¢) for fixed Re(¢).® Now the problem
for f1, fa, and f3 satisfying Maliuzhinets equations (58)—(62) amounts to finding A,,, = sin 7,,, and nontrivial
solutions that are regular in the strips in Lemma 6.1 and bounded at infinity. In the correct interpretation,
this problem is equivalent to the spectral problem for FD equations (11). If we have appropriate non-
trivial solutions, then we can reconstruct eigenfunctions by using Sommerfeld integrals (41). But we have
already verified the existence of A = sinT,, and the corresponding Hi,,, Hp,, Hsm, and iLm determining
the transforms f1, fa2, and f3 in (36), (38), and (40) given by meromorphic functions with real poles.

Conflicts of interest. The author declares no conflicts of interest.

6Boundedness is ensured by a proper behavior of u as r — 0.
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